Introduction to Bayesian learning - Master Datascience 2017/2018

Homework 1: answers

Solution: Exercise 1 We first show that we may find A € RP*9 such that

X =AY + U, whereU 1LY, is arandom vector of dimension p (1)

. For A € RF*%, and U = X — AY, we have that (U, Y) is a Gaussian vector, because it is
a linear tranform of the Gaussian vector (X, Y"). Thus, if Cov(X — AY,Y") = Ogsxq, then
U 1L Y. The converse is immediate: the covariance matrix of two independent vectors is
null.

. If A and U satisfy (1), then U = X — AY is a linear transform of (X,Y), thus U is a
Gaussian vector as well.

. If A and U satisfy (1), then for all bounded, continuous function h, for Py-almost all y,
E(MX)|Y =y)=E(r(AY +U) |Y =y) =E(h(Ay + U)),
with Ay + U ~ N (Ay + my, Xy). Thus

LIX]Y =y) = N(Ay + my, Zp).

. We now solve (1) w.r.t. A, U. According to question 1., an equivalent condition is that
Cov(X — AY,Y) = 0.

Cov(X —AYY) =0 <= Cov(X,Y)— ACov(Y,Y) =0
< E)Qy — Azyy =0
= A=Y,y Yxy.

Now, according to question 3. we only need to compute >.;; and my;. The above display
implies that

my =E (X — 233ExyY) = mx — Sy Sy ymy (2)
and letting X=X-— mx, Y=Y — my,
- - - N\ T
Sy =E ((X - EXYZ;;Y) (X - ZXYE;;Y) )

=Xxx — ZXYE)_/%/ZYX — ZXYE)_/%/EYX + EXYE}_/%/EYYE;/%/EYX
= Yxx — SxvEyy Svx ()

Combining question 3. and equations (2) and (3) yields

LIX|)Y =y) = N<mx + XxySyy (Y — mx), Sxx — ZXYE)_/%/ZYX)-

Solution: Exercise 2

e First the vector (X JAX + Y) is Gaussian, as a linear transformation of the Gaussian
vector (X,Y).
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o Since E(AX +Y) =mx + Amy, Cov(AX +Y) = AXx A" + y (because Lxy = 0)
and Cov(X,AX +Y) =XxA", we obtain

X N mx EX ZxAT
AX +Y mx +AY ) '\ AZx Sy + ANxAT) )

Solution: Exercise 3
1. We check that (A + ATLA)(A™! — ATTATKTAATY) = I,
(A+ATLAYAT —ATATKTAATY
=1, - ATK'AN '+ ATLAN T — ATLANTATKPANT
=1, - A" (L—- K — LANTATK AN
Alos, since (AA'AT + L™K~ = I,; we have

ANTTATK V=1 — L7'KT

q
The two latter displays yield
(A+ATLAYA —ATTATKTANTY
— L+ AT (L= K = L(l,— LK) AL

2. The expression for X x|, is a direct consequence of Exercise 2 and of the latter question.
On the other hand, using Exercise 2 again,

pixly = p+ATATK T (y — Ap—b)
=L, - ATTATK " A+ ATTATK T (y — b) (4)
nonumber = (I, — (A" = S)A)p+ AT ATK ! (y — b) using the latter question.
S)

Also

SATTATK ™ = (ATLA+ MATTAT(ANTTAT L7171
= (ATLANT'AT + ATY(AATTAT + L7
= ATLAATTAT + LY (AATTAT + 177!

Thus A"'ATK~! = SAT L, which combined with (5) yields

pixpy = SAu+ SATL(Y —b).
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