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Context, motivation
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Data Depth

e Dataset X; %% P.i < n, in X =RY.

e Goal: quantify abnormality of point x with respect to other points.
— Anomaly Detection, Multivariate “quantile” contour estimation

e Statistical depth function: A function D(- | P) — R™: the lower,
the more shallow is the point and the more abnormal.

e Empirical (non-parametric) estimator D(- |P,)

s T

"
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Tukey depth
e Seminal work Tukey (1975), “half-space depth”
D(x | P) =inf{P(H, ) : x € Hyy,r > 0,u € S(unit sphere).}
where H, , = {x € RY : (x,u) > r}.

e Applications - computation strategies - alternative depths, e.g. Liet al.
(2012); Mozharovskyi et al. (2015) (classification), or Mozharovskyi and Valla
(2025); Staerman et al. (2023) (Anomaly detection), simplicial depth (Liu, 1990),
projection depth (Liu, 1992), majority Monge-Kantorovich depth (Chernozhukov

et al., 2017), Angular depth (Nagy and Laketa, 2025) for directional data ...
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Extrapolation for Tukey Depth

D(x|P) outside the point cloud, when D(- |P,) = 07
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e Einmahl et al. (2015); He and Einmahl (2017)‘: Regular Variation
assumptions b(t)P (X € tA) — v(A) with b(tx)/b(t) — x~¢, even

b(t) = t* for the theory.
e Key result/tool D(x|P) ~ D(x|v) up to rescaling, for large ||x||.

—> nonparametric estimation of v
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Why a new notion of Depth?
D(x|P) outside the point cloud, when D(- |P,) =07
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e Half-spaces not invariant under rescaliné : incompatible with
structure of multivariate extremes

e What if some coordinates are non-negative (typical for physical
quantities: precipitations, river discharge, snow depth ...)?
— 0 should not be treated as “shallow” even though always on
boudnary of point cloud

e Coordinates with different tail indices: How to incorporate marginal

standardization?
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Polar Depth and axiomatic depth properties
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Polar Depth
| - || the Euclidean norm; r(x) = ||x||, 8(x) = r(x)x.
Definition: polar depth

For 7 a positive measure on R?, x € R

Dlc|P) = _inf BS ., N Ho.,
PO IP) \|U|I=H]er0,u7r( r(x) 0.u)

F+ nh [Eii;*>

o

6/25



Key properties of Polar Depth

Lemma: connexion with angular depth “aD” (Dyckerhoff and
Nagy, 2023; Nagy and Laketa, 2025)

Let Py, denote conditional distribution of 6(X) given r(X) > t; and P,(-) =
P(r(X) € -). Then

pD(x | P) = Pr(r(x),00) aD(6(x) | Py | r(x))

Depth Axiomatic properties (see Zuo and Serfling (2000) for desirable
axiomatic properties of depth)

e !l No affine invariance: pD(Ax+ B | (A- +B)4P) # pD(x | P).

e Rotational invariance, monotonicity along rays passing through 0,
vanishing at infinity, upper semicontinuity w.r.t x, continuity in
measure.
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Estimation and statistical properties
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Empirical Polar Depth

1. Empirical radial depth (survival function)

Pe([r(x Z]l{ (x)}.

2. Angular outwards dataset Dy = {9( ,-) cr(Xi) > r(x) for 1 <i<n}
— Empirical measure Py,() on Dy C S.

3. Angular half-space depth of §(x) relative to I39|,(X):

aD(0(x) | Pyjr(x)) == aD(0(x)|Pa|r(x))-
(Algorithm developed in Dyckerhoff and Nagy (2025) or gnomonic

projection in Nagy et al. (2023) combined with half-space depth
computation in R9~! Dyckerhoff and Mozharovskyi (2016) )

Polar Depth estimator

pD(x | P) = P/([r(x),50)) aD(O(x) | Pojri):
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Finite sample bounds: absolute and relative deviations

Theorem: Non-asymptotic bounds for ;;5

(some conditions on § < reasonable fixed threshold and any fixed n > 4)
1. With probabiblity at least 1 — ¢,

sup [aD(x | P)— pD(x | P)| < 1/ LB

x€R\ {0}

2. For t > 0, with p; = P(r(X) > t),

pet sup |pD(x | P) = pD(x | P) §3\/ dlog{{np +1)/9)

x:r(x)>t npt
2log(1/6)
3 npr

v

Main proof idea: Empirical Risk Minimization problem over a VC family of
sets of dimension =~ d ; VC inequality for relative deviation in Goix et al.
(2015); Lhaut et al. (2022) 9/25
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Extrapolation with or without standardization
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Regular Variation Assumptions

e Minimal assumption

pe'P(X € tA) —— wm(A),  with  pe=P(r(X) > t), (1)J

for all Borel sets A such that 0 ¢ JA and v1(0A) = 0.

v1: limit probability measure “of extremes” on B¢

e Stronger assumption (means t“p; — constant)

t"P(X € tA) —— v(A), (2)J

(then v1 = cvlge(-) with ¢ = v(B)~ L.
In both cases, consequences:
e v, v are homogeneous, v1(tA) = t~%v1(A)
e Angular probability measure ®(B) = v{tw,w € B,t > 1}, B C B.

Finite on S.
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Tail behavior of Polar Depth

Theorem: Tail behavior of pD under regular variation

1. Under minimal RV assumption + smoothness (P(9Hp ,) = 0):
uniform convergence on compact K such that 0 ¢ K:

sup |p; ' pD(tx|P) — pD(x|v1)] —— 0,
xEK =€

2. If in addition (2) holds, then, for any § > 0, uniform convergence far
from O:

sup  |p; ' pD(tx|P) — pD(x[v1)| —— 0.
x€ER9:r(x)>6 B=>e3
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Polar Depth estimation of extremes: )@ I

e Sort observations by decreasing values of the norm:
r(X(l)) > ... 2> r(X(,,)) and let R, = r(X(k))

e Choose 1l < k< n [...].

e For x such that r(x) > Ry, use XpD not pD:
Radial survival function of extremes (standard) : based on tail
index estimator &, say a = 1/Hill.

B = S(r(x)/R)

Empirical Angular Measure of extremes

—~ 1
b= K Zée(x(i))
i<k
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Polar Depth estimation of extremes: )@ [l

Angular depth estimator(Dyckerhoff and Nagy, 2025)

aD(0(x)|®) = aD(0(x)|®7)

Extreme Polar Depth Estimator

XpD(x|P) = Br(x) aD(8(x)|®)
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Statistical guarantees for XpD

A, =& —al.

Theorem (simplified): non-asymptotic bounds =- consistency
at infinity

Suppose that (2) holds and n, k sufficiently large (...) and A, small with
high probability. Then with probability at least 1 — 0 :

sup Py XPD(x|P) = pD(x|P)]
Un,kyy,,,kSF(X)SGXP (A;1/2>£n7k

dlog(k/d)

P + Bias(k, n)

where C is explicit, not ridiculously high, T, x ~ 1 — k/n quantile of r(X)
and the bias term Bias(k, n) converges to 0 as n/k — +o0.

o
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Standardization

Marginal standardization: customary in EVT to obtain non-degenerate
limit measure when the X’'s have different tail behavior

Multivariate marginal standardization v(x) = vi(x'),..., vg(x9)) with
vi(t) = ﬁ(t) then work with vectors V; = v(X;), i < n.
J

A

Empirical counterpart (here): empirical F; below threshold, parametric
with &; above threshold (...) — 7, Vi's.

Key result in MEVT: If X is in a multivariate domain of attraction,
then
tP (Ve t() = ul()

where p is a (standardized) limit measure, like v but with o = 1.
Standardized angulra measure

d(B) = u(tB,t > 1) B cCS.
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Standardized Polar Depth pDs and asymptotics

Polar Depth of v(x) with respect to v P, the distribution of
the Vi's

pDs(x|P) := pD(v(x)|v4P).

Under minimal standardized RV assumption + some uniform convergence
on B¢:

Proposition: tail equivalent and role of &,

sup | |lyllpD(y|vgP) — aD(6(y)|®s) | — O.
villyll>t

::B]_(t)

Angular Depth w.r.t. ¢, is key.
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Ingredients: Empirical empirical angular measure +
assumptions

e Empirical (standardized) angular measure: non-asymptotic control

in O(y/dlogk/k) in Clémencon et al. (2023).

()= 7 D UO(V) € Vil = n/k},

i<n
e For their bounds to apply: Assume additionally that ® has a density

w.r.t. surface measure o4_1 on S bounded by ||¢|lcc < 00 + no mass
near the axes.

e Choose pj(x) in XpD as a semi-parametric estimator of 1 — Fi(x)
(using some @;), using same k as ®s.

e V(x): associated empirical transformation to Pareto margins.
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Nonasymptotic guarantees for XpD,
Main result (standardized version)

Let 51 > 0,h < 1/8, Q C RY s.t. with probability at least 1 — 41,

maXj<q Supycq |Pj(Xj)/pj(xj) — 1| < h. Then for any t > 0 and d» < 1 — 41
with proba 1 — 41 — 6o,

sup [V0x)|| [XpDi(x) = pDs(xIP)| < Do(k, 52) + Bo(k,m) + -
x€Q,[[V(x)||>t

h
m(q)s(g) + 2||¢”oo) +e

L Bolt(1— )

where Do(k,0), Bo(k, n): upper bound on the deviations (resp. Bias) of o,
(Clémengon et al., 2023) ;

Bpp: Bias term stemming from the asymptotic approximation of the polar
depth, which vanishes at infinity.

v
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Outline

Experiments
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lllustration: Folded Cauchy

e "Folded” Cauchy distribution X = (X1, |X2|) where (X1, X2) Bivariate
Cauchy. n =5000.

Estimated vs True depth level sets (folded Cauchy distribution)
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left: Bulk contours, ; right: Tail contours, i.e. pD =1/n.

EXTRAPOLATION IS NECESSARY IN THE TAIL.
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Anomaly Detection: Polar versus Tukey Depth (bulk)
e Anomalies: r(X) super heavy-tailed (log R is RV(1)) ; 6(X) ~ U]0, x].
e Anomaly scoring fuction: s(x) = ED(X) The lower, the more
abnormal.
e ROC/PR curve: with classifier of the kind g(X) = 1{s(X) < t},
varying t.

ROC Curve Precision-Recall Curve
10 — 10
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00 02 04 06 08 10 00 02 04 06 08 10
False Positive Rate Recall

similar performance, with pD slightly better.
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AD: Comparison Polar versus Tukey Depth (tail)

e Normal data: r(X) ~ Pareto(2) L 6(X) ~ U]0,1].
e Anomalies: r(X) ~ Pareto(0.1) (heavier tail), same angular
component.

ROC Curve

. —— Polar depth (area = 0.88)
00 —— Halfspace depth (area = 0.72)

00 02 04 06 08 10
False Positive Rate

pD clearly better.
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Conclusion

e Novel “Polar Depth” function, suitable for non-extremes and
extremes, compatible with marginal standardization.

e Main scope Data with one coordinate > 0 such that the larger, the
more “extraordinary” the observation.

e Results: Nice axiomatic properties and relations with angular depth.
Nonasymptotic statistical guarantees scaling as O(1/+/n)
(non-extreme) or O(1/v'k) (k: effective training sample size) for
extremes. Standardization does not break things. Encouraging
experiments.

e Natural applications: Anomaly detection in bulk or tail or quantile
contours in bulk or tail.
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