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Abstract

We consider N independent and identically distributed (i.i.d.) stochastic processes (X;(1),t € [0,T]), j € {1,...,N},
defined by a one-dimensional stochastic differential equation (SDE) with time-dependent drift and diffusion coeffi-
cient. In this context, the nonparametric estimation of a general drift function b(¢, x) from a continuous observation of
the N sample paths on [0, 7] has never been investigated. Considering a set I, = [¢,T] X A, with e > 0 and A C R,
we build by a projection method an estimator of b on I.. As the function is bivariate, this amounts to estimating a
matrix of projection coefficients instead of a vector for univariate functions. We make use of Kronecker products,
which simplifies the mathematical treatment of the problem. We study the risk of the estimator and distinguish the
case where € = 0 and the case € > 0 and A = [a, b] compact. In the latter case, we investigate rates of convergence and
prove a lower bound showing that our estimator is minimax. We propose a data-driven choice of the projection space
dimension leading to an adaptive estimator. Examples of models and numerical simulation results are proposed. The
method is easy to implement and works well, although computationally slower than for the estimation of a univariate
function.

Keywords: Adaptive estimator, Diffusion process, Kronecker product, Nonparametric estimation, Projection
method, Time-dependent coefficients.
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1. Introduction

Statistical inference for the coefficients of stochastic differential equations (SDEs) has a longstanding history and
a huge number of contributions deals with the subject. We can refer to the textbooks Kessler et al. [31]], Hopfner [27],
lacus [29]], Kutoyants [33] [34] and the numerous references therein. In most papers, authors assume the observation
of one trajectory which may be continuously or discretely observed, on a time interval [0, T]. To obtain statistical
results, an asymptotic framework is considered which is that, either T is fixed and the diffusion coefficient tends
to 0, or T tends to infinity. In the small variance asymptotics, Markov type diffusions, i.e. having space and time
dependent coeflicients, may be considered (see e.g. Yoshida, N. [48]], Sgrensen and Uchida [42], Uchida [46], Gloter
and Sgrensen [24], Guy et al. [25]). In the long time asymptotics, only homogeneous diffusions, i.e. with space
dependent coefficients, are studied under ergodicity assumptions. For what concerns more precisely nonparametric
inference, we refer to Hoffmann [26], Dalalyan [15]], Dalalyan and Reiss [[16,[17]], Comte et al. [12], Strauch [43].
In relation with functional data analysis (see e.g. Ramsay and Silvermann [39], Wang et al. [47], Hsiao [28]]), the
case of i.i.d. paths of stochastic differential equations has received recently considerable attention. Results concerning
nonparametric estimation in this setup have been published (see e.g. Comte and Genon-Catalot [9], Denis ez al [[19]
20], Marie and Rosier [37], see also Comte and Marie [14] for identically distributed diffusions with correlated
Brownian motions). These papers consider homogeneous diffusions, for which the drift and diffusion coefficients do
not depend on time but only on space. Recent papers concerned with interacting particle systems assume space-time
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dependent coefficients (see e.g. Della Maestra and Hoffmann [18]], Comte and Genon-Catalot [10]]; Belomestny et
al. [Sl], Amorino et al. [2]). When there is no interaction between particles, these models reduce to i.i.d. diffusion
processes.

In the foundational paper Della Maestra and Hoffmann [18], the authors study the pointwise risk of an estimator
defined as a ratio of two kernel estimators. This requires two bandwidth selection procedures, one for the numerator
and one for the denominator. In this paper, we consider a global estimator built by a projection method on sieves and
study a global risk.

More precisely, we consider N i.i.d. real-valued stochastic processes (X;(t),t > 0),i € {1, ..., N}, with dynamics
ruled by:

dX;(t) = b(t, Xi())dt + o (t, X;(0))dWi(t), Xi(0) = xo, i€{l,...,N}, (H

where x¢ € R is known and (Wy, ..., Wy) are independent standard Brownian motions. The functions b, o : R* xR —

R are unknown and our aim is to study nonparametric estimation of the drift function b(t, x) from the continuous
observation of the N sample paths on a fixed time interval [0, 7]. We thus generalize the setting of Comte and Genon-
Catalot [11] where the drift has the form b(¢,x) = fil a;(t)gi(x) with g;(x) known functions and «;(¢) unknown
functions.

We estimate the function b(#, x) on a set I = [€,T] X A with 0 < € < T and A C R without making any assumption on
a specific form for b as a bivariate function.

To this end, we define a collection of finite-dimensional subspaces of LA (1), (S X Zypy,my,my > 0), where S,
is spanned by an orthonormal basis (¢;,0 < j < my — 1) of L2([e, T) and X, 1s spanned by an orthonormal basis
(1,0 < k < my — 1) of L2(A). As usual for projection method, we estimate a projection of b1y, on (S, X Zy,), for
my > 1,my > 1 which is a function of the form

my—1 my—1

bm(t,) = D> @ 0 (6, 1), @) © (6, X) = (0,0 < j<my = 1,0 <k <mp = 1.
=0 k=0

The specific challenge for estimation of bivariate functions is the fact that we have to estimate a matrix (a;;) of
coeflicients, instead of a vector for univariate functions. Therefore, the formulae quickly show intractable expressions
depending on hypermatrices. The original idea of this paper is to introduce vectorization of matrices which allows
to get nice expressions for estimators by means of Kronecker products. In econometrics, this is a usual way of
simplifying the mathematical treatment of models, see Kleffe [32], Magnus and Neudecker [36]]. In particular, the
my Xmy matrix Am = (a;1),0< j<m;—1,0 <k <mp—1,m = (m, my) is transformed into a m;m; X 1 dimensional
vector vec(Ap,) by stacking the columns of the matrix A,,. Then, the classical regression equation, defining the
estimator Xm =(@p,0<j<m —1,0<k<m—1)of the matrix Ay, looks like the usual one,

6’”1;’“2 VeC(Zm) = VCC(Em),

where @ml,mz is a mymy X mymy matrix and vec(an) is a mymy X 1 dimensional vector. Note that both 6m|,m2 and
vec(Cyy) are computed using the observations.

Let us stress a few points in order to highlight the novelties of our paper. First, we propose a new projection esti-
mator of the inhomogeneous drift, a case for which studies are rare and recent (see Della Maestra and Hoffmann [18]]
in a more general context, but with kernels). Second, our estimator is globally adaptive with a simple and fast model
selection device, for which theoretical upper bounds are obtained. This is partly due to clever algebras tricks. Third,
our estimator is direct and not defined by a ratio, contrary to kernel drift estimators for diffusions. We prove its rate
optimality, when excluding the neighborhood of 0 in time. The setting is anisotropic, which means that the rates are
obtained with distinct regularity indexes in ¢ and x.

In Section 2] we give the assumptions on the model. In Section [3] the projection contrast and the computation
of the projection estimator are detailed. In Section 4] we consider the case € = 0. We prove an upper bound on the
risk of our estimator for fixed m (Theorem [I). Then, we propose a data-driven choice of m leading to an adaptive
estimator (Theorem [2). In Section [3] to investigate rate of convergence (Proposition [2)) and lower bound (Theorem
[3), we need to impose € > 0 and A = [a, b] compact. The lower bound shows that our estimator is minimax optimal
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in this case. Section [6]is devoted to examples and numerical simulation results, Section [7] gives some concluding
remarks and Section [8| contains all proofs. The whole estimation procedure does not depend on o (#, x) which may
thus be unknown, except in Theorem where a rough upper bound for o%(¢, x) is involved in the penalty. In Section
[9 some properties of Kronecker products are recalled together with a Chernoff matrix inequality. The definitions of
the Hermite and trigonometric bases are also recalled.

2. Assumptions
We consider the following assumptions.

e [H1-(i)] The coeflicients b(t, x), o(t, x) are continuous real-valued functions on R* x R,

e [H1-(ii)] For all R, there exists Kg > 0 such that, whenever x| < R,[y| < R,0 < s <R,

|b(s, x) — b(s, )| < Krlx —yl, |o(s, x) — o (s,y)| < Kglx —yl,

e [HI1-(iii)] For all T > 0, there exists Cr > 0, such that, for 0 < s < T, for all x,

|b(s, x)| + |o(s, x)| < Cr(1 + |x]).

e [HI-(iv)] For all T > 0, there exists o9 > 0, oy > 0, such that 0 < o < %(t,x) < 07 < +oo for all
(t,x) € [0,T] xR,

e [H1-(v)] The function b(z, x) is of class C!(R* x R), the function o-(z, x) is of class C'?(R* x R).

Under Assumption [H1(i)-(iv)], equation (I)) admits a unique strong solution process (X;(r)) adapted to the filtration
(Fr = o(Wi(s),s <t,i e {l,...,N}),t > 0) (see e.g. Rogers and Williams [41], Theorem 12.1). The process (X;(¢))
is of Markov type and admits a family of transition densities p;,(x,y) defined for 0 < s <t < T,x,y € R, where
ps.(x,y) is equal to the density of X;(¢) given X;(s) = x. These densities satisfy the Kolmogorov backward equation in
the backward variables (s, x) € [0, T] X R: for fixed (z,y), the function v(s, x) = p,.(x,y) satisfies

v

Ov ov
2
o (s, X)ﬁ + b(s, X)a

1
ds 2
and is of class C2([0, £) x R). Under the additional assumption [H1-(v)], the function w(t,y) = p,,(x,y) satisfies the
Kolmogorov forward equation, for fixed (s, x), in the forward variables (z, y):

dw _ 10l yw(ty)]  alb(t,yw(r,y)]

o 2 0y? Oy

The function w(z, y) is of class C12((¢, TIXR) (see e.g. Karatzas and Shreve, p.368-369 [30], Friedman [23], p.141-148
). In particular, as X;(0) = xo,
Po.:(x0,Y) := pi(y)

is the density of the random variable X;(¢). The function (¢,y) — p:(y) is positive and continuous and the following
holds:

Vk >0,V >0, sup E[X*(u)] = sup f Y pu()dy < +co. )
O<u<t O<u<t
We also have
Vk>0,¥s,t€[0,T],  E[X() - Xi(s)*] < Clt - sI¥, A3)

where C is a positive constant depending on k, 7', x( and the constant C of [H1-(iii)] (see e.g., Karatzas and Shreve [30],
p-306). Consider the function

1 T
fT(Y):?f pu(y)du. “)
0
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For A continuous and bounded, s — E[A(X(s))] is continuous on R* and therefore,

T
7! fo E[A(X(s))]ds = f h(y) fr(y)dy

is well defined so that the probability measure fr(y)dy is always well defined, and by (2)), has moments of any order.
Note that, by Theorem 1.2 of Menozzi et al. [38], p,(y) < C u~'/? so that fr(y) is finite under our set of assumptions.

3. Definition of projection estimators

Notations. Consider 0 < € < T and the set I, := [e,T] X A for A ¢ R. Let h € L*(I,,dtdx), we set ||h||> =
I ! J, h*(¢, x)dt dx. For hy a function of zonly, [l |12, 7y = [ ! h3(t)dt and for h; a function of x only, [|h|} = [, K3(x)dx.
For a matrix M, we denote by M the transpose of the matrix M and by M ® N the Kronecker product of two matrices.
For M a m X n-matrix, we denote by vec(M) the vector of R composed by stacking the columns of the matrix.
In Section E], some useful properties of Kronecker products are recalled. For x a vector of RY, we denote ||x]|, its
Euclidean norm. For M a m X m matrice, Tr(M) denotes the trace of M, and ||M ||(2,p = SUPycpm ||MX||§Ym.

3.1. Projection spaces and estimators

To define nonparametric estimators of the drift function b, we proceed by a projection method. More precisely,
we estimate b on I, i.e., bl;,.

Let (¢;,0 < j < m; — 1) be an orthonormal system of bounded piecewise continuous functions of L%([e, T, do)
and (Y, 0 < k < my — 1) an orthonormal system of bounded piecewise continuous functions of IL>(A, dx). We define
(S my X2, , my, mp > 0) a family of finite-dimensional subspaces of L*(1,), where S my 18 spanned by (¢;,0 < j <m;—1)
and X, is spanned by (4,0 < k < my — 1). The bases of §,,,, %,,, may depend on m; or m, but for simplicity, we
omit this dependence in the notations. For m; > 1,m, > 1, the functions

0 OY(t, x) = @i(Oyr(x), 0<j<m—-1,0<k<m—-1

constitute an orthonormal basis of S,,, X Z,,,,.
For h : R* x R — R a function, we introduce the contrast inspired by the log-likelihood of the observations:

1 N
v = WZ(

i=1

T T
f hz(u,Xi(u))du—Zf h(u,X,-(u))dXi(u)). (®)]

€ €

For any bounded h, as E [ h(u, X, (u))o(u, X (u))du < +oo,

Eyn(h)

T T
%E f (h(u, X1 (w)) — b(u, X1 (w)))? du—%]E f b*(u, Xy (w))du

€

1 (T 1 (T
- f f (htu, ) = b,y ) ~ f f B2(u, ) pu(y)dydis

which is minimum for A(u,y) = b(u,y). This property justifies the definition of a collection of estimators ’b\m, m =
(my,my),my,my > 0 of by, := b1y, by setting:

bm =arg min  yy(h). (6)

€Sy Xy

Thus, for each couple m = (m,, m,), we can write

bt x) = s © (2, X) @)



and must compute the matrix of coefficients:

Am = (@10 j<m ~1,0<k<m—1- ®)
To this end, define the m; X m,-matrix

_ 1 & T
Cm = (ﬁ;fe cpj(u)l//k(Xi(u))dXi(u)] ©))

0<j<m;-1,0<k<mp—1

and the respectively m; X m; and m, X m, matrices

N
— 1
Ou () = (p0¢r0), . and Fpi= (N D UKW (X0 )
i=1 0<k,k' <ma—1
We also define
Wi, (1) = ( f lﬁk(X)lﬁk/(X)pz(x)dX) = E,, (). (11)
0k k' <my—1
The matrices @, (1), @mz (¢) and W,,,,(r) are symmetric nonnegative. For instance, for X = (xo, . . ., X, 1), X' @y, ()X =

(Zmlo Ux i j(t))z and analogously for the other matrices.

Lastly, define the mmy X m;m;, matrices

1 (T~ 1 (T
O = 7 f P, (0)© By (OE, Opy = f B, (1) ® Dy (), (12)

where clearly ©,,, ,,, = IE@m1 - As for all ¢, the matrices @, (), ‘I‘mz(t) W, (f) are symmetric, so is ‘sz(t) ® Oy, (1)
(see (3 .) As a consequence, G)m, m, and @,,, ,,, are also symmetric.

The following proposition provides an explicit formula for the matrix of coefficient Ap of our estimator.

Proposition 1. The matrix Am satisfies:

T
% f Dy, (VAR P, (D = Cry. (13)

Moreover (13) is equivalent to _ _ _
Oy m, Vec(Am) = vec(Cpy). (14)

Equation 4) allows us to compute explicitely the coefficients of the estimator bm and is obtained by vectorial-
ization of (T3).

The vector of coeflicients of the function b defined by (7) contained in vec(Am) is uniquely defined if ®W11 my 18
invertible and in this case,

Vec(Am) = Vec(am). (15)

ml 1y

Below (see Lemma [T and condition (I8)), we prove that ©,,, ,, is invertible and give a condition ensuring that
Oy, m, 1s invertible.

For further use, we introduce the empirical norm and scalar product associated with our observations. For
h(.,.), (., .) two bounded functions, we set

1 & T 1 & T
Al = W;I R (u, Xi(u)du, (h,O)y = ﬁ;fe h(u, Xi(u)t(u, X;(u))du. (16)
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We also set

1 4 (7
vy(h) = NT Z f h(u, X;(w))o (u, X;(u))dWi(u). a7
i=1 Y€

T
Therefore, EllAI3, = Il = % [ [ R, y)pu(y)dy du,

1 T
E(h, O = (1.0 = 7 f fR s ) CCut, ) pu(y)dy i

and Evy(h) = 0, Ev,(h) = ||ho||2/NT.

4. Estimation for e = 0
In this section, we consider € = 0 and set Iy = I. We keep everywhere the same notations but with € = 0.

4.1. Identifiability constraint

The following Lemma clarifies the identifiability constraint introduced below and allows us to study the invertibil-
ity of @y, 1, and Oy, .

Lemmal. Leth = Z;’:‘al Z’ial hjxp; © Y and denote by Hy = (hj1)o<j<m —1,0<kem—1. We have

1T = —~
= 7 [ T O] i = (et B vec(H)
0
1 (7 —
Il = E(T f Tr [Hyy @y, (6 Hn P, (1) dr)=[vec(Hm>r®m1,m2vec<Hm>,
0

where ©, , and ©,, ,, are defined in (T2).
Lemmaimplies that @ml,mz and ®,,, ,,, are nonnegative. Moreover, as p,(y) > 0, V¢ €]0,T] and Vy € R,

||h||§, =0= h(t,y)=0 ae. on]0,T] xR

and thus 2, = 0for 0 < j <m; —1and 0 < k < my — 1. Consequently, ©,,, ,, is positive definite. As 6,,,],,,,2 tends to
Oy m, as N — +oo ass., @mbmz is invertible for N large enough.
Note that we have
||h||12v =0=Vi, h(u,X;(u)) =0 a.s. and a.e. on [0, T].

Therefore, ©,,, ., is invertible if:

my—1 mp—1

{Vu €[0,T],Viell,...,N}, hixe; © Wi, X;(u)) = 0 a.s. and a.e. on [0, T]} (18)

=0 k=0

= {hj=0,¥j€l0,....m - 1} and Yk € 0,...,my - 1}}.

Condition (T8) is an identifiability constraint linked with the choice of the bases. In Section [6] we use bases for which
(T8) is fulfilled.



4.2. Empirical risk of the estimator for fixed m

We define the risk of the estimator by given by as the expectation of the empirical square norm ||.||12V (with
€ = 0) which is naturally associated with our observations.
Next, we need to define key quantities related to the bases. Let us set:

my—1 my

LoSm) = sup > @O, Ly(En,)=sup > y3x). (19)
tele,T] =0 x€A =0
These definitions were introduced by Birgé and Massart [6]], who also remark that:
Ly(Sm) = sup sup hi(1), Ly(Zm,)=  sup  suph3(x).
meS Il =1 r€le,T] €Ly llhalla=1 xeA

Therefore, L,(S ) and L, (X,,,) only depend on the subspaces and not on the bases chosen to define them. We consider
the following assumption:

e [H2] Jc,, ¢y > 0 such that Ly(S ) < cimy, Ly(y,) < cimz.

Assumption [H2] holds for several classical bases, for instance, for the trigonometric basis on a compact subset of R
(see Section . If we take A = R and for (i) the Hermite basis, it satisfies the weakened condition L, (Z,,) < cm;/ 2
(see Comte and Lacour [13]], Lemma 1, examples in Section E] and Appendix).

The following condition restricts the possible choices of m;, m; to ensure the stability of the minimum contrast
estimator (see e.g. Cohen et al. [[7,(8]]).

- NT 3log(3/2) -1

<NT, L 0,! SG——r, (= —7—. 20
mymy p(M)IO, 1, llop < ¢ ogNT)” ¢ > 1 r (20)

Under (20), the matrix ®,,, ,,, is not only invertible but has all its eigenvalues bounded from below.

Condition (I8)) is not enough for our theory and we need to reinforce (20). For this, we define:

—~ —~ NT
- -1

Am = {m1m2 < NT, Lw(m2)||®m]’m2||0p < 2cr10g(—NT)} . (21)

On the set Ap, the matrix @ml,mz is invertible and its eigenvalues are all bounded from below. Now we define the
truncated estimator that we study for fixed (m;, my):

b = bmly . (22)
Theorem 1. Under assumptions [HI], [H2] and condition onm with r > 7 in 20)-(21), it holds
— 200mimy  C
— 2 < 1 — 2 I e N
E(lbm - billy) < hes,l,,rll>f<zm2 lh = bill, + NT + NT (23)

where 0'% is the upper bound on o? defined in [H11-(iv), and C is a positive constant.

The risk bound @I) is the sum of a squared bias term and a variance term of order m;m,/NT, the last term C/NT
being negligible.

The variance term is actually
20'fm1m2

NT ~°

my,my

%Tr (@*1 @ml,mmz) <
where

1 T
®ml,mz,0'2 = Tf leg,(TZ(t) ® (Dm](t)dt, \sz,(rz(t) = ka(x)¢k'(x)02(t, X)Pt(x)dJ)
0

0<kk <my~1
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4.3. Adaptive estimation

In this paragraph, we investigate the possible choice of a data-driven m which leads to an adaptive estimator
realizing automatically the bias-variance compromise.
Consider, for ¢ a positive constant, the theoretical collection of models:

_ 2 2 (¢ NT
My = {m € N*,mimy < NT, Ly(m2)([®, m, llgp V 1) < Elogz(—NT)}

and its emprirical counterpart:

— — NT
My = {m € Nz,mlmz < NT, L¢(m2)(||®,,,],m2||gp vl < ZC—}

log?(NT)
Then define _ mm
m = arg min (7N(bm) + pen(m)) ,  pen(m) = o} 2 (24)
meMy NT

where « is a numerical constant and o-% is the upper bound on 0% (see [H1-iv]). The following result holds:

Theorem 2. Under assumptions [HI], [H2], there exists a numerical constant ky such that for all k > Ky,

E(|lbg — bil%) < C inf ( inf _ |lh—byr|* +
meMy

o-fm 1h1y C’
ES ) XEmy NT

NT’
where C and C’ are positive constants.

The proof is omitted as it follows closely the analogous result in Comte and Genon-Catalot [9]]. It relies on the
standard decomposition, for i, A* two functions of S, X Z,,,,,

yn(h) = yn(h*) = |lh = B*|[§ + 2vn(h — h*)

where vy (h) is defined by . The other classical point is that NTvy(h) := My is a martingale, with bracket
T N
My = [ ) R X0 Xw)d
€ =1

satisfying (M) < O'%Hh”]zv. Therefore, the following Bernstein inequality for martingales (see e.g. Revuz and Yor [40])
holds

NT &>
P(vy(h) > 6, (M)yr <Vv*) < exp (——2)
20'1112

Using this and the chaining method described in Baraud et al. [4] gives the result.

5. Optimal rate for compact support estimation with € > 0.

In this section, we study rates of estimation and their optimality, which requires to work in a setting where weighted
and standard LL>-norms are equivalent: this can only be done on a compact set, and for € > 0. The first constraint is
standard (see Baraud [3]]’s first assumption p.130) and the second one specific to our setting.

Therefore here, we consider € > 0 and A = [a,b], a < b, a compact interval of R. Then there exist two positive
constants cy(e,A) and ¢ (e, A) such that:

Vtele, T],Vxe A, 0<cole,A)< pix)<ci(e,A) < +oo.



5.1. Upper bound
The following Lemma allows to simplify the stability condition (20).

Lemma 2. Under [HI], € > 0 and A compact, ©,,, ,, is invertible and II(B,‘,,L,MIIOp < 1/co(e, A). Moreover ||h||f, <
ci(€ Al

Now, reminding that c3, is defined in [H2], the stability condition (20) holds if:

< ¢co(e,A) NT

2= Cé log(NT)’

As co(e,A) is unknown, we can make the choice of (m;, m;) within the set
My = {(m1,my) € N2, mymy < NT,my < NT/1og*(NT)} . (25)
From Theorem and Lemma under assumption [H1], and for any m € M}, we have

~ o2mim C
Elbm = brIR) < ci(eA) _inf [Ih=by|P +2—

—, 26
€Sy XEpmy NT NT (26)

where C is a positive constant.
Let us discuss the rate of convergence of the risk. For 8 = (81,8,) € R* xR*, and R = (R}, R;) € R* x R*, define
the regularity space:

W'B,R) = { f e L2([e, T] % [a, b]), such that Z AP <R, Z A < Rg},
Jk=0 Jk=0

where ¢ = (f, ¢; © ¥i).
Proposition 2. (upper bound) Under assumptions [HI1], [H2], if by, € W*(B,R), choosing
m? o (NT)ﬁ2/(ﬁ1+ﬁ2+2ﬁ1,32), m; oc (NT)ﬁl/(ﬂ1+ﬂ2+2ﬁ1ﬁz)

we get

7 _2B 1 1(1 1
Bl ~bul) S VT F, 2= 5 (ﬁT . /3_2)'

The resulting rate is the classical nonparametric rate over anisotropic regularity spaces.

5.2. Lower bound
Define for 8 = (81,5,) € N2 and L = (L, Ly),

WB,L) = {feL(eT]x[a,b]),
f derivable up to order §; w.r.t. ¢, up to order 5, w.r.t. x,

f f (0P f(t, x) /0P Y dtdx < L3, f (0P f(t, x) /0¥ dtdx < L3).

Then we can prove:

Theorem 3. Under Assumption [H1], the following lower bound holds:

2B
liminf inf sup E, [N%2||Ty - br|’] > c,
N—o+oco Ty b eW(B.L)

where infr, denotes the infimum over all estimators and c is a constant depending on L and B.
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5.3. Case of the trigonometric basis
To illustrate and make more concrete the sets W(B, L) and W*(B, R), let us consider trigonometric bases:

1 1
= —1 € ’ = —1 a 5
®o(?) \/T_—ZE e Wo(x) @ 1a.61(0)
@2j-1(1) = ‘éﬂ COS(ZFJ )l[e 71(), WYop—1(x) = ‘ém 005(27Tk )l[a p1(X),
2 = s S D0, o) = e sinCnky — Z)l[a (0,

forj>1landk > 1.
Now, to take the boundary conditions into account, define the following set:

WPDB L) = {f e W(B,L),Yx € [a,b], (@ f(t, x)/(01™)(€, x) = (™ f(t,x)/0t™ \(T, x),
YVt € [e,T], (0% f(t, x)/0x™)(t,a) = (0% f(t, x)/0x"*)(t,b),0 < a; < B; — 1,i € {1,2}}.

We can prove the result.
Proposition 3. For integers B and 3, L = (L1,L,),R = (R}, R,)
fewrD@B L) = feW(BR)
with R2 LZ(T €)B |n?h, R2 L2(b a)?P2 7?2,

Theorem [3| E holds also on W(B,L) (see the proof of Theorem [3| where the propositions g, / belong to this
space). Therefore, the lower bound holds for this function space. By Proposition [3] these functions are in W*(8,R)
and therefore, the upper bound holds. We conclude that the rates are minimax optimal on this set.

6. Examples and numerical simulation results

o.16 0.08 —
O.14 0.07 -
o.12 0.06 |
-1 o0.05 -|

o.os
o0.04a -

O.06
0.03
0.04
0.02 -
0.02
o0.01

O .l

O =l

Fig. 1: Smallest eigenvalue of 6”’1] .m, defined by in function of m; and m; going from 1 to 20, on one sample with size N = 1000 and function
b1(t, x) = cos(nxt/2). Left: trigonometric basis T, right: Hermite basis H.

We implement the method on some examples. The data are generated by a basic Euler scheme with 7 = 2 and
n = 100 observations for each path (step A = 2/100), with constant o~ equal to 0.25 and functions

xt
bi(t,x) = cos(nxt/2), by(t,x) = ————, bs(t, x) = tanh(xr)
VI +£2V1 +x2

where tanh denotes the hyperbolic tangent. They are regular and bounded functions. The results below are given for
N = 1000.

10



Fig. 2: Adaptive sstimation of (7,x) +— b(t,x) = cos(nxt/2) (line 1), by(t,x) = \/WZX—Q/T’ (line 2), b3(t,x) = tanh(xt) (line 3). Left: True
X

function, Middle: estimated function with trigonometric basis T, Right: estimated function with Hermite basis H. On sample N = 1000 processes,
the selected couples of dimensions (my, my) are (6,4), (3,4), (4,6) for T and (5,9), (4, 10), (4, 14) for H, resp. for the estimators of by, by, b3.

We compute the estimators using either the half-trigonometric basis ((1, V2 cos(n jx), j > 1)), denoted by T, or the
Hermite basis, denoted by H, which is not orthonormal on the compact domain which is considered here (see Section
E[). Basis T requires the definition of the domain of estimation which is [1/n = €,2] X [a, b] where a is taken as the
5%-quantile of all the data and b as the 95%-quantile. This domain is also used for graphical representations.

The estimator is computed for the selected dimensions obtained from formula @) with k7 = 4 and kg = 6 for
the value of x with basis T and H respectively. The term 0'% is equal to o? in the constant variance case, and the true
value is used (a residual least square estimator may be computed). _

We plot in Fig. [1|the surface corresponding to the smallest eigenvalue of ®,,, ,,, for each basis and for function by,
to show that it is decreasing when m; or m, increases, and this decrease is much faster for Hermite basis. A cutoff is
set in the program to compute the estimator only if the inverse of the eigenvalue is less than N*. The estimator is set

11



to zero otherwise, so that the associated dimensions are not selected.

1 1 z=
0.5 0.5
0 o]
-0.5 -0.5
-1 -1
-2 -1 0 1 2 -2 -1 0 1 2

Fig. 3: Estimation of function b3 = tanh(xt) for fixed values of 7 or x, N = 1000 paths. True b3 in full red line, Estimation with trigonometric basis
T in dotted blue, Estimation with Hermite basis H in dotted magenta. First line: fixed x, x = 1 (left) and x ~ —0.2 (right). Second line fixed ¢,
t = 1.5 (left) and ¢ = 1 (right).

Fig. [2) gives the 3-D representation of the functions (z, x) — b;(t, x) for i € {1, 2,3} and their estimates in the two
bases for the dimensions selected by the procedure. Clearly on these examples, the Hermite basis is better for b; and
the trigonometric for the function b,. We present in Fig. [3| sections of the last surface corresponding to b3, for fixed
values of x or ¢ (not too near of the boarders). The curves in this case are very good, but some shifts or side effects
can occur in other examples.

We can conclude that the method is easy to implement and works well, the main drawback is that it is computa-
tionally slower than for univariate estimation.

7. Concluding remarks

In this paper, we consider N independent and identically distributed (i.i.d.) stochastic processes (X;(¢),t € [0,T]),
j =1,...,N, defined by a one-dimensional stochastic differential equation (SDE) with general time-dependent drift
and diffusion coefficient. Considering a set I = [¢,7] X A, with € > 0 and A C R, we build by a projection method
an estimator of b on I.. The introduction of Kronecker products simplifies and clarifies the mathematical treatment
of this estimation problem. We study the risk of the estimator first in the case where € = 0, second in the case € > 0
and A = [a, b] compact. In the latter case, we investigate rates of convergence and prove a lower bound showing that
our estimator is minimax. We propose a data-driven choice of the projection space dimension leading to an adaptive
estimator.

Extensions of this work is to consider discrete observations of the sample paths which would lead to an asymptotic
condition linking the discretisation step and the size N of the sample. Obviously, the problem of estimating (¢, x) in
the context of discrete observations is worth of investigation.

The problem of studying the estimation of a drift b(¢, xy, ..., x4) in a d-dimensional diffusion model using i.i.d.
sample paths is of the utmost interest. Specifically, we would consider A ¢ R¢ instead of a subset of A C R. This is
indeed theoretically possible. For instance, this has been investigated in the case of multivariate regression models by
Dussap [21].The formalism is at first sight very similar, but it requires the definition of hypermatrices and associated
tools of algebra in this context. In that way, the theory could be extended to multidimensional diffusion models.
Nevertheless, implementation would be much more problematic.

12



8. Proofs

Proof of Proposmon I For h = Z’"‘O ! leol hjxp; © Yy, we note that

Oh*(u, X;
O D — g e (X0 o, Xi0).

ohj,
So, we have for j, € {0,...,m; — 1}, and kg € {0, ..., mp — 1}
Oy = 2 i f ' |00 Wk, (Xi@0)at, XiCu))due = 0 (e, (Xiw))dXi(w)]
Ohj 4, NT & J, i ’ JR R ‘

Setting this to O for 4 = Zm defines the coefficients @ as satisfying

1 7 mi—1my—1 N 1 N T .
- f 2 2 €l T ; ;%(Xi(u))m(xi(u))du: WZI f 5, W (Xi(@)dXi(u) = [Cljo i,

0 k= 0
= (@, ()]},

["I’\m2 Tk

for all for jo =€ {0,...,m; — 1}, ko € {0,...,my — 1}. This can be summarized by (T3). _
To clarify further equatlon (JK)) deﬁmng Am, we introduce the vectorization of matrices Am, Crn. We vectorize
relation (I3) and obtain:

T T
Vec(% f @, (VAR Y, (D)d1) = % f vec(Dy,, (Am P, ())dt = vec(Cry).

Now using the relation vec(ABC) = (CT ®A)vec(B) (linking the three matrices A, B, C), we get, as ;fm does not depend
on t,

1 (T —_ 1 (T
T f vec(®,,, (AR, ())dt = T f W, (1) ® Dy, (Vec(Am)dt = Oy, 1, Vec(Am).

This explains the second formula of Proposition [T} O

Proof of Lemmal(T} The begining of the computation is straightforward.

1 T —
T hihna [ €m0 Tl

0<j,j <m;—1 0<k .k’ <mp—1

Tmz 1 (m— my—1 (my—1
- f { k,j[z {Z[%(u)} j,j/[Hm};/,k/][\Pm(u)]k',k
7=0

158

k=0

} du
1 T mz—l . 1 T N
- T »L ; [H;;(Dml (M)Hmlez (u)]k,k du = T L Tr I:H;:‘(Dml (u)HmleQ (M)] du

which is the first equality of the Lemma. We use equality which yields
Tr [ Hyy @, (1) Hon W, (1) | = vec(Hi) Tvec(®y, () Hp Wi, (1)),

Now with (38)), we obtain : . .
vec(@y, () Hm W, () = (Wi, (1) ® @y (w))vec(Hm).

Integrating wrt u gives _
1Al = [vec(Hm)]" Oy m, vee(Hm).

13



The last equality is obtained by taking expectation. (]

Proof of Theorem[] Let us define

ey | 5 2
m -— W_ SE’V ESm]X m (- 227)
P

On Qp,, the empirical norm ||.|ly and the p-norm are equivalent for elements of S, X Z,,: (2/3)|IAII3, < [IAl3 < 2[IAlI3,
and the following result holds.

Lemma 3. We have

nmi,my

Qm = {H(am},/r%tz@ml,mz@l/z - Idmlmz op <

1
—} , (28)
where Idk is the K X K identity matrix. _
Moreover, under mimy < NT and under (@), it holds that P(Q,) < C/(NT)" and P(Ag,) < C/(NT)".

Proof of Lemma Leth = Z?’:‘O’ ! o ) k9 O Yy and denote by Hy = (x)o<j<m,—1,0<k<m,—1. We have

1113, = vee(Hm) ©p, myvec(Hw) and  [[h|2 = vec(Hm) Oy, m,vec(Hm) so that

2 2 7o
sup [t~ lkl| = sup [Vec(EHm)" @, — Oy )vee(Hu)|
heS iy XZum, IAll,=1 vec(Hpy) € R™M™2,
103, Ve Hanlzmmy = 1
-1/2 /[ -1/2 -1/2 -1/2
= sup |uT®m|,/m2(®m|,m2 - ®m|,m2)®m|,/m2u = ||®m|,/m2®m|,m2®m|,/m2 - Idm|m2||0p'

UER™M [l my =1

Therefore, (28)) holds.
Define ¥(x) = Wo(x), ..., ¥m-1(x))" and S 4 (x) = Y(x)P(x)" so that

_ 1 &
¥ = 5 D Su(Xil0).
i=1

We intend to apply Tropp’s Inequality [44] (see Theorem[d]in Appendix) to G — Id,,,,,, where

1 <& 1 (7
G= Z X, X;=0,72 (? fo Sy (Xi(t) ® @y, (Hdt| ©),)7
i=1

Note that G = ©,,/2 ©,,, 0,2 and E(G) = Id,y, . Therefore
P(Q;n) = ]P)(”G - Idmlmznop > 1/2).

The matrices X;, i = 1,...,N are i.i.d. and symmetric nonnegative with Ayin(E(G)) = Anax(E(G)) = 1, thus if
Amax(X;) < R, then by Tropp’s Inequality

P(IG = dpymllop > 6) < 2mymae™ @R ¢(5) = (1 + ) log(1 +6) - 6,

as e /(1 +0)'*° > e7°/(1 = 6)!79, see Cohen et al. [7,/8].
It remains to compute the bound R.

Amax(X;) = ”Xi”op = sup XTX,‘X.

XERM. |l gy =1
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T
Xix o=y (% f S¢(Xi(t))®fl)ml(t)dt) v (v=0,2 % (v = vee(1))
0

1 T
= fo Te [ Y7, (S y(Xi0)| di = f DD VY06 O X)W (Xi(0)dt

0 o< jr<my —1 0<k <ma—1

my—1 my—1 o1
- %fOT(Z Yi(X; (’))(Z k‘P](f)]] drs - fT[Z VA(X, (t))] > {(Z Y,k¢](;)] ‘dt

k=0 [\ j=0

Therefore

my—1

2
1 T (m—1
XTXpx < Ly(my) Y = fo [Z Y,,w,-(r)] dt = Lym)IyI,m/ T-
k=0 Jj=0

12 _
Now it holds that ||y||2mlm2 |I®ml/,,,ZxIIZmlm2 < ”®m1 m2||0p||x||zm,mz Consequently

Amax(X;) < Llp(m2)”®ml ,;12||op/T =R.

We obtain
Nc(1/2)T
PG = Id,,m,llop > 1/2) < 2mym exp( _
mafer e Ly ()0, [lop
For the proof of IP’(K,CH) < C/(NT)", we refer to the proof of Lemma 5 in Comte and Genon-Catalot [9]. O

Using equation (T)), we split Cn into the sum of two random matrices:

Cm=Cm+&m  Cmi=((¢;0 wk,bm)oggml_lyogksmz_, (29)

and set

em = (vnlp; O W)

0<j<m;—1,0<k<my—1" (30)
To study the risk of the estimator defined by IE(IlEm - b1||]2\,),we write

B = Brlly, = libm — bully 15, + a3 1 -
We define the orthogonal projection of by on S ,,,, X Z,,, wrt the empirical scalar product, denoted by I1,b. We find for

myp—1 my—1

b = Z Z AP O,  Am = (@j1)o<j<mi~1.0<k<my~1
=0 =0

with
vec(Am) = ml m, VeC(Crm)

where Cy, defined by (29). Then we have by Pythagoras theorem
lom = bl = 1om = Twblly + mb = bl
Thus

l1bm — bl = (Ilbm — Tmbly + IMmb = b1ll3 ) 15, + 11l 1 -
Then we have

Elbm - 0il}) = E(Iwb - bl 15, ) + E (lbm - Mwbl 15 g, ) + E (Ibm — Mwbl} 15 oo ) + BB 15, )
= T1 +T2+T3 +T4. (31)
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For the bias, we have

T, = E(mb — b1||12\,lxm) =F (hesinf llh - bI”]zlem) <, Sinf llh = ball>. (32)

my my my X&my

By Lemmall]
_ 1 (T — — —
lbm — Hamblfy = fo Tr [(Am = Am)" @, ()(Am — Am) P, ()] d.

Now we use (I3) and its analogous for Ay, and we get

T
bm — Twbly, = Tr [(Xm - Amf% f ©, () (Am — Amﬁmz(r)dr] = Tr [(Am — Am)"(Con — Cm)]
0

vec(Am — Am) vec(C — Cm) with Te(MTN) = vec(M) T vec(N),
vec(Cr — Cm)T@E,mzvec(Em — Cm) = vec(em) O vec(em). (33)

mj,my

On Qy,, the eigenvalues of ®,_,,} ,/;1212’®\m1,m2 ®;1:,/312 all belong to [1/2, 3/2]. Therefore, the eigenvalues of @,1,,/12,,"2 @,‘,,Lmz @,1,1/]2,,,,2
all belong to [2/3,2]. So we write

TH-1 Ta-1/2 @2 G-l 12 g-1/2
vec(em) O, 1, VEC(Em) = Vec(em) ®m1,/mz®m/1,mz®m],mz®m/1 ,sz)m],/mzvec(am).

This yields N
E(llbm = Dmbll3 15 ) < 2E(vec(em) ©,,) ,, vec(sm)).

Now,

E(vec(sm)T®,‘n}’m2vec(sm)) = E [Tr (VeC(b‘m)T®_l Vec(am))] =FE [Tr (@,‘n}’mzvec(sm)vec(sm)T)]

my,my

L (O 11O ) -

Tr (®_1 E [Vec(&‘m)VeC((‘;‘m)T]) NT my,my

my,nmy

Thus, we get
— 2
2 -1
T> = Eibm ~ Mwbli 15, 0g,) < 7= Tr (O 12Oy ) - (34)

my,ny
Now, using (33) and the definition of Km, we have:

T
26—
Ly(m2) log(NT)

L 1/2 T 2 120
2Cer(mz)log(NT)]E [(Vec(sm) Vec(8m))]IP’ Q).

T3 = E(|bm — Mwbl} 15, n: ) | vec(em)Tvee(Em) 15, nqe )|

Lemma 4. Under the assumptions of Theorem|I| we have

mniy

E [(Vec(sm)TVCC(Sm))z] S v

1 T
(L¢(m1)L¢(mz))2(? fo f 0'4(u,x)pu(x)dxdu).

Applying Lemmaf] we get for r > 7, that

1

T3 = E(|lbm — Tmbli31 S (35)

NS NQE, )

using mymy < NT, L,(m;) < NT and P2(Q¢) < C/N".

Lastly, we notice that
4 T

C
E (Ibily) < L E fo (1 + X du
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and we get, using Lemma 3] that

1 (7 o 1
T, = E(nbln,zlefn )< C2 (TIE f 1+ |Xi(u)|)4du) PY2(AS) < N
0
This means T4 = O(1/N) for r > 2. Therefore, plugging this and (32)-(34)-(33) into (3I) gives Inequality (23) of
Theorem[1]

Now, we use that o is uniformly bounded on [0, 7] X R. We exploit the following trick.

0 _ -1/2 -1/2
Tr (®m1 i ®m1 ,mz,(?‘z) = Tr (®m| 1y ®ml 0% ®m1 ,mz)
-1/2 -1/2
= E|[vec(2)T 0,2 0,20y vee(Z)|

where Z = (Z; ) is a m; X my-matrix with i.i.d. entries Z; ; such that E(Z; ;) = 0 and E(ij) =1. LetY = (¥;;) bea

my X mp-matrix with i.i.d. entries Y; ; such that vec(Y)" = vec(Z)TG),_,,}ﬁZ, and let us look at vec(Y)"®,,, n, ,2vec(Y).
‘We have,

1 T
V1) Oy pveclV) = ) Vsl [ du [ (o op o,

JoksJ K

r 2
l f duf Z Yk (x) pu(x)O'Z(u, x)dx < 0'%vec(Y)TG)m1,m2 vec(Y).
T Jo e

This yields
E [vec(Z) 0,02 Oy Ot vec(2)| < 1B |vec(Z) 0,02 Oy iy, Oy 12 vee(Z)|
= J%Tr(ani{,iz@ml,mZG,;:{,iZ) = O'%I’I’llmg.
This ends the proof of Theorem|I] O
Proof of Lemma [ First we have that
mp—1my—1
vec(em) ' vec(em) = Ve i O Up).
=0 k=0
Thus
2 m1—1 m2—1
E [(Vec(sm)Tvec(em)) ] < mym; E (vi(p; 0v).
=0 %=0

Now using the Burkholder-Davies-Gundy inequality, we get:

1 r X ¢
E (v (o, - L g f 0 U (ut, X))o (ut, X (u))dW,
(vt o) T [0 ;%om(u ()0 (ut, Xi(10)) (u)]]
1 7 N 2, :
< ——E : X; X, (u))d
S Ty [ fo ;(so]@wk(u @) (. Xi(w)) u]
< L1 ! 4 4
S N2 f](; E[(Gpj@l//k(u,Xl(u))) o (M,Xl(u))du].

Therefore as z;fg(;' i) < (Ly(m))* and st gt < (Ly(m))?

2 T
E [(vec(sm)Tvec(em))z] < mlm2(L‘E](\’,n]l,))2Lw(m2)) %E [j(; ot u, X, (u))du].
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This is the announced result. O

Proof of Lemma@ Let Hy = (hjx)o<j<m, ~1,0<k<m,—1, then as by Lemma

1 T
— f f 12(t, w)p(u)dudt
T € A

T
co(e,A)% f fA RA(t, w)dudt = co(e, A)[vec(Hum)]™ vec(Hm)

[vec(Hm)]" ©py m, vec(Hm)

v

where h(t, u) = 3 hjp (O (u). This proves that any eigenvalue of @, , is larger than co(e, A). The upper bound
for ||h||2 is straightforward. This gives the result of Lemmal O

Proof of Proposition 2 In the bound (26)), we look at the bias term:

inf_ [lh = by I* = lbm — by II”

hES iy XZin,

where by, = Z’"‘ ! Z’"Z 1(b ©; O Yp)p; O Yy is the Lz-orthogonal projection of by on S, X X,,. Therefore, if
by, € W*(B,R),
lbm = br|* < Rim " + R3m, ™.

Making the standard compromise with the variance term of order m;m;/(NT) gives the rate. O

Proof of Theorem 3} We follow the scheme of Theorem 2.11 in Tsybakov [45]. Take g and & two regular functions
with support [0, 1], bounded by K and K, respectively, with g 8;-times derivable and % B, times derivable, with
square integrable derivatives. Define for j € {0,...,M; — 1}, and k € {0, ..., M, — 1}, with A = [a,b],a < b,

0= 5] o= =)

Clearly, the g; have disjoint supports and g;g; = 0 for j # j’, and for the same reason hhy = 0 for k # k’. Denote
by I; ;= [e+ j(T —€)/Mi,e + (j+ 1)(T — €)/M;] and J; = [a + k(b — a)/M>,a + (k + 1)(b — a)/M;] the respective
supports of g;, h. Let us define proposals: by(z, x) = 0 and for 6 = (6,4) jeo,.... M, -1} kef0,...M,~1) With 8 € {0, 1} for all
jef0,...., M —1},ke{0,..., M, — 1},

Mi—1 M-1
bolt,x) = ——= > > 0148 © hyt, x).

VNT “‘Z =0

We choose M; = (NT)Bz/(ﬁl*ﬁZ*zﬁl,Bz)’ M, = (NT)ﬁl [B1+B2+2B182)
o As g is B)-times derivable and 4 is 8, times derivable, both with square integrable derivatives, we get that

f (0P by(t, )] 0P )2 dtdx + (0% by(t, x) /02" dtd x
52 Mi—-1 Mr—1

NT Z ,21 O {( f O f 2

f [g®)()dr [ h2(x)dxM2ﬁl+lM . [ @t [Th#(x)Pdx
(T — e ? b —ayP:

f g5(nydt f h(ﬂ°)(x)]2dx}

M, Mjﬁl“} )

NT

As MfﬁlﬂMz = M1M§ﬁ2+1 = NT, we obtain that

f (P by(t, x) )0 Y didx + (87 by(t, x)]0x* ) dtdx < C*5° < L*
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for 6 < L/C small enough, where

_ JIgP@Pdr [ R(odx [ g 0dt [Th*)(x)Pdx
B (T — €)1 " (b — a)*> '

This implies that by and by belong to W(B, L) with L = (L, L).
e We have that:

1 My—

9
b ~ b = 2]}]ww—agﬂf&amcmmu———meaafgamafﬁqu

j=0 k=0

where p(6,0') = % 1,20, is the Hamming distance between 6 and 6.

As a consequence, the Varshamov-Gilbert Lemma (see Lemma 2.9 in Tsybakov [45]) ensures that for M := M| M, >
8, there exist Q > 2M/3 elements say {6°, ..., 69} of {0, 1} such that p(#7,67) > M/8 forall 0 < g < ¢’ < Q, with
6° = (0, ...,0). This leads to:

62
umaﬁ>ﬁgmwﬁﬂmwww (36)

o Lastly, let Py (resp IPy) denotes the distribution of the process (I)) when the drift is equal to by(z, x) (resp. is equal
to 0) and the diffusion coefficient to (¢, x) on the space Cr = C([0, T']) of real valued continuous functions on [0, T']
endowed with the canonical o-field Cr = o(X(¥), ¢ € [0, T]) where X(¢), ¢ € [0, T] is the canonical process of Cr, i.e.,
X;(x) = x(¢) for x € Cy. We bound

KPSV, PEN) = NK(Py, Py).
where K(P, Q) = Ep(log g—g) is the Kullback-Leibler divergence of P with respect to Q. Under [H1], Py and P are
equivalent and

log dPy _ fT by(t, X(1)) 1 fT bg(t,X(;))d

dx@) - = ——dt
d]PO o2(t, X(1)) ® 2 o2(t, X(1))
(see e.g. Liptser and Shiryaev [35]). Under Py, dX(¢) = bo(t, X(2))dt + o (¢, X(¢))dB(t) where (B(t),t € [0,T]) is a
standard Brownian motion. Therefore,

dPy 1 fT bi(t, X(1)) ge fT by(, X(1))
0

2 a2(1, X(1)) o(t, X(1))

lo = dB(1).
°¢ 7p, = 2 ()

Thus,

THEX®) 1T,
K(Pg,Py) = E]PHzf m ST._(Z)]; jﬂ;be(t,x)p,(x)dxdt.

Then, we have

lM’)

f f b2t )P’ ()dxdr = < f f Z Z 62,83 (O (0)pf (x)dxdt

j=0 k=1

M\ M, 1 5 2 —€ 2 xX—a
6 M——')h(M —k)" dxdt
NT (T—e)(b—a);; j’k\fl‘/\f_]‘kg I(T—€) J Z(b_a) pt(x) X

MM,  KiK; Tk MM,  KiK;
< - — P, (x)dxdt < — —
NT (T-eob-aJ. J, N (T-e-a

as fp (x)dx =1and (T —€)/T < 1. As a consequence, we get
MM
K(Py,Py) < C8* L2
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Therefore

KPPV, PNy < C8* M\ M, < 8cs log(Q)
oo - log(2) '
By choosing ¢ small enough, we obtain, for x € (0, %),
1 Qo
= > K@, PeY) < klog(Q). 37)
0 &H
We apply Theorem 2.7 in Tsybakov [43] and (36) and (37) imply the lower bound result. O

8.1. Proof of Proposition

Assume that f € W®(B,L). Define for j, = 1,...,8, the Fourier coefficients of (/! f(¢, x)/(0t)")(t, x) with
respect to the trigonometric bases (¢, ¥y):

T b
seain) = f f @ £(1, )0 )1, Ve O (didx

and we set s¢4(0) = cji.

We have
sox(j1) = \/% f @ £, 0100 e ) — @ F D@ NT 0] = 0
Integrating by parts w.r.t. # under the integral, we get for £ > 1
s = = [ [ ELED 00 2 naat =
= T27i€652€,k(ﬁl - D.

Analogously, so0x(B1) = —2Z£ 5501 4(81 — 1). This yields:

2nl
S%i—l,k(ﬁl) + S%g,k(ﬁl) = [ﬁ]z[ségfuc(ﬁl -D+ S%[,k(ﬁl - D]
By induction,

2l
;[i]% [314(0) + 53, (0] = [ ;a?(ﬁl)sak(O),

with a,(8)) = ¢/ if £ is even, and = (£ + 1)? if £ is odd. We deduce

T b
> f f (0P 10, 0100, 0) ape(tded = 7P 3" a3B1)53,0)
ok Y€ a

ek
Hence,
T 2 T 2 2
f f (6° f(t. 0101, %)) dtdx = [—— Zag(ﬁn)cgk.
€ a T-e¢ Ik ’
Therefore,
DO, < LNT - P P =R,
tk
Analogously,
Dk <IXT - 0% 1% = R,
tk
This implies that f € W*(8, R) as announced. O
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9. Appendix

9.1. Some properties of Kronecker products (see Magnus and Neudecker [36l], chapter 2)
Recall that M'™ denotes the transpose of the matrix M. The Kronecker product of two matrices M, N with respective
dimensions (/n X n) and (p X g) is the (mp X ng) matrix defined, if M = (M; j)1<i<m,1<j<n, DY

M ;N ... M,,N
MioN ... MyoN
MeN=| T
Mi,N ... M,,N

The Kronecker product has several nice properties when using vectorization of matrices. For a matrix M as above,
denote by vec(M) the vector of R™" given by

vec(M) = (Ml,l, e Ml,n, MZ,I’ R szn, cee »Mm,ls e Mm,n)T.
The following relations hold for matrices M, N, R:

vec(MNR) = (R" ® M)vec(N) (38)
M®N)" =M"®N". (39)

If m = p and n = g, then the product MT N is well defined and is a square matrix n X n matrix and it holds:
Tr(M" N) = vec(M) " vec(N). (40)

Lastly, M ® N is invertible if and only if M and N are invertible and in this case,
MeON)'=M'eoN". (41)
9.2. Tropp’s inequality

We recall that for M a self-adjoint p X p matrix, the notation M 3= 0 means that for all x € C?, x" Mx > 0 where X
is the conjugate of x.

Theorem 4. (Matrix Chernoff, Tropp [44)]]) Consider a finite sequence {Xy} of independent, random, self-adjoint
matrices with dimension d. Assume that each random matrix satisfies

X; =0 Amax(Xi) < R almost surely.

Define pimin 1= Amin(Cr EXy))  and  pmax := Anax(QCx EXk)). (Here Amin, Amax denote the minimum and the maxi-
mum eigenvalue of the matrix). Then

676 Ilmin/R

]P){/lmin [; Xk] < (1 — 5)/~1min} < d[m} f0r5 € [0, 1]
&0 Hmax /R

IEJJ{/lmax [Zk: Xk] >(1+ 5),“max} < d m] for s > 0.

9.3. The Hermite basis
The Hermite polynomial of order j is given, for j > 0, by:

Hj(x) = (—1)f'e*2%<e‘xz>.
Hermite polynomials are orthogonal with respect to the weight function e and satisfy:
fR Hij(x)H(x)e " dx = 2/ jiNm6
(see e.g. Abramowitz and Stegun [1]]). The Hermite function of order j is given by:
hi(x) = c;H (e, ey = (27j1va) " (42)
The sequence (%, j > 0) is an orthonormal basis of L%(R).
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9.4. The half-trigonometric basis

The trigonometric basis is well-fitted for functions satisfying boundary conditions as described in WP®'. This
is why we rather used the so-called “half-trigonometric” system, namely the cosine basis defined by ¢o7(x) =
V1T r)(0), ¢;7(t) = V2/T cos(rmjt/T)iory(t), j = 1,...,m — 1, see Efromovich [22], p.46. It is clearly an
orthonormal basis, which is easy to handle and still has good approximation properties, see Efromovich [22]] p.32.
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