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Abstract

Much research has been devoted to the efficient computa-
tion of relational aggregations and specifically the efficient
execution of the datacube operation. In this paper we con-
sider the inverse problem, that of deriving (approximately)
the original data from the aggregates.

We motivate this problem in the context of two specific
application areas, that of approximate query answering and
data analysis. We propose a framework based on the notion
of information entropy, that enables us to estimate the orig-
inal values in a data set, given only aggregated information
about it. We also describe an alternate utility of the pro-
posed framework, that enables us to identify values that de-
viate from the underlying data distribution, suitable for data
mining purposes.

Finally, we present a detailed performance study of the
algorithms using both real and synthetic data, highlighting
the benefits of our approach as well as the efficiency of the
proposed solutions.

1 Introduction

In recent years, there has been an increasing interest
in warehousing technology and OLAP applications which
view data as having multiple dimensions, with hierarchies
defined on each dimension. Users typically employ OLAP
applications for decision making. They inquire about the
values, and analyze the behavior of measure attributes in
terms of their dimensions. The volume of data stored in
OLAP tables is typically huge, in the order of multiple giga-
bytes, or even terabytes. In some cases, users store on disks
only a subset of the data they own. They move the rest of the
detailed data on tertiary storage systems, or even take them
off line. A common example is history sales data, where
only the data of the recent few years are stored online, and
the rest are archived. When older years are archived, pos-
sibly data of finer granularity are permanently deleted, and
only aggregated values are stored for future reference. In
other cases, even if the data remain online, they are aggre-
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(b) Aggregated values for the upper half of the dataset.

Figure 1. Example dimension hierarchies on two dimen-
sional sales data.

gated not only to support user queries faster, but also to save
space. For example, in several organizations, such as AT&T,
terabytes of data are generated every day. It is common that
these data are aggregated to save storage space, thus the de-
tailed information that produced the aggregates is lost.

Given the summarized form of data, users are often inter-
ested in inquiring about the data that generated the summa-
rized form. These data either might have expired from the
warehouse, and thus are no longer available, or they might
not be available online. In the example of Figure 1(a), as-
sume that for the state of NY (i.e., the upper half of the ta-
ble) we only store the aggregated sales for each city and
for each category as shown in Figure 1(b), and that we have
deleted all the detailed values. The users might want to in-
quire about the number of men’s Levi’s jeans sold in Queens
NY (a point query), or they might request the number of
men’s and woman’s jeans sold in each city of NY state (a
range query). We want to be able to answer these queries
by using only the stored aggregate values. In this work we



present a technique that tackles this problem. Similar issues
arise in transaction recording systems [13] as well as in sta-
tistical databases [1, 16].

Even if the original base data exist, the ability to recon-
struct the original data from the summaries is of great value.
Computing summaries is essentially a data reduction pro-
cess in which great information loss takes place. In order to
reconstruct the data, various assumptions have to be made
about the statistical properties of the reduced data. Given the
reconstructed and the original data at hand, we can test how
strong our assumptions about the original data were, just by
comparing the two. This is useful in reasoning about the
properties of the underlying data set and could be of great
value in data mining. It can help detect correlations in the
data, and identify deviations, that is, values that do not con-
form to the underlying model. Such results are of great in-
terest to the analyst, because they indicate local or global ab-
normalities.

In this paper, we propose the use of an information the-
oretic principle for the reconstruction of the original data
from the summarized forms. Our reconstruction technique is
based on the well recognized and widely applicable informa-
tion theoretic principle of maximum entropy [9]. We present
algorithms for the efficient reconstruction of data from the
aggregates. Moreover, using an information theoretic for-
malism we identify and describe in detail an alternate benefit
of the proposed reconstruction techniques, namely the abil-
ity to ‘rank’ each reconstructed value by its potential ‘inter-
est’ to the user, as a means of aiding data analysis. The no-
tion of interest in data mining is a difficult problem and sev-
eral approaches have been proposed for its formal definition
[22]. Althoughall the measures of interest are subjective and
heavily dependent on the application, we argue that an in-
formation theoretic approach to this problem, besides being
mathematically rigorous, appears conceptually appealing as
well.

Our contributionscan be summarized as follows. We pro-
pose a method for reconstructing multidimensional values
from the already computed aggregated data, which does not
require any additional special data structures. We describe
an extension to the above method, in which we are able to
provide quality (error) guarantees for the reconstruction. We
present a method to identify and rank deviations in multidi-
mensional datasets. This method does not depend on any a
priori or domain knowledge for the problem at hand, and it
also does not require any parameter settings or calibrations.
Finally, we perform an extensive experimental evaluation,
using both synthetic and real datasets.

The rest of the paper is organized as follows. Section 2 re-
views related work. In Section 3 we present some necessary
background material and Section 4 presents the reconstruc-
tion algorithm. Section 5 discusses the two particular appli-
cation scenarios of the algorithm. In Section 6 we present

experimental results evaluating the performance and the util-
ity of the proposed algorithms, and we present our conclu-
sions in Section 7.

2 Related Work

The principle of maximum entropy [9] has been success-
fully applied in different domains, including linguistics [6]
and databases [11]. Faloutsos et al. apply maximum entropy
in addition to other techniques, for one dimensional data re-
construction [11]. In a sense our work, generalizes the work
of Faloutsos et al. in multiple dimensions.

There exists a sizeable bibliography in histogramming
techniques and approximate query answering [19, 12, 23, 2,
21, 4, 5]. Our approach is fundamentally different. Previ-
ous work focused on the problem of data reconstruction by
constructing specialized summarized representations of the
data. We argue, that since aggregated data are already stored
in the warehouse, it is imperative to examine the quality of
reconstruction one can attain from the aggregates. This ap-
proach could potentially have a great deal of benefit, if the
quality of the reconstruction is good.

The problem of identifying interesting values in a dataset
is related to deviation detection. Arning et al. [3] try to iden-
tify the subset of a database that is most dissimilar to the rest
of the data. Other approaches discuss algorithms specialized
in metric spaces that scale to large datasets [14]. The draw-
back of the above approaches is that the user is required to
come up with the right selection of functions and parameters
which requires a great deal of effort. Our algorithm does not
need such input, making the whole procedure less cumber-
some and more robust. In that sense, our work is closer to the
framework proposed by Sarawagi et al. [20]. They describe
an algorithm that mines the data in a data cube for excep-
tions. However, this method is computationally expensive,
depends on the computation of the entire data cube, and can-
not accommodate updates.

3 Background

Consider a schema
���������
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��	�������	�����	����

and � an
instance of

�
.
����	�������	����

are attributes having some spec-
ified type and

�
is a measure attribute. Attribute

�
could

represent volume of sales, dollar amount, number of calls,
etc. Attributes

�
��	�� �"!#�"$
include dimension attributes

and hierarchies possibly defined on them. For example in
Figure 1(a) the schema is R(STATE, CITY, BRAND, GEN-
DER, SALES). Attributes STATE and BRAND define hier-
archies on CITY and GENDER respectively.

With a schema of
$

attributes, assume that % attributes
define hierarchies on the remaining & �'$)( % attributes.
We can enumerate the nodes of hierarchy

!�	��*�+!,� &
starting bottom up, such that % ���.- denotes the

-
th node



of hierarchy
!
. Viewing the table of Figure 1(a) with its di-

mensions and hierarchies as a multidimensional grid, we re-
fer to the & -dimensional vector

� % �
	�������	 %�� � as a grid query.
For example, the grid query

��� 	����
is a point query asking for

the sales of women’s Levi’s in Queens, while the grid query��� 	�� �
is a range query referring to the entire upper half of the

dataset. In our experience, grid queries are the most com-
mon in warehouse environments. The reason we are inter-
ested in this special class of queries is that it significantly re-
duces the space of possible queries. For the rest of this paper
we will refer to gridqueries simply as queries, and to the sub-
set of the entire dataset they involve as dataset. Note though,
that by answering a grid query using our techniques, we can
also answer any other query asking for a subset of the answer
we computed.

A basic observation about any instance � of
�

is that it
can be viewed as a discrete

$
dimensional probability distri-

bution, �	� ��� � 	������ � � � . This can be accomplished by nor-
malizing the value

�
on each row of � by the sum of all

�
values. The analogy between � and �
� can be extended fur-
ther. Consider for example the following query:

SELECT �
��������������������������������� ��!#"
FROM r
GROUPBY � � ��� � ����������� ����� .

The outcome of this query is one of the
$

marginal distri-
butions of � � of order (number of variables)

$ ( �
. All we

need to do, is normalize $&%�' � � � by the sum of all
�

val-
ues. (This normalization is needed for mathematical correct-
ness, but is not required by the techniques discussed in this
paper.) Reasoning similarly, one can draw the analogy be-
tween all the group by’s on � and all the marginal distribu-
tions of �	� . Thus, we can view the problem of reconstruct-
ing � from its aggregates as analogous to the problem of re-
constructing an

$
dimensional probability distribution from

a number of its marginal distributions. Based on this anal-
ogy, in the rest of this paper, we use the terms group by on
instance � and marginal distribution of �(� interchangeably.

3.1 Maximum Entropy Distributions

Let � � � ��	������ 	���� � be an
$

dimensional discrete prob-
ability distribution, to be estimated from a number of its
marginals. With

$
variables, there are

� � ()�
marginals (ex-

cluding the grand total and the base data) of � in total. More-
over, there are * � +&, marginals with - variables (equivalently
of order - ). Let . be an arbitrary subset of the powerset of/ �10�� � 	������ 	�� ��2

. The problem of maximum entropy es-
timation of P is defined as follows:

Problem 1 Maximize the entropy 3 � � � of � over all prob-
ability distributions satisfying:� �4/ �6587 , with equality outside the support of � ,9 � �4/ � �*� , and

: !
; . 	 9=<�>@?BA � � � - � � � � ! � ,
where � � - � is a marginal distribution of � , with

-C; . .

The maximum entropy estimation of � is a model fit-
ting technique. It finds the model with the ‘least’ informa-
tion or fewest assumptions given the specified constraints.
The method appears ideal for this estimation problem as it
is designed for lack of data rather than an excess thereof.
The overriding principle in maximum entropy is that when
nothing is known the distribution should be as uniform as
possible. The constraints (the marginal distributions in our
case) specify the regions where the estimated distribution
should be minimally non-uniform in order to satisfy these
constraints.

3.2 Properties of Maximum Entropy

Let � �4/ � be an
$

-dimensional probability distribution.
We denote by � ��	��,� ! �'$ ("�

the maximum entropy
approximation to � using only marginals of order

!
as con-

straints. Then the following theorems hold.

Theorem 1 [15] Let p be a member of the class of dis-
crete probability distributions that can be constructed using
a specified set of lower order marginal distributionsof order!
. Then, among all distributions p, � � minimizes:

D �FE���GH"JILK�MNE��4OP"�QSR&T E��4OP"G
�4OP" (1)

The measure U is known in the literature as the relative en-
tropy [9] and measures the similarity of two probability dis-
tributions. More precisely U is a measure of the inefficiency
of assuming that the distribution is V when the true distribu-
tion is � . In statistics U arises as an expected logarithm of
the likelihood ratio, and one can show that by minimizingU � V 	 � � we also minimize the W � test between V and � [15].

Theorem 2 [15] Let � ��	�� � !��.$ ( � be the maximum
entropy approximation of � using only marginals of order

!
.

Then the following inequality holds:D ��G	����GH"	X D ��G�����GH"�������X D ��GJ��������GH" (2)

Theorem 2 states that a better estimation of � can be per-
formed by using marginals of order

!�Y �
than marginals of

order
!
, for

� �,! � $ (,�
.

4 Algorithmic Solution

Problem 1 is a constraint optimization problem that is
not amenable to a general closed form solution. The stan-
dard technique for solving this maximization problem is the
method of Lagrange Multipliers [7]. This method calls for
the solution of a rather complex system of equations with



high computational cost. Moreover, a different system of
equations has to be derived each time, depending on the
specified constraints. Ideally, we are after an algorithmic ap-
proach that can operate directly on the specified constraints
and derive the estimation with minimal human intervention.

In this section, we propose the use of an algorithmic ap-
proach. The technique is called Iterative Proportional Fit-
ting (IPF), and was introduced in the statistics literature [10].
It is an iterative algorithm that converges to the maximum
entropy solution. IPF has the following properties [8]: it al-
ways converges monotonically to the required unique max-
imum entropy estimation, given a number of marginals; a
stopping rule may be used that ensures accuracy to any de-
sired degree in the solution; the estimates depend only on a
particular small set of marginals; convergence, as well as the
speed of convergence, are not directly affected by the start-
ing values; finally, in some cases, convergence to the exact
estimates is achieved after only a single iterative cycle.

4.1 Description of IPF

Let � � � � 	�� � 	�������	�� � 	�� � be a relational instance. We
specify a multidimensional range of interest � & ��� 	 & �������
����� � � &�� � 	 &�� ��� , defined by a & -dimensional grid query 	 �� % ��	�������	 %�� � . We assume that all the marginals of order- 	���� - � & ( � needed for the reconstruction of 	 have
been located

�
and are given as constraints on Problem 1.

Without loss of generality, assume that the set
0�����	������ � � 2

contains all the attributes with hierarchies defined on them.
Let . + be the set containing all subsets of the powerset of0�� � 	������ 	�� � 2 with - elements. Clearly 
 . + 
 � * �+�, . Let� ��� - � 	��)� !�� * �+ , 	 - ; . + , be the marginals of � of or-
der - corresponding to 	 . On each � � � - � , the aggregation
has been computed on all attributes not present in

-
.

We denote as
����
���������� ���

, the value of attribute
�

for the
specific combination of the

� �
, attribute values ( & of those

are specified by the grid query and the remaining
$ ( & from

the hierarchy). We denote as �������� � 
 � � ����� � �
the estimate of

the value of
� � 
 � � ����� � �

during the � -th iteration of the al-
gorithm. IPF starts the reconstruction by initializing a & -
dimensional grid, � , of size & � � ( & � � Y � per dimension

!
,

to one. We refer to each element of the & -dimensional grid
as a cell. In addition, given the initialized � , it computes its
marginals of order - . Let �� ������ � - � , denote the marginals com-
puted from � in the � -th iteration of the algorithm. Denote
��! � � - � , the marginals after the initialization.

At each iteration, IPF loops over all marginals
!�	�� � ! �

* �+�, , and all grid cells, " �); � & � � 	 & � ��� 	�������	 " � ; � &�� � 	 &�� �#� ,
and adjusts the values of the grid cells according to the for-
mula: �� ����$

� �% 
 % � ����� & %�' � �� �����% 
 % � ����� %�')(+* �
< �,(�- .0/* � < � .

� We defer our discussion of the issues related to the identification of the
suitable marginals to Section 5.

This procedure is guaranteed to converge to the maxi-
mum entropy estimation of � given the specified collection
of marginals. The estimates converge in a monotonicallyde-
creasing fashion, and we commonly choose to terminate the
iterations when the change in each individual estimate be-
comes smaller than some user specified 1 value. For all the
experiments presented herein we set 1 to 10% of the median
of the values designated by 	 . We chose the median because
it is not affected by any extreme values, and it can be effi-
ciently computed [17]. In addition, we have shown that the
algorithm is not very sensitive to the value of 1 [18], mak-
ing the specific choice less important. A skeleton of the IPF
algorithm is given in Figure 2. Due to lack of space, an ex-
ample of applying the IPF algorithm is presented in the full
version of the paper [18].

Objective: Compute the maximum entropy estimates 2354 
 4 �76 6 6 4 ' of
a given 8 -dimensional dataset

354 
 4 �96 6 6 4 ' .
Input: A set of *;:< , marginals =?>;@�A7BDCFE+GIH7C�JDJ#J�C *;:< , and a

stopping threshold K .
Output: The maximum entropy estimates 2354 
 4 �96 6 6 4 '
let step t:=0;
initialize 23 4 
 4 ��6 6 6 4 ' ;
do L

for i:=1 to e:= *;:< , LM+N �PORQ 8 � � C�8 � ��S C�JDJ#J�C N : O!Q 8 : � C;8 : � S23UT�V0W �FXY 
 Y ��6 6 6 Y ' GZ23[T\V XY 
 Y �96 6 6 Y '^] * T _ X`] - .0/* T _ X
t++;a

a
while bbb 2

3cT�V X4 
 4 ��6 6 6 4 'ed 23fT�V �?g�X4 
 4 ��6 6 6 4 ' bbb
h K ;

Figure 2. The IPF algorithm.

4.2 Algorithmic Complexity

The IPF algorithm requires as input the marginals corre-
sponding to a query 	 . It then iterates over a grid � which
is the same size as the result set of 	 . We can safely assume
that the marginals fit in main memory, but this may not be
true for � .

If the available memory is large enough to fit the grid� then the algorithm needs to read from disk only the
marginals. All the subsequent operations take place in main
memory. Considering the large sizes of memory that are
commonplace nowadays, we expect that the algorithm will
be able to provide fast answers to a significant number of
queries by operating on memory-resident data.

In the case where � does not fit in memory, the algorithm
during each iteration makes * � + , passes over � , where

$
is

the dimensionality of 	 , and - is the order of the marginals



used for the estimation. After having computed the esti-
mates based on a single marginal for all the values in � , the
algorithm has to make one more disk pass over � in order to
calculate the new estimated marginals. In our implementa-
tion, we cut the number of passes in half by incorporating the
update of the estimated marginals with the computation of
the base values, reducing the cost of the algorithm to � * � +�, � �
passes over � , where � is the number of iterations. The re-
sults that we report in the experimental section illustrate the
worst case scenario, where the dataset does not fit in main
memory.

4.3 Error Guarantees for the Approximation

For various applications, being able to provide error guar-
antees for the reconstruction of individual values is impera-
tive. We can safely assume that at the time of the compu-
tation of the aggregates the original data are still available.
Let � be the set of grid queries of interest. One approach to
provide error guarantees for each query in � would be the
following. Estimate the values of each query in � , while
the original data are still available, compute the largest dif-
ference (between the actual and the estimated value) for each
query in � , and store them separately. This would incure
a storage overhead of � � 
�� 
 � . More formally, let us de-
note by

� �
the original value of some cell

!
, and with �� � its

estimated value. We can use the absolute difference & � �
 �� � ( � � 
 in order to provide an upper bound for the error.
Assuming that a grid query 	 encompasses � cells from the
base data, the upper bound for the total error for 	 can be cal-
culated using the formula

�
�����	��
 0 & � 2 	��#�,! � � (albeit

this is an over-estimation of the real error).
We may extend the above approach in order to provide

tighter error guarantees as follows. Store a number - (user
defined) of the largest estimation errors for each query in
� . Given a query in � that involves a number of the cells
whose correct values have been explicitly stored, the recon-
struction algorithm uses these correct values, and thus in-
duces no error for the specific cells. Consequently, the over-
all error for the query is dramatically reduced. If the er-
ror guarantee per query should be bounded by a user speci-
fied value, we can choose - (the number of values to store)
such that the overall error of reconstruction satisfies the error
bound.

In many cases the number of cells for which the ap-
proximation is really poor will be relatively small. In the
experimental section we evaluate this argument and we
present graphs depicting the distributionof errors for the real
datasets we used. The graphs show that only a minor per-
centage of the cells exhibit high errors, and thus, can be ef-� Without loss of generality, we assume that the error metric is the Root
MeanSquare Error. Similar arguments hold if we chooseother error metrics
as well.

ficiently stored, inducing a small storage overhead.

5 Using IPF

In the following sections, we discuss issues related to the
applicationsof IPF, both for query answering and knowledge
discovery.

5.1 Computing the Marginals

Given a & -dimensional grid query 	 the algorithm has to
determine the order of the marginals to use for reconstruc-
tion as well as the ranges of these marginals pertinent to 	 .
In light of Theorem 2, marginals of order - will produce
more accurate estimates than marginals of order - ( � . In the
experimental section we present graphs exploring the time
and accuracy tradeoffs related to this choice.

Assuming one decides to use the marginals of order - ,
the exact marginals relevant to 	 have to be determined.
A simple rewriting of 	 can produce the * �+ , marginals of
order - that should be queried in order to retrieve the val-
ues for IPF to operate on. Any grid query on relational in-
stance � � � � 	������ 	�� � � , where

� � 	�������� � are dimension at-
tributes and

� � $ � ����� � � define hierarchies on them, can be
expressed in SQL as:

SELECT �
����� � ��������� :
FROM r
WHERE � : W � I
� � and ����� � � I�� ��� : ,

where the values � ��	������ 	 � � A � designate the multidimen-
sional range of Q. Let . � 0�����	�������	�� � 2 . Then, the
marginals of order & ( � relevant to the reconstruction of
the grid query can be retrieved by issuing the following SQL
query:

SELECT ���P� >
FROM r
WHERE � : W � I
� � and ����� � � I�� ��� : ,

for
� �,! � & . This will give us all the * �� A � , � & marginals.

Similarly, the marginals of order & ()� relevant to the recon-
struction of the grid query can be retrieved by:

SELECT ���	��� > � � _��
FROM r
WHERE � : W � I
��� �������H�#I��@��� : ,

for
� ��! � & , ! �.- � & . Reasoning similarly we can

construct the expressions for the choice of marginals of any
order.

5.2 Mining Interesting Patterns

In the case that the base data are available, the proposed
reconstruction technique has a different utility. Maximum
entropy reconstruction from a number of marginals is per-
formed based on the assumption that the marginals of in-
terest are pairwise independent. By reconstructing the data



and comparing them with the base data, the validity of the
pairwise independence assumption can be tested. Any data
value that violates the pairwise independence assumption,
will induce a larger reconstruction error than one that does
not. This provides an automatic way to reason about the un-
derlying correlations among attributes. For example if the
volume of sales of men’s Levi’s jeans in Queens incurs the
largest estimation error than all sales of Levi’s in the cities of
NY state, we know that the volume of sales at Queens repre-
sents the strongest violation of the independence assumption
among sales in NY state. We term such values deviations,
because they deviate from the estimation model.

The basis for terming a specific value as a deviant can be a
measure of the distance between the actual and the estimated
value, i.e., the estimation error, such as absolute difference.
However, the aforementioned metric may not always pro-
duce qualitative results. In order to remedy this situation,
we can use a formula which normalizes the estimation er-
ror of a value with respect to the standard deviation � of all

the estimation errors returned by the algorithm $ ��� ,� * A � * �� 	
where with

� �
we denote the original value of cell

!
, and with

�� � its estimation. Then, we choose a cutting threshold for $ ,
that can effectively prune all the normal perturbations in the
dataset, leaving us with only the large deviations. The above
technique splits the sorted set of deviations into two regions:
it assigns the statistically large deviations to the first region,
and the rest to the second one. We refer to the boundary
point between those two regions as the cutoff point, and we
demonstrate its role in the experimental evaluation. A com-
monly used threshold is for $ � � , which will prune 95% of
the approximation errors as trivial, leaving only the largest
5% for consideration (the values follow from the properties
of Normal distributions). The system can subsequently sort
those deviating values, and pick the top- - among them. In
the experimental section, we present graphs that visualize
the ability of the algorithm to spot deviations, using both
synthetic and real datasets.

5.3 Optimization Problems

So far we have assumed that we have enough space to ma-
terialize all the marginals needed to reconstruct each query
in our workload. In the case where only a subset of the
marginals can be materialized, one would be interested in
obtaining the most benefit in reconstructing queries while
satisfying the imposed space constraints. The benefit in
query reconstruction is defined as the number of “important”
grid queries that can be reconstructed with the greatest accu-
racy, where importance may be user-defined, or determined
by the query workload. The above situation gives rise to an
optimization problem that one can show is NP-Hard, but is
amenable to an efficient solutionusing heuristics. Moreover,
assuming that we wish to utilize the reconstruction for iden-

tifying values of interest, ideally one would be interested
in materializing the most informative marginals, that is the
ones that are most likely to contain the values with the largest
deviations. This is a similar optimization problem, and can
be solved using the same basic algorithms.

The aforementioned problems constitute ongoing work.

6 Experimental Evaluation

In order to test the IPF algorithm we used a mixture of
synthetic and real datasets. The synthetic datasets produced
are derived by sampling uniform and Gaussian data distribu-
tions.

Uniform: We produced datasets of dimensionality 2, 3,
and 4, with different variance values. The size of the datasets
varied from 1,000 to 20,000 tuples.

Gaussian: We produced datasets of dimensionality 2, 3,
and 4. The values were sampled from Gaussian distributions
with 3 different sigma � values. In the experiments we refer
to these values for � as small, medium, and large. The size
of the datasets varied from 1,000 to 20,000 tuples.

We also experimented with three Gaussian datasets which
had additional random noise uniformly distributed. The
third dataset was derived from a mixture of two multidimen-
sional Gaussian distributions. We refer to these datasets as
g small s, g large s, and g mix respectively. The statistical
properties of those datasets are reported in Table 1.

Real: Two of the real datasets, calls and calls3, are de-
rived from AT&T proprietary data. They represent aggre-
gated telephone calls in certain regions and over time. They
are 2- and 3-dimensional, and their size is 10,000 tuples.

We also used census, a dataset from the U.S. Census Bu-
reau, containing information about the age, education, and
income of individuals. It is a 4-dimensional dataset from
which we extracted instances of 10,000-50,000 tuples.

Table 1 summarizes the statistical properties of calls and
census 10K. The rest of the real datasets exhibit similar char-
acteristics.

dataset min max mean median std.dev. skew
g large s 9.0 76.72 28.15 28.00 5.80 0.40
g small s 0.0 72.14 20.72 20.00 12.45 0.36

g mix 0.0 106.68 24.66 22.00 13.57 0.53
calls 1.0 729.00 18.01 4.00 37.79 5.37

census 10K 1000 196623 24736 20000 23450 3.67

Table 1. Statistical properties for some of the datasets

used in the experiments.

The error metric that we report in the experiments is the
Root Mean Square Error (RMSE), defined as

��� .�� �	 9�
 * � 
 � � * A ,� * � �
 	
where

� �
represents the original values in



the dataset, �� � the corresponding estimated values, and � is
the total number of values in the dataset (remember that this
refers to the dataset determined by some grid query).

Note that all the above datasets also have an additional
measure attribute. Therefore, the total number of attributes
for the datasets we used ranges from 3 to 5.

6.1 Exploring the Properties of the Algorithm

In this section we present experiments concerning the
run-time of the algorithm, and the property stated in Theo-
rem 2.

Figure 3(a) shows how the run-time of the algorithm
changes when the dataset size increases. The graph demon-

0

500

1000

1500

2000

0 5000 10000 15000 20000

T
im

e/
Ite

ra
tio

n 
(m

se
c)

Dataset Size (tuples)

4 dimensions
3 dimensions
2 dimensions

0

1

2

3

4

5

6

7

8

2 3 4

Ite
ra

tio
ns

Dataset Dimension

1000 tuples
5000 tuples

10000 tuples
20000 tuples

(a) Time vs Dataset Size (b) Iterations vs Dataset Dim.
Figure 3. Scalability of the algorithm.

strates the outcome of experiments for datasets of differ-
ent dimensionalities. As expected, there exists a linear re-
lationship between the size of the dataset and the run-time
of the algorithm. Moreover, when dimensionality increases,
the number of marginals that the algorithm uses increases as
well. This explains the steeper curves of the graph for the
higher dimensions.

Other experiments that we performed indicate that there
is no correlation between the dataset size and the number of
iterations that the algorithm needs to perform in order to con-
verge. Nevertheless, as Figure 3(b) depicts, the number of
iterations increases with the dimensionality of the dataset.

The above results demonstrate that this approach can be
effectively used by the analyst in real time, and in an inter-
active fashion, for middle-sized queries even when they do
not fit in main memory.

The following graph is the experimental verification of
Theorem 2. We used 4-dimensional datasets, and measured
the error of the estimation when the algorithm operates with
marginals of orders

�
to � . Figure 4(a) displays the fact that

when we use higher order marginals for the reconstruction of
the same dataset, the error is diminishing. It is interesting to
note here, that the relative benefit of employing marginals of
higher order is increasing. Thus, when we use marginals of
order 3 the reduction of the error is more acute. The greater
accuracy that we are gaining by using marginals of high or-
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Figure 4. The effect of the order of the marginals used for

the reconstruction.

der comes at the expense of time. The run-time of the algo-
rithm increases with the order of the marginals (Figure 4(b)).

6.2 Evaluating the Accuracy of Reconstruction

A number of experiments try to investigate the behavior
of the algorithm when reconstructing an unknown dataset.

The graph in Figure 5(a) shows how the error changes
when the dataset size increases. We used three different
3-dimensional datasets drawn from Gaussian distributions
with the same mean � , but different sigma � , as described
in the previous section. As is evident from figure 5(a), the
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Figure 5. The effect of dataset size and dimensionality on

the reconstruction error.

error of reconstruction is related to the variance of the un-
derlying dataset and it increases as the variance increases.
By increasing the size of the dataset, the error increases (but
not dramatically) as more values are included in the compu-
tation of the error. The next graph, Figure 5(b), depicts how
the dataset dimensionality affects the accuracy of the esti-
mations. During this experiment we instructed the algorithm
to use the marginals of the highest order common to all the
datasets. It is evident that the reconstruction error increases
with dimensionality; however, the increase seems correlated
to the variance of the underlying dataset, since the increase
of the error as the dimensionality increases is only nominal
for datasets with similar variance.



The experiments with the uniform datasets gave results
similar to the above, and we do not present them here.

In the following experiment we used the real datasets to
verify the trends that the reconstruction error follows as in-
dicated by the previous experiments. Figure 6(a) depicts a
graph of the error for increasing dimensionality, while Fig-
ure 6(b) demonstrates the behavior of the error as the dataset
size grows. These graphs show a deterioration in the ac-
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Figure 6. Error vs dimensionality and error vs dataset

size for the real datasets.

curacy of reconstruction both when dimensionality goes up
and when the size of the dataset increases, which is in accor-
dance with the results of the experiments using the synthetic
datasets.

6.3 Reconstruction with Error Guarantees

In the following experiments, we try to assess the bene-
fit of providing error guarantees. The method we propose in
order to achieve this goal (as discussed in Section 4.3) ex-
plicitly stores a small number of deviating values, which are
subsequently used during the reconstruction phase to dimin-
ish the error.

In the first set of experiments we explore the distribution
of the size of the estimation errors (i.e., the absolute error
between the real and the estimated value for an individual
cell). The graph in Figure 7(a) depicts the distributions for
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Figure 7. Distribution of absolute error for real datasets.

the datasets calls and calls3. Both curves indicate that the er-
ror sizes follow a Zipf-ian like distribution,with a very small

fraction of the instances having large values. This fact indi-
cates that the choice to store the largest estimation errors as
extra information is very likely to pay off during reconstruc-
tion. Figure 7(b) shows the same graph for different sizes of
the census dataset. The results show that for all the sizes the
error follows a highly skewed distribution.

The next experiments evaluate the relative benefit of stor-
ing a number of deviating values per query in order to guar-
antee a specified reconstruction error level. Figure 8 shows
the error of the reconstruction when the number of devia-
tions that the algorithm is using increases from 0 to the size
of the dataset. The user may choose between those two ends
according to the application requirements for error guaran-
tees, and the space restrictions on the number of values that
can be stored.
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Figure 8. The reconstruction error when a varying number

of deviations is used by the algorithm.

In every case, storing only a very small number of de-
viations is enough to dramatically decrease the error. In
both cases of the real datasets we used, storing only the few
largest deviations decreased the error by two orders of mag-
nitude. As expected, at the other end of the spectrum, when
the algorithm has knowledge of all the errors, it uses this in-
formation to achieve a perfect reconstruction.

It is interesting to note here the role that the cutoff point
can play in this situation (see Section 5.2). In the graphs, the
cutoff point, is marked with a vertical line, and it can be used
to determine the point (and subsequently the number of val-
ues to materialize) at which the relative benefit of storing ad-
ditional deviating values becomes negligible.

In Figure 9, we use a logarithmic scale for the y-axis to
present the same graphs as before. In addition to the ac-
tual reconstruction error, we plot a theoretical upper-bound
for the error, following the discussion in Section 4.3. Even
though this bound is not very tight, it may still be useful
for certain kind of applications. These graphs also enforce
our argument about the cutoff point. It is clear that the cut-
off point separates the initial region of dramatic decrease of
the error from the plateau that follows. The added benefit of
storing extra values from the latter region is quite small.
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Figure 9. The actual reconstruction error and an upper
bound when a varying number of deviations is used by

the algorithm. The y-axis is plotted in logarithmic scale.

6.4 Mining Interesting Patterns

We evaluate the ability of the IPF algorithm to mine the
underlyinggeneral structure of the data and report any devia-
tions with the following experiments with synthetic and real
datasets. Note, that the graphs we present involve datasets
in two dimensions only, for illustration purposes.

We produced two datasets (namely g large s
and g small s) drawn from Gaussian distributions, one with
large (Figure 10(a)), and one with small sigma value (Fig-
ure 10(b)). We then added some uniform noise on top of the

(a) g large s Dataset (b) g small s Dataset
Figure 10. Identifying deviants using synthetic datasets.

Gaussian distributions. The algorithm captured the general
trends of the data, and was able to report the values that de-
viate the most from the norm. The top-4 of these values are
presented in Table 2. Manual inspection of the results re-
veals that these are indeed the predominant deviations in the
datasets.

The third synthetic dataset (g mix) we tested is a combi-
nation of two multidimensional Gaussian distributions with
different mean and sigma values, and some noise on top
(Figure 11(a)). Once more, the algorithm correctly identi-
fied the base distributions, and singled out the most signif-
icant deviating values (reported in Table 2). Note that the
algorithm does not merely identify global phenomena, e.g.,
reporting the maximum value along a dimension. Instead, it

g large s g small s g mix
cell diff. cell diff. cell diff.

(50,21) 47.34 (74,14) 56.80 (60,67) 62.78
(2,59) 47.27 (89,25) 44.01 (48,6) 58.33

(48,68) 42.15 (19,54) 42.74 (28,2) 52.26
(11,93) 41.24 (95,95) 36.98 (23,60) 51.54

Table 2. The top-4 deviations reported for each of the

three synthetic datasets. The metric used is the differ-
ence of the real value from the estimated.

(a) g mix Dataset (b) calls Dataset

Figure 11. Identifying deviants using a synthetic and a
real dataset.

takes into account the local neighborhood in which a partic-
ular value appears, and reports any incongruities therein.

In the followingexperiments, we instructed the algorithm
to find the most deviating values in two of the real datasets,
the calls, and the census 50K dataset.

Figure 11(b) depicts the calls dataset along with the top-
4 deviating values, which are also listed in Table 3. All the

calls
cell diff.

(7,37) 611.45
(38,24) 572.39
(7,13) 506.32
(7,68) 434.07

Table 3. The top-4 deviations reported for the calls
datasets. The metric used is the difference of the real

value from the estimated.

marked values are instances of unusually high volume of
calls. This information is important to the analyst since it in-
dicates exceptional behavior which can either be fraudulent,
or mark special cases in the dataset.

The outcome of the second experiment, with census 50K,
cannot be graphically depicted, because the dataset is 5-
dimensional. The attributes of the dataset are age, command
of English, number of children, level of education, and in-



come. As expected, the above attributes are not independent.
For example, the income tends to get larger with age, and
when the level of education is higher. Nevertheless, there
exist values that do not follow these patterns. Among the top
deviations are a middle-aged person with high level of edu-
cation who earns less than 20K, a person with a PhD degree
who earns merely 3K, and a 24-year old who earns 200K.
These are certainly results that deviate from the norm, and
therefore are interesting.

Note that the algorithm is able to identify all the above re-
sults as interesting even though it has no domain knowledge,
and it gets no user input.

7 Conclusion

In this paper we considered the problems of using just the
aggregate information in order to provide approximate an-
swers to queries and identify interesting values in multidi-
mensional datasets. Each problem is of particular interest
in the field of data analysis and approximate query answer-
ing respectively, especially since the volume of data stored
in warehouses is huge. The techniques we discussed are
based on the theoretic principle of maximum entropy. We
also proposed an extended framework that allows the user to
choose specific error guarantees for the reconstruction pro-
cess. Finally, we presented a detailed performance study us-
ing both real and synthetic data, highlighting the applicabil-
ity and benefits of the approach, as well as the efficiency of
the proposed algorithms.
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