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Context of the study

» Non-reactive mixture of p monoatomic gases

» Isothermal setting T > 0 uniform and constant

» Two different scales for the description of the mixture

>

mesoscopic scale (kinetic model): species i described by its distribution
function fi(t, x, v)

macroscopic scale: species i described by the physical observables
» number density n;(t,x)
» velocity ui(t,x)
~ flux of species i : Ji(t,x) = ni(t, x)ui(t, x)
nm I
~~ vectorial quantities n = 5 || J=

np Ip

» Link between the two scales in the diffusive scaling

» Formal and theoretical convergence
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Diffusion models for mixtures: Maxwell-Stefan /Fick

Mass conservation:

dn+V-1=0 )

Diffusion process (link between J and Vn):

Fick equations Maxwell-Stefan equations
J=A(n)Vn Vn = B(n)J

> A(n) and B(n) are not invertible (rank p — 1)
» Using pseudo-inverse: structural similarity [GrovanciGLt 91, '99]

» Equimolar diffusion setting [BoTHE]|, [JUNGEL, STELZER]

Formal analogy of the two systems,
different ways of obtaining Fick and Maxwell-Stefan equations
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Mesoscopic point of view

Hydrodynamic limit

> Obtention of these two equations from the kinetic description?

» Obtention of closure relations?

Moment method (Maxwell-Stefan)
» [LEVERMORE]|, [MULLER, RUGGIERI]
» Ansatz that the distribution functions are at local Maxwellian states

» Assumption: different species have different macroscopic velocities on
macroscopic time scales

» Rigorous convergence [BONDESAN, BRIANT]

Perturbative method (Fick)
» [BARDOS, GOLSE, LEVERMORE], [BISI, DESVILLETTES]

» Based on the Chapman-Enskog expansion

» Formal and rigorous convergence [BRIANT, G.]
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Kinetic setting

» Boltzmann equations for mixtures on R, x T9 x R?

p
Dfi+v V=5 Qu(ff),  1<i<p
€=
[DESVILLETTES, MONACO, SALVARANI, ’05]
» Diffusive scaling: small mean free path and Mach number: Kn ~ Ma ~ ¢
» Boltzmann collision operator, for v € R

Q)W) = [ [ Bilvove o) [ = ()5

» Elastic collision rules!
» Cross sections?

1 d—1
LA v/ = (mjv + mjvi + mj|lv — vi|o)/(m;i + m;)
vi = (miv 4+ mjve — milv — vi|o)/(m; + m;)

2B;j = Bji > 0 (hard or Maxwell potentials with Grad’s cutoff assumption)
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Properties of the collision operator

» Equilibrium: Maxwellian with same bulk velocity and temperature

d/2 >
mj m;lv — u(t, x)|
ni(t,x) (2ka ) &P <_ ke T )

» Conservation property of the collision operator for 1 < i j <p

[, oty v =o

In the following, bold notation for vectors: f = (f);, m = (m;); J
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Linearized Boltzmann operator

» Expansion around the global Maxwellian with zero bulk velocity (equilibrium)
with number density n;

fi=M; +egi = nipi +egi pi = (mi/2mkg T)?/2e=milvI’/2ke T
» Linearization of the collision operator, for g = (g;);
Li(g) =Y Qi(mipi, &) + Qilgi, njuy)
J
~> defines the linearized Boltzmann operator L = (£;); around M = nu
» KerlL is spanned by p + d + 1 explicit functions:
~ Miey, vimM, |v|°mM

» Denote by 7 (-) the projection on KerL
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Definition of L1

L is a closed, self-adjoint operator in L2(M~1/2), which is bounded and displays a
spectral gap (with a gain of weight). [BrianT, DAUS]

L1 is a self-adjoint operator on (Ker L)+ which is bounded and displays a
spectral gap
(&L 'g)m < —Aglm

with the shortcut || - |m = || - [[2(m-1/2)-

Remark

Since M = nu depends on n, the linearized operator L, and thus L=, also do.
~ track explicit computations of boundedness and spectral gap constants w.r.t. n
[BARANGER, MOUHOT], [BRIANT, DAUS]
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Formal obtention of the diffusion equations

12
O:f; . Xf,'Z*E i(fis £
e0fi+v-V - QJ( J)

j=

Moments of the distribution functions

» Number density of species i

ni(t,x) = /]Rd fi(t,x,v)dv

» Flux of species i

1
Ji(t,x) = - /Rd v fi(t, x, v)dv

@ Mass conservation : moment of order 0 of the equation

22
ot Jgs

fiv)dv + V- (/ v fi(v) dv> = &(Oemi+ V- ) =0,
R3

where the collision term vanishes (conservation property).

Bérénice GREC Derivation of the Fick cross-diffusion system 9/19




Momentum equation

Perturbative method

Inject expansion f = nu + g in the Boltzmann equation, at leading order (£°)

piv - Vynp = Li(g)

and J,-zl/vf,-dv:/vg,-dv.
€

» In a vectorial form, defining W; = p;v - Vin; and W = (W,);

W = L(g) (w) g=L"1w

Inversion (x) only valid if the LHS W; = ;v - Vyn; € (Ker L)+

Bérénice GREC Derivation of the Fick cross-diffusion system

10/19




> Inject gi = [L™W]; in the definition of J; = [ v gfdv

Jj :/V[L_1W]id‘/:/”iM;V[L_lw]iMfldV



» Inject g; = [L~!W]; in the definition of J; = [vgfdv

Ji :/V[L_IW]idV: /n,-/z,,-v[L_1W],~Mfldv

» With C; = (M;V(S,'j)j, we get

Ji = I'I,'<C7 L_1W>M
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> Inject g; = [L*1W],- in the definition of J; = fvg,-ng
Ji :/V[L_lw]id‘/: /n,-/z,,-v[L_1W],~Mfldv

» With C; = (M;V(S,'j)j, we get

Ji = I'I,'<C7 L_1W>M

» L1 s self-adjoint on (KerL):. Let I = m (C). Thus

Ji=n; Z<[|—_1(C =Dl Wjm

i

» Since W, = pjv-Vyn; ="C; - V.n;"
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» Inject g; = [L~!W]; in the definition of J; = [vgfdv

Ji :/V[L_IW]idV: /n,-;z,,-v[L_1W],~Mfldv

» With C; = (M;V(S,'j)j, we get
Ji = I7,'<C7 L_1W>M

» L1 s self-adjoint on (KerL)*. Let I = 7 (C). Thus
Ji= Y (L7HC =N, W)m
j

» Since W, = pjv-Vyn; ="C; - V.n;"

Ji=Y m{lL7HC = N)];, C)m Vi

J

aj

~> Fick equation: J = A(n)V«n J
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Fick equation

> A= (a;) is not symmetric. Introduce N(n) = (n;d;), so that

Properties of A(n)

v

A(n) is symmetric

> A(n) depends on n via L~! and the weight M

» Ker A(n) = Span(nm)

» Denote 73 the projection on Ker A, 7rj‘- on (Ker A+
>

Coercivity of A(n) outside its kernel

» Combine J = N(n)A(n)V,n with mass conservation

o+ V, - (N(n)A(n)V,n) = 0;
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v

vYyy

vy

Closure relation for Fick equations

. . , d
Integrating the equation gives " / Z: m;n;dx =0

Inversion (x): W; =

piv - Vyn; € (KerL)*.

Ker L spanned by Myey, vimM, |v|2mM

Orthogonality

0= <M,‘V . Vxn,-, m,-/\/l,-v)M = Z/M,‘V . Vxn,- m,-vdv X VX Z min;

~» Constant mass » . m;n;

Closure relation inherent to the perturbative setting

{

dn + V. - (N(n)A(n)V4n) =0,
(m, n)ge = cst.
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Perturbative Cauchy theory for the Fick equation

Fix a constant global equilibrium ny, > 0, and write

n(t, x) = N +ii(z, x) (e)
Fick equation
Oifi + V- (N(noo)A(noo + A)V,R) = =V, - (N(f)
(m, i) = 0.

h |
)
3
+
=
<]
=

Theorem

Let s > d/2. For ||| y: compatible and sufficiently small, there exists a unique
solution of the form (e) to the Fick equation, and it satisfies

161 < A0

Without nonlinear terms, standard a priori estimate with the weight N(n,)~1/2

2 Nl -y = AV, Tz < Cllrk (V) e

No control of the kernel part m5(Vii): (nm, Vi) even at the main order
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Rescaling in time and space

fi(t, x) = A (nZ,;t n® )

oo™y Mooj

1 = Noj ~ ~ »
ngOi '+VX . (j ngOinnga,'j(...)Vxnj> = <77,E gmnooj U()VX’I]_,>
(m,#) =0.
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Rescaling in time and space

ﬁ;(t,X) n(noo:t7 nooiX)

~ M i B 7i;
8t77i+vx : Zalj( ) X bJ = _V Tzal_]()vx bj )
ooz J nooj noo: J o0
(m, 7)) = 0.

» Choice a = —1 ~ use the coercivity of A
l1d . 7 7 7 - Y . 7
5 aglllie= <Avx(ngo>’vx(ngo>>+<Avx(ngo>’"vx(nb+l)
2
5

<-C

A3
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Rescaling in time and space

~ M i B 7i;
atni—’_v)" ( Zalj( ) anJ> =—Vy- (anaU()vanj> ;

ooz J 0 j
(m,#) = 0.
» Choice a = —1 ~ use the coercivity of A

zartlt= (49 (p) % () ) = (405 %))
A (D +{-)
» Control of the kernel part: 73 [VX<%>} linearlic

(4 im. 9o (L)) = (mam 9, (1)) + (am.v (L)

oo o0

<-C
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Rescaling in time and space

fli(t, x) = fi(n3,;t, ngoix)

B 1 _ 7j; 7ji _ 7jj
Ofli + Vi - (nb > a(. - )vanJ> =—V,- (nb > ai(. .. )Vxnbj> ,

oo J 0o} coi J 00j
(m. ) = 0. ]
» Choice a = —1 ~~ use the coercivity of A

2= (A% () 9+ G) )+ (4% () 77 ()
sG]+ ()

<-C L
[e.¢]
» Control of the kernel part: 73 {VX( u] )} colinear to

<(noo +im, v(n’;o)> :<m, Vi) + <7"7m, v(n’;)>
=0

» Choice b =1 ~~ use of the closure relation
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End of the proof

» Lower order term

(m. v (31) ) < Clila 9l
» Nonlinear terms: control on A(#)
1A@)

» A priori estimate in HZ, with some polynomial P* such that P*(0) =0

He < CP([|7]

Hs)

.<—C(1-cP° : Al
2 Sl < —C(1— CP (Il IVl

» For small initial datum, CP*(||#]|n;) < 1/2 & Poincaré + Gronwall
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Rigorous convergence in a perturbative setting |

Expansion f¢ = M® 4 £g® in the Boltzmann equation

Use of the result (for Maxwell-Stefan) of [Bonpesan, Briant]

Simpler setting since
> M-° has equal velocities for all species (= 0) ~» equilibrium of Q;

» possibility to get rid of the fluxes and have a parabolic setting

Main ingredients

» Choice of the Maxwellian M=(t, x, v) = (noo + &fi(t, x))(v)
[CAFLISCH], [DE MasI, ESPOSITO, LEBOWITZ]

» Spectral gap on L ~ control of the microscopic part of g° (in (KerL)™ )

» Control of the fluid part with a hypocoercive norm depending on ¢ (via the

commutator [v - V,V,] = —Vy) [MouHOT, NEUMANN], [BRIANT]
o
| W ~ D 0% iz qumrmy + €2 D 11850) - Nz 1
[e]<s le|+lj|<s
lji|>1
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Rigorous convergence in a perturbative setting |l

Theorem (Briant, G.)

With suitable assumptions on the cross sections, if g™ and (™) are small
enough, the multispecies Boltzmann equation admits a unique global perturbative
solution f=(t, x,v) = Me(t, x) + eg°(t, x, v) > 0, and

[[F° = M3 (t) < Ce.

Satisfy assumptions of the result in [BONDESAN, BRIANT]:
» Perturbative framework

» Control of S¢ = %(%ME + ?12V - Vi Me:

m(S°) =0 and = (S°) <

M| >

The second estimate corresponds to the control of &||0¢fi|| s + || Vahi|| s
Cauchy theory for i and estimates on A(n) via P*
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Conclusion and prospects

Conclusions

» Derivation of Fick equations from the Boltzmann equation for mixtures in the
diffusive regime in a perturbative setting

» Formal obtention of the diffusion coefficients and closure relation
» Cauchy theory in Sobolev spaces for the Fick sytem

» Stability of the Fick system in the Boltzmann equation

Prospects
» Non perturbative setting?

» Other mixtures: non isothermal, polyatomic gases
» AP numerical scheme

» Compare experimental and theoretical relaxation times
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Thank you for your attention!
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Fick diffusion coefficients

We had a; = n;{[L7}(C —T)];, C;)m. More precisely

Properties of the term in red
> is zero if k £ ¢
» is independent of k =/
Thus, it depends only on /7, and allows to define the diffusion coefficients.

» Definition of C( ) = = (uiv(¥)5;); ~ choice of any velocity component
» Use that I' € (Kerl)

ay = n (L7 (v () ) i (Vi)
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