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Model selection for optimal estimation of the mean function of
random fields

Comte, F.* Duval, C.f Kassi, O.F Patilea, V.5

July 28, 2026

Abstract

We consider the problem of estimating the mean function of a random field over a
compact multidimensional domain, framed as a nonparametric regression problem with
highly correlated errors. We adapt the model selection paradigm to this setting, relying on
linear-algebra tools for hypermatrices (tensors) to formalize a new nonparametric estima-
tion method, and obtain risk bounds for projection estimators defined as minimizers of a
least-squares contrast. The centered random field realizations play the role of nuisance pa-
rameters and induce specific theoretical challenges. Optimizing the L2-risk bounds yields
minimax-optimal estimation rates on anisotropic regularity spaces in the common design
context, which is new in the functional data literature. For random design, we propose
model selection methods in an isotropic setting, providing a new data-driven choice of
projection spaces. The new estimator is shown to be minimax-optimal, either exactly
or up to logarithmic factors, according to the tail behaviour of the uniform norm of the
centered random fields. Numerical examples illustrate that the resulting estimators are
parsimonious, outperform competitors, and are automatically selected by a fast algorithm.

MSC2020 subject classifications: Primary 62G05, 62R10; secondary 62M40
Keywords: Adaptive least-squares. Functional data. Minimax optimality. Nonparametric
regression.

1 Introduction

In this paper, we consider the problem of estimating, in a nonparametric context, the mean
function of a random field over a compact domain 7 C R%. The data are generated by n
independent and identically distributed realizations of a real-valued random field over T, each
one discretely observed at finitely many design points within 7 and corrupted by additive,
possibly heteroscedastic noise. Two frameworks are considered: first, the case where the
design points in 7 are deterministic common observation points for all the random fields; this
is generally called “common (or synchronous) design”. Second, the case where the design
points are random, and their number may differ across the random field realizations; this is
generally called “random (or independent) design”.

These two settings are standard in the literature of Functional Data Analysis (FDA),
since [9] established the first optimal rates in both cases in dimension d = 1, relying on
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smoothing splines for the upper bounds. See also [41] for extensions to penalized splines.
Most results are related to the case d = 1, see [43, 41, 14, 8]. Very few works in FDA consider
a multidimensional setting; we may mention [24], where general theory of random functions is
developed, but estimation questions are studied for d = 1 only. Assuming the regularity of the
mean to be known and the random fields Hélder continuous, [7] recently derived supremum-
norm optimal rates for the Holder-smooth mean function under a multivariate, synchronous
design points, while [26] proposed a plug-in adaptive estimation method under a multivariate,
independent design, relying on tensorized Fourier bases together with an estimator of the
regularity. We focus here on the estimation of the mean function, under either the common
or the independent design, with several new proposals and results: this is the consequence of
the meeting of two worlds, FDA questions and model selection methods.

There is a variety of applications in medicine, biophysics, neuroscience or environmental
science, that consider recording multiple observations obtained as discretized measurements
of curves or surfaces, and all these contexts are consistent with our framework. For example,
the Argo project has become a major source of data for oceanography and climate research
and has recently attracted attention in the statistics literature, see e.g. [42]. The usual
modeling paradigm considers that the curves or surfaces are realizations of an underlying
random function defined on a possibly multidimensional domain, see also [40, 29] and [18] for
recent surveys, and [13] for a recent textbook.

In this paper, we consider the problem of estimating the mean of the random field as a
nonparametric multidimensional regression problem in the presence of highly correlated errors,
to which we adapt the model selection paradigm. General model selection strategies have been
introduced in [5], later synthesized in the book [32]. The refined application to fixed design
regression, related to the common design setting in FDA, was developed in [2], and stability
conditions in the setup of random design were later formalized in [11]. The multidimensional
regression setting in the presence of random design is studied in [3, 16]. This last paper
develops linear-algebra tools for hypermatrices (tensors), on which we also rely. This allows
us to present general estimation results and risk bounds for projection estimators relying on
the minimization of a least-squares contrast. The centered random field realizations play the
role of nuisance parameters and induce dependent error terms, leading to specific theoretical
challenges. Optimizing the LL?-risk bounds obtained in a first step leads to general rates on
anisotropic regularity spaces in the common design context, which are completely new in an
FDA setting and can be proved to be optimal in the minimax sense. In addition, we propose
model selection methods in the presence of random design and in an isotropic setting, leading
to a new data-driven choice of the projection spaces. Lastly, we illustrate through numerical
examples that the estimation strategy leads to parsimonious estimators automatically selected
by a fast algorithm. It is worth mentioning a fundamental difference between the fixed and the
random design cases: for the risk to be small, the fixed design case requires both the number
n of independent random field realizations and the number of design points per realization to
be large, while in the random design case, only n must be large and the numbers of design
points per realization can be bounded. We also underline that we set our assumptions on
the mean function while the centered random field is left unconstrained in terms of regularity
(it may be discontinuous or of low functional regularity, e.g. a jump process or fractional
Brownian motion).

Our method is different from [26], our main competitor for mean estimation in a mul-
tidimensional setting with random design. In that paper, the authors propose a weighted
average strategy for the reconstruction of Fourier coefficients, assuming a known density for
the design. Their results include evaluation of confidence sets, and adaptivity is obtained by
plug-in of an estimator of the isotropic Holder-regularity index. However, the adaptivity in
such plug-in-based approaches relies on rather asymptotic considerations, while our model



selection device appears to be the first model selection approach in FDA genuinely relying on
finite-sample theoretical guarantees. [25] proposed strategies for estimating the regularity of
the random field in the multivariate anisotropic FDA context, extending the local intrinsic
stationarity concept introduced by [23] for spatial statistics. The approach in [25] implicitly
assumes that the mean function is smoother than the random field realizations, and is not
yet applied to construct plug-in adaptive estimation for the mean.

The paper is organized as follows. The remainder of this introduction provides general
notation and definitions, specifically those related to hypermatrices. In Section 2, we study
the common (fixed) design setting. We derive a risk bound for the least-squares estimator
in Section 2.3. Although unsurprising, it appears to be new in the multidimensional context
and yields new rates on anisotropic regularity spaces, together with corresponding sparse and
dense regimes, see Section 2.4. We discuss their minimax optimality, since the best estimator
depends on the unknown regularity of the multivariate mean function. In Section 2.5, a
data-driven model selection procedure is defined and proved to achieve an automatic trade-off
over isotropic regularity spaces. In that procedure, the uniform norm of the error variance
function appears in the penalty; a natural estimator of it is proposed and shown to suffice. In
Section 3, the procedure is extended to the independent random design framework. The risk
bound is expressed in terms of a squared empirical norm or a L2-norm weighted by the design
density, see Section 3.2. General anisotropic rates can be derived and the sparse and dense
regimes can be defined accordingly. The rates are proved to be minimax optimal (Section 3.3)
and a model selection procedure is implemented in an isotropic context (Section 3.4). The
adaptive estimator is proved to be either optimal or nearly optimal (i.e. up to logarithmic
terms), depending on the moment conditions imposed on the random field. The proof relies on
a nonstandard analysis of empirical processes, conditional on the random field realizations.
Section 4 proposes a fully data-driven implementation of the model selection approach in
different contexts and provides numerical evidence on the performance of the new adaptive
estimators. Our model selection estimators perform well compared with data-driven kernel-
based and spline methods in random design settings, and with interpolation in fixed design.
Section 5 contains the main proofs. Additional technical results are gathered in an Appendix.

Notation and definitions

In what follows, unless stated otherwise, we take 7 = [0, 1]¢ as the reference domain. More-
over, we will use the following notations: < means that the left side is bounded by a positive
constant times the right side; for a,b € R, a < b means a < b and b < a. The vectors are col-
umn matrices and, for any vector a, a' and ||a|| denote its transpose and the Euclidean norm,
respectively. For any continuous real-valued function f defined on T, let || f||co = sup;er | f(2)]
denote its uniform norm. For d > 1, let Nio be the set of d-tuples of positive integers. Finally,
C,C',Cy,C5, €, ¢, ..., denote generic constants that may differ from line to line.

The model selection procedures that we propose below for functional data on the multi-
dimensional domain 7 are based on tensorized bases. The associated projections in such
bases are formalized using hypermatrix calculus, which naturally extends matrix calculus by
allowing entries indexed by three or more indices instead of only two. We briefly recall the
definitions and main properties that will be used in the sequel. For detailed presentations of
hypermatrices and their properties, see [21, Ch. 15] and [16].

In the following, we denote m = (m1,...,my) € Nio a d—multi-index, and we denote by
D,, = sz:1 my its dimension. For k = (k1,...,kq) € Nio, k < m means k; §, my, V1 <1 <d.
For d,d" > 1, let m = (my,...,my) € N¢j and m’ = (m},...,m/,) € N%; be d— and d’-

multi-indices, respectively. Let My, m/ (R) be the set of m x m/—hypermatrices. The entries
of a hypermatrix A € M, m/(R) are real numbers denoted [Alg x/, k < m, k' < m’. The set



Mm.m/(R) is a vector space with operations [A+ Bl 1y = [Alk i +[Ble k', [0 Ak = [Alk g
For A € My, (R) we define its transpose AT as the hypermatrix in My m(R) with entries

Vk<m, k' <m' [AT],, =[4]

& k'

The contraction product of A € My py(R) and B € My (R), with m € N¢ ), m/ € Nilo
and m” € N&| is the hypermatrix AB € M,y (R) with entries
Vk <m, k" <m”, [ABlg ke = Z [Alk g [Blr ger-
k' <m/
The identity hypermatrix in My, m (R), denoted as Id,y,, is defined as :
Vk, k' < m, Idm)k ke = Ok ks

where 0 g/ is the Kronecker symbol defined for the multi-indices k, k’. A hypermatrix A €
M m(R) is invertible if a hypermatrix B € My, m(R) exists such that AB = BA = Idy,.
The inverse of A is denoted by A~!.

Since My,,1(R) is an extension of the space of column matrices we also denote it by R™.
On this space we consider the scalar product and the norm defined as follows : for a,b € R™,

(abrm=a'b=3 [aeiltles, lalim=a"a= " (lak1)”.
k<m k<m

Moreover, the space My, m(R) can be identified with the endomorphism ring of R™. There-
fore, the notions of trace, eigenvalues and eigenvectors, positive semi-definiteness, and operator
norms can be extended to hypermatrices. See [31]. In particular, for A € My, m (R)

Aa R™
Al = sup LelE o ama)

a€R™\{0}

2 Common fixed design

First, we develop a new model selection approach for estimating the mean function from
functional data observed on a common fixed grid of points, where the observation noise may
have non-constant variance.

2.1 Model and assumptions

In this section, we will consider the case of a common fixed design, also known as a synchronous
design. The model is defined by: for j =1,...,Jandi=1,...,n,

Yij = 9(Tj) + Xi(T}) + 0=(Tj)ei j, (1)

where the non-random function g : 7 — R is the quantity of interest to be estimated from
observations (Y;j,Tj), and o2 : T — [0,00) is an unknown variance function allowing for
heteroscedastic errors. The X; are random fields.

Assumption 1. (i) the random fields {(X;(t))ier} are i.i.d. such that

E[X:1(t)] =0 and €x :=supE[XE(t)] < +oo;
teT

(ii) the error variance function is bounded, i.e., ||02| s := sup;er 02(t) < +o00;
(tit) the variables {e; ;} are i.i.d. centered with unit variance;
() the {T;} C T are deterministic common design points for all X;;

(v) the random fields {(X;(t))ieT} and the variables {e; ;} are independent.



2.2 Least-squares estimator

We first define the estimator as the nonparametric least-squares contrast by setting, for a
function h: T — R,

J
1) = = 3 (V. T,

j=1
where "
1 _ _ 1
Y= —ZY,J—g EZ )+ o0-(T)) ., E,JZEZEW-. (2)
im1 i=1
For m = (mq,...,my) € N>0, we consider h belonging to a approximation space S, defined
by

Sm = span{pg : k < m},

with {¢r} a tensorized orthonormal family of functions in L2(7,dt) defined by ¢r = @5, ®
.. ® @g,. By definition, Sy, C Sy, if m < m/. Below, Sy,vm is the space corresponding to
the multi-index m VvV m/ = (mi Vmi,...,mqgV m)).
We define, whenever it exists, the following estimator:

P . ~
g arg min vs(h) (3)

m

An element of Sy, is entirely determined by the coefficients of its expansion in the tensorized
orthonormal family. Let

Y. = (Y:,la .- -aY:,J)T eR’ = MJ,I(R)a Qpn = [SOk:(T )]1<]<J k<m € MJm( )

and consider the hypermatrix ®} ®,, € M m(R). Note that if ®! @, is invertible, then
necessarily D, < J. By [16, Lemma 8], if ®} ®,, is invertible, then the problem (3) has the
unique solution

Im =Y Grpe, @™ = [Gklecm = (2,0m) 0] Y, € R™,
k<m

Note that Gy, equivalently minimizes (nJ)~! Z}]:1 S Y — hTH)Y.
2.3 Risk bound on a fixed projection space
We define the empirical norm as ||h||% = Z‘] h*(Tj). The following risk bound holds.

Proposition 1. Consider the estimator (3) in model (1) under Assumption 1. Let m € NZ
and Sy, be an approzimation space. If ®) Oy, is invertible (thus Dy, < J), then

21D +CxJ
E(lg,., — 2 < inf h— 2 HO-‘SHOO m ) 4
(I9m — 9l3) < i [In g}y + 172==Dm (@

In the context of model selection, Proposition 1 provides a non-asymptotic bound for the
empirical norm, thereby complementing the asymptotic bounds derived in [9, Th.2.1] and [41,
Th.3.1]. Note that for the upper bound in (4) to be small, both J and n must be large.
Indeed, at a given location 7}, large n ensures that the contribution of X is cancelled. On
the contrary, large J ensures that 7 is densely covered and allows to estimate g.



Remark 1 (Comparison with fixed design regression model in dimension d = 1). The above
results can be connected to those in usual nonparametric regression estimation in presence of
dependent errors. See [4, Sec. 3.3], [20, 17]. Indeed, by (2) it holds that

Y., =g(T) +e,; with e;= ZX )+ oe(T5) €.

",

Then Efe, ;] = 0 and Ele, jé.x] = n " tox (T}, T) if j # k, with ox(s,t) =E[X1(s)X1(t)]. If n
is fized and J increases, the rate will depend on the properties of ox (long memory or not).
However, if n increases the role of the properties of ox disappears.

2.4 Discussion of the rate of convergence

Let Ry = (0,400). Assume that g belongs to a regularity class of smoothness a € ]Rﬁlr and
radius R associated with the basis {¢g }, such that

d
o h— gl% < cla, R) Y m; (5)
7j=1

for some c(a, R) independent of m. Let & € R, defined by
d
1 1 1
1_1s1 6
a d Z Qj (6)
Jj=1

Then, the solution My of the constraint optimization problem

is given by the choice
(nJ)e/HeiRatd)}  while Hd_l m; = (nJ)¥2e+d) < ] e, J¥R/d>p,
Miopt =\ ya/(day) ise.
J XA otherwise.
Note that in the case J?®/¢ > n the rate of the bound in (4) is
(nJ)fza/(zaer) tnl=nl,
and when m; = J%/(4%) then H?Zl m; = J and the rate is J72%/4 4 p=! < J72¥/d_ We refer
to [27] for computations. To sum up, this leads to the rate
max (nJ)iQa/{Zaer}, nt 1{J2a/d2n} -+ max [Jiza/d, nil} 1{Jza/d<n}
= nill{Jza/dZn} + JﬁZa/dl{J2a/d<n},
for the estimator defined with m = mp, as stated formally in the following result.

Proposition 2. Let G, be the least-squares estimator of g obtained if ®] ®,, is invertible
and Assumption 1 holds. Assume that g belongs to a regularity class of smoothness a € Ri
and radius R such that Condition (5) holds. Then, m = myy, with the components as in (7),
yields

E(Hﬁmopt - g”%) < C(a7 R) <n711{J25/d2n} + J72a/d1{J25/d<n}> )

where C(a, R) is a positive constant depending on c(a, R), €x and ||0?|oo-



The term of order n~! in the upper bound in Proposition 2 corresponds to the classical
parametric rate and is therefore optimal (see also the proof of Theorem 2 in the random design
case). The term of order J —2e¢/d corresponds to the approximation rate in squared L2-norm
for a function of regularity a observed at J points, and is proved to be optimal in dimension
d =1 (see |9, Theorem 2.1]). For d > 1 and the uniform norm in an isotropic setting, a
related optimality result is established in [7, Theorem 2] (with pmin corresponding to J~/%).

In dimension d = 1, with a and m reducing to scalars a and m, the case J?* > n is usually
referred to as the dense regime ([43] proposes to refine the definition of the dense regime by
calling the case n~'.J?% — oo the ultra-dense regime; we do not follow this refinement for the
sake of simplicity). This can generally be defined as the case where the estimator achieves
the parametric rate, that of the infeasible empirical estimator with perfectly observed X;. By
contrast the case J?®/¢ < n is the so-called sparse regime. See [9]. Additionally, [2, Section 4]
shows that, when d = 1, Condition (5) is satisfied when g belongs to a Besov space, namely
g € By 2,00 with a > 1/2. In that case,

inf |lh — 2< 2 di o —2a
nf 1h = gl3 < cla) lgf2» {dim(S,)} >

where S, is either the space spanned by piecewise polynomials of degree at most r (e.g., r = 3)
on dyadic partitions with step size 27", or the space of trigonometric polynomials of degree
2™ and |- |42 denotes the seminorm of the Besov space By 2. See also [15, p.354, 205].

In the following, let L € Ry and o € Ri. In the multidimensional setting, consider the
anisotropic Sobolev spaces defined by

sxa,L)::{j’eﬂﬂ(7'dt = ) argx (8)

keNg

such that Z {2Lkl/2j}2al a; < Lforanyl=1,... ,d},
keNd

where ax, = (f, o) and {pg} is a tensorized basis: g = g, ® -+ ® py,. For m € N¢ ), and
f= ZkeNio arpr € S(a, L), let fm =) o axpk. If g belongs to S(ev, L), it holds

g — gmH2<Z 3 akfz ST {2lk/2)} 7 [{21k/2) Y 6] <LZml o,

=1 {k kl>ml} =1 {k: kl>ml}

Consider {¢ } as the tensorized trigonometric basis with univariate basis functions ¢ (x) =
L1 (x), p25(x) = V2cos(2mjz) L 1 (x), pojr1(x) = V2sin(2mjz)lpqy(x), j > 1. Then, in
dimension d = 1, for equally spaced design points T = j/J, j < J, the trigonometric iden-
tity ijl exp(i2nlj/J) = 0 for any 1 < £ < J — 1 yields (@i, 0r)7 = Ok = (P> k')
1 < k,k < J, provided J is odd. Consequently, it holds ||f|| = ||f]|;. This can be extended
to the multidimensional setting for J = J¢ for § € Nyg and T; = (J1/3, .-, 7a/3), with
1.5 Ja < J. It follows that

inf |h— f|2= inf |[h—f% = |fm — fI°
nf 1= fI5 = int b= fI2 = o f

Thus, if g € S(ev, L) and {pg} is the tensorized trigonometric basis, Condition (5) holds true
and the rate in Proposition 2 is achieved.

For f € S(a, L), a condition is imposed on the decay rate of the basis expansion coefficients
of f. For the trigonometric basis, a connection with the regularity of f, namely the existence



of derivatives up to order a is established in [36] for d = 1 and in [34, Section 4.2.2 and
Proposition A.1] for d > 2 (see also Section 3.3 below).

However, as a is unknown, the proposed choice of mgp; cannot be made in practice. The
aim of Section 2.5 hereafter is precisely to propose a model selection procedure that provides
an automatic finite-sample trade-off.

2.5 Model selection for common design on isotropic spaces

We restrict the study to isotropic projection spaces Sp,; in this case, multi-indices m € Nio

reduce to m = mly, where 15 = (1,...,1) and m € Nsg, and D,, = m?.

2.5.1 Procedure and adaptive bound

Let
My={m=mly:1<m<Jand®, &, is invertible}.

The model selection procedure is defined as follows : for some s > 0, define

d

~ . —~ 2 M
m = m + m m) = —. 10
arg eﬁJ {7s(Gm) + pen(m)}, pen(m) = k[0 T (10)

Theorem 1. Assumption 1 holds. There exists kg such that for k > kg,

d /
~ . . m C
E(|gm — o) < inf {3h1€%gn 1= g3 + 4nll02]loc J} (o2l + €x).

where C' is a constant that does not depend on n,J or |02 so-

Remark 2. Note that in the case where o. = 0, there is no penalty involved in the choice of
the model in (10). Then, the choice will correspond to the largest model, i.e., m = J14. This
choice recovers the ideal empirical estimator g(Tj) =Y. ; (no smoothing).

Remark 3. From a practical point of view, the model selection procedure requires the choice
of a value for ko and the knowledge of ||0%||cc or an estimate of it. Following the lines of
the proof of Theorem 1, it can be seen that a possible theoretical value is kg = 64. However,
smaller values of this parameter can be calibrated in practice by means of preliminary nu-
merical experiments. See the discussion in Section 4. Finally, a simple data-driven choice
concerning ||02||so is proposed in Section 2.5.2 and implemented in Section 4.

2.5.2 Error variance estimator

We distinguish two cases, depending on whether o, is constant (homoscedasticity) or not
(heteroscedasticity). If o. is constant (possibly o. = 0), for J > 2 let

n J-—1

Ve = =y 2 D Wi = Yo (1)

i=1 j=1

Under mild assumptions on the fields X; and the mean g, it can be shown that there exists a
constant a > 0 and a map 0. — C(o.), bounded on bounded intervals, such that

E|Ven — 02| < C(o2)J " (12)

The details are provided in the Appendix (see Proposition 4).



Regarding the impact on the model selection and the risk bound derived in Theorem 1 by
replacing o2 with the estimate VL ,, note that the selection step (10) becomes

mé

m = arg min Jm) +pen(m)}, pen(m)=kV.,—. 13

g min {7s(gm) +pen(m)}, pen(m) en 3 (13)

A careful inspection of the proof of Theorem 1 reveals that the risk bound remains valid at

the cost of adding a term that is at most of the same order, and possibly inflating the value
of ko, if there exists a function o. — ¢(o¢), bounded on bounded intervals, such that

_ cloz)J @
E - ‘ < &%) 14
e [pn(m) — pen(m)| < “7 (14)
Note that, since m? < J for every m = mly € My, it holds
= m 21 o K 2
Ym € My, ‘pen(m) — pen(m)‘ = RE‘VHL — Ja‘ < E‘VHL — O'E‘. (15)

Then, (14) follows from (15) and (12), regardless of whether oo =0 or o. > 0. In conclusion,
under mild conditions on the mean function and the increments of the fields X;, the bound
in Theorem 1 remains valid up to terms of the same order, and possibly inflating the value of
Ko, if the selection step (10) is replaced by that in (13). Moreover, since (15) holds for every
oe > 0, the model selection based on (13) adapts to the presence or absence of noise.

In the heteroscedastic case (o2 is no longer constant), let W ,(5) = (2n) 1 S0 (Vi j41 —
Y; ;)?. Then, the estimator of ||02|| can be defined as V., = maxj<j<j—1 Wen(j). The
properties of this estimator are discussed in the Appendix.

3 Independent random design

In this section, we consider the case where the design points are drawn randomly and their
number may vary from curve to curve. This setting differs substantially from the synchronous
design case. In the synchronous case, a common observation grid restricts the available
information to a fixed finite set of locations, identical across curves. By contrast, random
design points spread across the entire domain as their number grows, so the data carry richer
information about the global behavior of the underlying processes.

3.1 Model and projection estimator

Let us reconsider the model
Y;,] :g(ﬂ,j)—i_XZ(T’L,j)+U€(E,j)€’t,jv ]:177NZ7 Zzlvan (16)

The data points are (Y; ;,7;;), j=1,...,Nj,i=1,...,n. Let N =>"" | N;. With a random
design, for simplicity let ¢ be an index replacing the pair of indices (i,7). Thus, when no
confusion arises, instead of 17 1,...,T1 n,, 12,1, ..., T N, We write T1,...,Ty or T, 1 < g < N.
We use the same convention for the Y; ;’s. With this notation, Zé\le replaces > 1", Z;V:’ 1

Assumption 2. The conditions Assumption 1(i) to Assumption 1(iii) and Assumption 1(v)
hold. In addition:

(iv') the {T;;} C T are i.i.d., independent of the random fields {(X;(t))teT} and the errors
{€i;}. Moreover, the T; ;’s admit a density p and there exist po, p1 such that

Ve T, 0<po<p(t)<p <-+oo. (17)



Below, for squared integrable functions ¢, defined on T, let (¢,v), = ngZ) »(t)p(t)dt
and [|¢]|2 = [ ¢*(t)p(t)dt. We define the estimator as the nonparametric least-squares esti-
mation of gon Spy, based on all the observations (Y; ;,T; j):

N
_ . 1
gm = arg min W (h), (k) = > Yy — (T} (18)
m i=1

Let
Y =(V1,Ys,....Yy) eRY, T =(T,T,...,Ty)" € RV,

and analogously, for u; ; = X;(T; ;) + o (T 5)ei 5,
u:(ula"',uN)T 6RN7 é:(UE(T1)61,...,O'5(TN)€N)TGRN. (19)

For any function h defined on T, let h(T) € RY be the vector with components h(T} ;).
For m € N‘i with D,, < N, and a family of orthonormal functions ¢k, k < m, in
L2(T,dt), define R
P = [r(To))1<g<N, k<m € MNm(R).
We also set

Uy, = EI\);l—n,EI;ma Uy = E(\/I}m) = (<(10k7 @k’>p)k,k’§m-

The empirical norm is
1 :
Al = th = T )'A(T), and it holds  E(|[a|}) = [|hll}.

Under condition (17), it holds : Vz € R™, for h =3 ) ., Tk ¢k,
pollallim < @7 Umaz = [|1]5 < pi]lz/lEm.

With the notation from Section 1, this implies

_ 1
||‘I’m||0p < p1, and ||‘I’m1||0p < %- (20)

In particular, under Condition (17), the matrix W,, is invertible, and therefore so is the matrix
¥,,, with probability close to 1, for sufficiently large N.
The estimate gy, is defined as gm = >,y WPk, With

- 5 ST -1 ~ 9

@™ = [dklkem = (B, m) B Y = ;) ( N@LY) € R™.
Invertibility is not sufficient to ensure well-conditioned ¥..! and stable behavior for \Tf,_nl. [11]
introduce a “security zone” through the following theoretical stability condition :

~ 3log(3/2) -1

L U Lop V1) < : = ;
(m)(H m” P\/ )— CplOg(N) CP 2(p+ 1)

(21)

where p will be fixed later, and where

—SUPZ(Pk: :/ZS%

teT k<m k<m



The last inequality holds with 7 = [0,1]?. The quantity L(m) depends on the basis, and
is finite if the basis functions are bounded. Under condition (17), and in view of (20), the
stability condition (21) is fulfilled if

N
L(im) < cpp()m. (22)
This is a weak condition on the maximal model dimension m that can be considered. For
instance, if L(m) < Dy, then it requires D, < N/log(N). The piecewise constant functions
and the trigonometric functions are two examples with L(m) < D,y,; see [11].
Nevertheless, it is more convenient to define a data-driven version of this constraint, which
does not require knowledge of pg. Consider the event

A = {L<m><||@;£||op V1) <2, (23)

Tt

with ¢, as given in (21), and the factor 2 in front of it is added for technical reasons. We prove
that, under (21), the empirical condition associated with A, is satisfied with high probability.
More precisely, using Chernoff’s inequality as given in [35], we establish the following lemma.

Lemma 1. Consider the event

L
Q= N 1| < S, VA E Spm,h#0¢ . (24)
A2 2

If Assumption 2(iv') and Condition (22) hold, then, for any p > 0,
P(AZ,) < P(Q5,) < cN7,
where ¢ > 0 is a constant depending only on p.

On the set {2, the empirical norm and the L*(T, pdt)-norm || - ||, are equivalent for
elements of S,,.
3.2 Risk bound on a fixed model

Using the sample-based set A,,, we define the data-driven estimator g, = gm 1a,, as a
counterpart to the estimator defined in (18).

Proposition 3. Assumption 2 holds. Under the Condition (22) (which implies (21)) and if
E[g4(T1’1)] < 400, then

2M; Dy, n 2My > Ni(N; — 1)
N £0o N2

D c
"‘HUszHoon‘Fﬁa

E(|[Gm — g/|%) < inf ||h—g|?
([lgm gHN)_hg}gmH gll, +

with p > 1 and ¢ the constant from Lemma 1, ox (u,v) = E[X;(u)X1(v)], M1 = supy ox(u, )
and Ma = [, ox (u,u)p?(u)du. A similar bound holds for E(||gm — gH,%)

Remark 4. By an alternative argument, the term 2My Dy, /N in the bound of Proposition 3
can be replaced by 2M3zL(m)/(poN), where M3z = [ox(u,u)p(u)du. In the case of an
orthonormal family {or} supported on [0,1]%, one has L(m) > Dyy,, so this alternative bound
is no better in order. However, allowing families with larger support can lead to L(m) of a
much lower order than Dy,; the family of Hermite polynomials is one such example. See the
proof of Proposition 3 for the details.
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Remark 5. In the case where

"N (N; -1 1
22:1 &(2 ? ) - E7 (25)

and if L(m) = Dy, (e.g., {¢r} is the tensorized trigonometric basis), the bound of Proposi-
tion & reduces to
Dm 2M2 1 C

E([lgm — 9l%) S hie%f Ih = gll2 + (2M; + ||U§Hoo)7 + o n Y

and a similar bound holds for E(||gm — gH%) Condition (25) is commonly imposed in the
literature (see [43, Corollary 3.2]). Since Y1 N;/N? = 1/N < 1/n, Condition (25) is
equivalent to Y | N?2/N? <t

3.3 Discussion about rates and optimality

As in Section 2.4, assume that g belongs to a regularity class of smoothness a € Ri and
radius R associated with the basis {¢g}, such that Condition (5) holds, and that L(m) =<
Dy, = Hle my. Moreover, we assume that Condition (25) holds. Then the optimization

d
. —2a;  Dm 1
f Y m R T g
{m:gylngN} (j:1 m] + N ) + "

gives mepy with components m; op = N0+ d} where @ is as in (6) This leads to the
rate-optimal upper bound

E([Gmon — 9112) < Cla, R) (N5 4 n7t). (26)

The optimal rate in the upper bound is attained, in particular, on the Sobolev spaces
(8) introduced in Section 2.4. As pointed out there, for g € S(a, L), Inequality (9), which
controls the bias term in the upper bound, holds true. Moreover, for the specific choice of
the tensorized trigonometric basis, assuming that g belongs to a certain regularity class is
equivalent to assuming that g € S(a, L) for some e and L. Indeed, from the computations
of [34, Proposition A.1] (considering special cases of type 8; = o and By = 0 if I # [, for all
1 <1< d), we obtain that S(e, L) coincides with the space

2
WP (o, Q) =14 f= Y appr € L7(T,dt): <o\,

keNd

onf
!

for some Q depending on o and L (see also [36, Definition 1.11 and Proposition 1.14]). Using
this alternative definition, the following result shows that the rate of the risk bound in (26)
is optimal in a multidimensional and anisotropic setting; see also [41] for the case d = 1.

Theorem 2. Let {(X;(t))ier}, 1 < @ < n, be Gaussian random fields satisfying Assump-
tion 1(i). Let o € N& ) and L > 0. Then it holds

inf sup E([§—g]2) = ¢ (N5 4071,
9 geS(eL)

where ¢ > 0 is a positive constant and the infimum is taken over all estimators g of g build
from data generated as in (16).
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Remark 6. The empirical norm we use is based on the simple average N1 Zévzp which as-
signs the same weight to every observation (Y; j,T; ;). As a result, the bound in (26) depends on
N, that is, on the product of the average of the N; and the number n of curves. Alternatively,
the empirical norm could be defined through the curve-weighted average n~* Yoy Ni_1 Z;V:il,
in which case the bound in (26) would depend on n times the harmonic mean of the N;. De-
pending on the configuration of the N;, these two bounds can be of very different orders of
magnitude. This is precisely the comparison between the OBS (simple average) and SUBJ
(curve-weighted average) schemes of [43], therein in dimension one and under known reg-
ularity. When the regqularity is known, the comparison simplifies: it reduces to comparing
the arithmetic or the harmonic mean of the N; to a known power of n. Our model selec-
tion approach extends naturally to a weighted least-squares loss whose weights follow the OBS
scheme, the SUBJ scheme, or a convex combination of the two. However, the OBS scheme is
never dominated in rate, the SUBJ scheme improves upon it only by a constant factor in the
variance, and only when both attain the parametric rate. Therefore, we focus in this paper on

the empirical norm defined through the simple average N ! Zévzl.

Remark 7. Our results require no reqularity assumption on the fields X; or on their covari-
ance, in contrast to [9, 7]. There, the X; are required to be smooth, as smooth as the mean
in [9] (with d = 1), and Hélder continuous with Hélder-smooth covariance in [7]. Here, the
smoothness is imposed solely on the target g and the X;’s may be rough, or even discontinuous.

3.4 Isotropic model selection for independent random design

The data-driven choice of m lies at the core of model selection. In the common design case
with J distinct points, the dimension D,, is bounded above by J, and letting m attain this
bound corresponds to no regularization. With random design, there are N observed design
points making the upper bound for D,, and the model much larger. Generally, it happens
that the optimal m corresponds to a much smaller model, which makes the selection of
m very useful. Here, like in Section 2.5, we restrict the study to isotropic spaces Sy, with
m=mly € N‘io, and D,, = m®. We define the collection of models by the set of multi-indices

My = {m —mlg:m e {1,...,N}, such that L(m)(|¥; lop V1) < ¢, (27)

)

and its empirical counterpart by the following set of multi-indices
_ o~y N
My =m=mlg:me{l,...,N}, such that L(m)(||¥,, |lop V1) < QCPW , (28)
0g

and take p = 5. Next, we define

n N;
_ . . . 1
m = arg m/l(/lg {'yN(gm) + pen(m)}, with vy (h) = N ZZ {Yu — h(Ti,j)}2 = ||h||%v
meMpy

i=1 j=1
We study the risk of .
Theorem 3. Assume that Assumption 2 holds, E[g*(T11)] < oo, E(Eil) < 00, and that

1. the collection of projection spaces Sy, is nested and such that L(m) < m?,

2. the fields X; are separable and E(BEL,X) < 00, where By, x 1= maxi<i<n || Xi|oo-
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Then there exists kg > 0 such that for all Kk > kg and with

mé

pen(m) = (B} x + [loc|%) N (29)

we have

d
~ . m
E ([5m - 91%) <€ inf (llg = g} + ~{E(B x) + llo:%} 57 )

Lo <ZZ N, (B%,X)+log2<N>>’

N2 N

where C is a numerical positive constant and C' is a positive constant depending on pg,
Elg*(T1,1)], E(e1 1), [lo=]lc and Ms.

The separability of the X;’s is a “technical blanket assumption” commonly imposed in
stochastic process theory to avoid measurability issues, see [1, p. 8| for this remark and the
separability definition. Note that the penalty in (29) is random and depends on unknown
quantities. See Section 2.5.2 and Remark 8 for possible estimators that are considered in
Section 4. To understand the adaptive upper bound, we must investigate the order of the
term IE(B?L,X). For instance, if we suppose that || X1|/oo (resp. || Xi]|%) is sub-Gaussian for
some variance proxy o3 (resp. o5), Lemma 6 in the Appendix (see also [38, Lemma 2.2.2]) al-
lows us to conclude that IEJ(B?1 +) can be bounded by a constant multiplied by o7 log(n) (resp.

O'% log(n)), provided n > 2. In that case, the adaptive estimator reaches the optimal rate up
to a logarithmic loss. The sub-Gaussianity condition on the uniform norm is standard in non-
parametric statistics [19, 10], Bayesian nonparametrics [37], and machine learning [30]. Fields
with sub-Gaussian || X]|2, have a uniform norm with lighter sub-Weibull tail. See [39] for a
study of such distributions and their application to deep neural networks. When || X} ||cc < B

a.s., we have E(BTQL x) < B? and the adaptive estimator attains the optimal rate.

Remark 8. The random quantity B, x appearing in the model selection criterion is unknown
in practice, since the fields X; are latent. We propose a crude estimate of B, x via a two-
stage, leave-one-field-out residual least-squares procedure. For each curve ©, we first estimate
the mean function g from the pooled observations of all other fields {(T};,Y,;) = | # i},
by projecting onto the half-cosine basis Sy truncated at a fixed level m = LN1/4J, yielding
g_;. We then form the residuals of curve i with respect to this leave-one-out mean estimate,
rij=Yij—9-i(Tij), j=1,...,N;. In a second step, we regress these residuals on the same

cosine system, now truncated at a field-specific level m. = N-l/3 wing the estimate )?l We
Y s p i i ) g

estimate the sup-norm X; by
The construction ensures that the r; ;j used to approrimate X; are not contaminated by X;’s
own contribution to the mean estimate. Finally, B, x is estimated by B X = maX1<Z<nB

4 Numerical illustrations

We assess the finite-sample performance of the proposed model selection procedure in both the
one-dimensional (d = 1) and two-dimensional (d = 2) settings, with both common and random
design. The approximation spaces of the model collection are built from the half-cosine basis
wo(x) = 1, pp(x) = /2 cos(tkz), x € [0,1], k = 1,2,..., and its d-fold tensor product base
functions o (t) = [T, ¢k, (t1) with k= (k1, ..., ka), t = (t1,...,tq) € T = [0,1]%
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The true mean function g is defined, for d = 2, by
g(tl, tg) =5 ‘tl —0.5 COS(27Tt2)}O'7 exp(—0.7 (tltg — 0.5)2) + t1t2, t1,t9 € [0, 1],

and, for d = 1, g is obtained by imposing t; = to. The two functions are plotted in Figure 1.

d=1 d=2
| |
1
= B
S &
2 =
1
I I I I 1 O
0 02 04 06 08 1 4 to

t

Figure 1: The true mean function g for d =1 (left panel) and d = 2 (right panel).

We consider two models for the centered fields X;. First, we generate the X;’s from a
truncated Karhunen—Loeve expansion. Specifically, for K a positive integer,

d
Xi(t)= Y Gror(t), where ¢g(t) =]]cos(m(ki—1/2)t;), te€0,1)%
=1

k<K1y

and the coefficients are independent Gaussian, ¢ ~ N(O, D;l%/d), Dy = Hld:1 k;. We

also consider a setting where the X; are piecewise-constant random fields, with jumps across
randomly oriented hyperplanes. Given a positive integer M, for each ¢ we draw i.i.d. directions
ai1,-..,a; ) uniformly on S%1 (d > 1) and offsets bi1,...,bi pmr, where each b; ) is uniform
over the projected domain [min.er azpt, maxycy aZpt]. For each i, these define a random
partition of 7, and the field X; is obtained as

M
Xi(t)=> dipl{ajt <bip}, teT, (30)
p=1

with independent jump sizes ;, ~ N(0,1). In the random design case, the N; are drawn
from a Poisson distribution with parameter Npyea.n with any zero draw replaced by 1, and
each component of T; ; is independently drawn from a Beta(q, ¢) distribution. With common
design, all the NV; are equal to J. The noise variables ¢; ; are drawn independently from a
standard normal distribution. This means we consider the homoscedastic case with o. = 1.

All estimators are evaluated on a regular grid {si,...,spa} C T obtained from L equally
spaced points per coordinate. For each mean function estimator g, we consider the integrated
squared error (ISE), approximated by the Riemann sum ISE(g) = L~¢ ZZI {G(se) — g(Sg)}2.
We report the empirical mean integrated squared error (MISE), obtained by averaging ISE(g)
over the B Monte Carlo replications gV, ..., g5, that is,

1 &1 L 2
MISE@) = 5 Y 77 > {77 (s0) —g(s0)} .
b=1 /=1

In our experiments we consider B = 1000 for d = 1 and B = 500 for d = 2, K = 20, L = 201
and M = 8. Moreover, Npean € {10,25,50} with random design, J € {49,100,169} with
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common design. The Beta distribution parameters used to draw the random design T; ; are
g € {1,2}. Finally, n € {50,100} for random design and n € {100,200} for common design.
The model selection penalty depends on several quantities that have to be estimated or
fixed in practice. Throughout the simulations, the constant B,, x is estimated by the procedure
described in Remark 8, and the noise level is estimated as proposed in Section 2.5.2. In the
following we describe a simple simulation-based procedure which was used to determine k.

4.1 Data-driven selection of s

Here, to calibrate a value of k, we use simulated data generated according to the model under
study, with some arbitrary fixed mean functions g* that are plotted in Figure 2. We select the
value of k providing the lowest MISE over the collection of model, with the MISE averaged
over 300 simulated samples on a grid of 100 values of x in a compact interval. The calibration
procedure is fast and the selected value of k is expected to be satisfactory regardless of the
true mean function and the distribution of the random fields. We consider the four settings
determined by the dimension d € {1,2} and the type of design (common and random). We
allow for anisotropic projection spaces Sy, with d = 2. In the settings with random design,
we generated data points (Y; ;,T; ;) using n = 100 and N; ~ Poisson(100) i.i.d. design points
with uniformly distributed components, and random fields generated according to (30). In the
settings with common design, we consider J = 100. The results of this preliminary calibration
of the value of k are presented in Table 1. We notice the much smaller selected values of k
compared to the theoretical bound discussed in Remark 3. The illustration of the calibration
results with fixed design is presented in Figure 3. We note that the MISE is quite insensitive
to the choice of k. The selected dimension is more dispersed at small k¥ and concentrates as k
grows. We also refer to [6] for other data-driven approaches for calibrating « from simulated
data, namely the slope heuristics and the jump dimension strategy.

Table 1: Data-driven selection of the x parameter

Design
Dimension Common Random
d=1 k=062 x=0.63
d=2 k=257 k=0.29
d=1 d=2
! !
4 N | —~~
*g’ \.’.:4:
2 - s
T T T T 10
0 0.2 0.4 0.6 0.8 1 4 12

t

Figure 2: The mean function g* used for calibrating k for d =1 (left) and d = 2 (right).
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Figure 3: Calibration of x (fixed design, d € {1,2}). Panels 1 and 3: MISE of the model-selection
estimator against k. Panels 2 and 4: mean selected dimension against k. The coordinate-wise dimen-
sions my, mo for d = 2 may differ (Panel 4). In each panel the line is the mean over the 300 repetitions
and the shaded band gives the pointwise 10%-90% quantiles. The vertical line marks the value of &
minimising the mean MISE.

4.2 Simulation results

The purpose of this first simulation study, carried out using R, is twofold. First, we provide
evidence that our model selection approach performs well relative to standard nonparametric
benchmarks with publicly available implementations, such as data-driven kernel or spline-
based estimators and the interpolation estimator. Second, we compare our data-driven im-
plementation of model selection with the oracle choice, defined as the model minimizing the
MISE over the collection of models we consider. The list of all comparisons is given in Table 2.

Table 2: Competitors by setting: OR (Oracle), SP (Splines), LL (Local linear), Int (Interpolation)

Design
Dimension Common Random
d=1 OR, SP, Int OR, SP, LL
d=2 OR, SP, Int OR, SP

The penalized-spline estimator, denoted gsp, is obtained using the mgcv package applied
to the pooled sample of (7}, Y;;)’s, with tensor-product splines for d = 2 and a generalized
cross-validation (GCV)-selected smoothing parameter. The local linear estimator grr, of the
mean function (see [43]), with cross-validated bandwidth selection, is computed using the
fdapace package. In the common design case, all estimators are computed using the average
responses }7] =n! Sor Y, j=1,...,J, at each design point. The interpolation estimator
of the pairs (7},Y, ;), denoted i, is piecewise linear for d = 1 and is obtained by Delaunay
triangulation for d = 2, computed using the akima package.

The performance comparison is done using the log-ratios

MISE(gns) )

R =1 (—A
Comp o8 MISE(QCOmp)

with Comp € {OR,SP,LL, Int}. (31)
With this convention, negative values indicate that gys achieves a smaller MISE and thus
outperforms the benchmark, and values near zero indicate comparable performance.

Across the four settings (Figures 4 to 7), the data-driven estimator gyg tracks the oracle
closely: the log-ratio Rogr stays small and positive throughout, growing only mildly in the

harder random design and d = 2 regimes. Since the oracle is, by construction, the best model
in our collection, it appears that the simple error variance estimator and the simulation-based
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Figure 4: Common design, d = 1. Boxplots of Roomp from (31) over B = 1000 Monte Carlo replica-
tions, for Comp € {OR, SP,Int}. Columns vary the number of common design points J € {49,100, 169}
and the curve type (smooth/discontinuous); rows vary the number of curves n € {100, 200}.
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Figure 5: Common design, d = 2. As in Figure 4, over 500 replications, with tensor-product splines
(SP) and Delaunay interpolation (Int).

rule of thumb for x already allow us to recover near-oracle behaviour. Against the off-the-
shelf competitors, gys is at least as accurate and often markedly more so: interpolation is
dominated by a wide margin (most visibly for d = 2 and discontinuous fields), local linear is
consistently outperformed, and penalized splines are matched, with Rgp concentrated around
zero. In a few cells, most notably random design and d = 2, gsp edges out even the oracle: as
the oracle is optimal only within our collection, this suggests that the choice of approximating
basis is itself worth optimizing, a direction we leave to future work. Overall, model selection is
effective and computationally fast in both d = 1 and d = 2. The unknown quantities entering
the penalty are estimated here through a deliberately simple device whose performance is
already reasonably good. Sharpening these estimates is a natural avenue for improvement.

5 Proofs

Below, for any symmetric matrices A, B of the same dimension, A < B (resp. A = B)
denotes the Loewner order and means that B — A (resp. A — B) is positive semi-definite.
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Figure 6: Random design, d = 1. Boxplots of Rcomp from (31) over B = 1000 Monte Carlo
replications, for Comp € {OR,SP,LL}. Columns vary the average number of points per curve
Niean € {10,25,50} and the curve type (smooth / discontinuous); rows vary the number of curves
n € {50,100} and the sampling design (Beta/Uniform).
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Figure 7: Random design, d = 2. As in Figure 6, over 500 replications, with Comp € {OR, SP} (no
local-linear competitor).

5.1 Proofs for the common design case

Proof of Proposition 1. Let Il,,g € Sy, be such that II,,g(T) is the vector of R’ correspond-
ing to the orthogonal projection of g(T) := (g(T}),...,9(Ty)) " in the subspace of R’ spanned
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by ¢r(T), for k < m, and T = (T1,...,Ty)" € Mjq([0,1]). The coefficients of Il,ng are
given by (®,} ®,,)7 1@, g(T) € My 1(R) and T, g(T) = @y (@, 1) 1@, g(T). Note that

Gm(T) = g(T) = $pr (D) ) 710 1,

where u = (ug,...,us) with
_ _ _ 1 .
uj =1 +o0o(Ty) ey,  m=—y X(Ty), 1<j<J.

and €, ; defined in (2). By Pythagoras, we get
G — 915 = 1Tmg — gllF + [[Gm — Mmgl3-
The bias term is given by
Mg — g5 = inf ||k — g
MImg — g7 hle%m | gll7,
and we need to upper bound the variance term:
~ 1 _
E (|gm — Lmgl13) = <E (0 @m(@n @) 0 10) .
Let § = (f1,...,75) €R/, e=(g.1,...,6.7) € R” and

€= (0-(T1)en,...,0-(T)e.y) " = diag(o=(Th), ..., 0.(Ty))E =: Aq.é.

£

As the ¢; ; are independent of the X; and centered, we get
E (uTq>m(<I>;<1>m)—1<1>;u) —E (ﬁ%m@;@m)—l@;ﬁ)
+E (e%m@;@m)—l@;g) = Vi + V.

It follows that )

E (lgm — o) = +
We start with computing Vy. First note that ®,,(®,, ®m) 1@, € M ;(R) is a real pro-
jection matrix onto a space of dimension D,,. Recall that for any symmetric real matrices
A and B with respective eigenvalues Ay > ... > A; > 0 and p; > ... > py > 0 it holds
that Tr(AB) < Z}]:l Ajuj. See [22, Theorem 4.3.53]. Therefore, we get for A = E[e€'] and

B = 3,(0,), &) 0]

(V1 +Vy). (32)

Vo =E [Tr (é%m@;@m)—l@;éﬂ ~E [Tr (éeT@m@;@m)—l@;ﬂ

J
- . o2 D
= Tr (E[e€" |0 (@ 0m) 0, ) < 2D s = 0?0 =", (33)

j=1
where we used that ®,,,(®,, ®,,,) 1@/ is a projection matrix of rank Dy, with eigenvalues y;
in {0,1} and that
. _ _ 1.
E[ee'] = diag (U?(Tl)E[ail], . ,a?(TJ)E[EzJ}) = —diag (02(T1),...,02(Ty)) .

n

For Vi, we have

E(i;7¢) = % DD Cov(Xi(Ty), Xi(Ty)) = %COV(Xl(Tj%Xl(Te)),

=1 4/=1
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so that
J

ZXf

1 . 1
Vi = B[ X1(T) O (@, 0m) 0 X1(T)] < = | @ (@, @) 0, opE

As @ (@, @) 1@} is a (symmetric) projection matrix, its operator norm is 1. We get

3

Plugging (33) and (34) in (32) gives the variance bound, and ends the proof. O

J

Proof of Theorem 1. Since

vr(h) —vs(9) = llg — hlF +

J
> {9(Ty) = W(T)}u,
j=1

Sl

the relationship

vm e My, 7s(Gm) + pen(m) < 7;(gm) + pen(m),
together with the fact that the spaces Sy, are nested in the isotropic case, implying Sy, +Sm =

Smvm/, leads to

J
2 i}
17 = 9ll7 < llgm — gl + pen(m) + 5 > _(3m T3)(7j + 0=(T))z. ;) — pen(m)
7=1

1 8
< llgm = 917 + pen(m) + g7 — gm |7 + jZn?

j=1
2
1 ) J
+ <l|9m — gm||7 +8 su £.j| —pen(m).
R T T 2:: ’
Since ||Gm — 9mll% < 2(/1Gm — 913 + lgm — 9|%), we get
1 3
5|l —gl5 < Sllgm = gl|3 + pen(m)
1< i 8 <
+8 sup 72 MToe(Ty)e; | —pen(m) + 5 3 75
he€Smyvm;llhll7=1 j=1 j=1
Then,
n 2
B( ( zxm) _ pixiy)
=1
and thus
8 < _8
E| - TH ~supE[X -¢
Jj; j | <5 s (XP(t)] = —Cx
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For any quantity p(m,m), we obtain

E([gm — 9l17) < 3llgm — g7 + 2pen(m)

J
+16E g | —p(m,m)
nESmumlll =1 g N

+ E[16p(m, m) — 2pen(m)] + 16¢—X. (35)

Next, use Lemma 2 with p(m,m’) as in (36). Then, 16p(m, m’) < 2pen(m) + 2pen(m’) if
k > 8. Plugging this in (35), for k > 64 we get

Cllo2]|o + 16€x
- .

E([|gm — 9lI7) < 3llgm — gll5 + 4pen(m) +

Taking C’ = max(C, 16), the proof of Theorem 1 is complete. O

Lemma 2. Let m = mly and m/ =m/14, m,m’ € N*, so that mV m’ = (mV m’)14. Let

(m v m')?

plm,m) = 80

(36)

There exists a constant C > 0, depending on ||02||s but not n,J such that

; (2 Hmnryes) —ptmam) <cletls
heSm\/m?HhHJ 1 W ’ N n ‘

J=1 +
Proof of Lemma 2. Define the empirical process

1 J
M= G 2 I T

de

and split it as v;(h) = Vgl)(h) + VSQ)(h) where £, ; := 5_(;) + 5_(3-) and

J
/Dy = L UM >
=7 E €.j = &ilge l<Bny — E (5-»J1{|E.,j|§3n,J}> ’

with VSQ) accordingly. The truncation threshold B, ; will be determined below. Then

J 2
E( sup @Zh@)aam)e.,j) —p(mﬁ))
j=1

hE S 1]l /=1 .

1,
<2E sup PP ()] ) + 2E sup v (W) = Sp(m, m)

he Sy mllhll =1 heSemllhll =1 2 N
=: 2T + 2T5.

For ||hll; =1,

5% (

km—‘



Thus

1 _ _
T < o215 D) = Io2B ()

j
As by Markov Inequality, E(E.Q,ll{lé.,1\>3n,1}) < E(E_le;f]), we get

J

1

2 2 2 1 E(e1 ;)
Ty < [lozllocB (€ e 415> B, 4 }) S Mol | —AC g5 ), (37)
: n n Bn, J
where the second bound follows from Rosenthal Inequality. This second term will be useful
in the random design setting. Here, with the common design, we use
o 3 oo

T, < .
n

Secondly, for the bounded e e write that

1
'7j
T, < E Wiy - L /
< Y sup W2 - Spm,m))
miem, \hes sAIAllr=1 2 +

mvm/

Now, we apply the Talagrand Inequality, as recalled in Theorem 5 in Section 6, to the term
inside the sum. With m* = m V m/, we compute the terms denoted by M, H and v in
Theorem 5. We decompose h € Sp,+ in a basis (0)k<m> orthonormal with respect to the
empirical scalar product, h = Y .. bk, [|h1% = Y pcmme oy Ok, k) = Ok ger. (In these
writings, k and k' can have different components.) Then,

J 2
1 (1)
E sup < g h(Tj)o-(T})E, > <
heSme lInll=1 \J = !

k<m* j=1r=1
1 J J
< D0 E| 5 20 Y Ou(T)0k(T0)0x(Ty)ox(Te) {310}
k<m* j=1 0=1
1 {m*}
<ol S E {“Zem = lo2lloc = = HP,
k<m* j=1

as J7LY27_ ) 03(T;) = 1. Next, since 5_(37) is bounded by 2By, j, we get

sip  sup sup |W(T))oe(Tj)a| < 2B,y sup B2 (T})02(Ty)

h€Spx, |hlls=1 |2|<2Bp ; 1<5<J €S, [hllr=1 \ 5

< 2B, 7V J ||02]|ec =: M.

Lastly,
1< 1<
sup =¥ Var(MTj)ow(Tj)ey) = sup =3 hA(Ty)0(T))Var(z. )
hesm*’HhHle j:1 heSm*,HhHle jil
< loZlloo
n
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The Talagrand Inequality writes

1
B( s WP - Gtmm)
BESymryrms Il =1 i

llo2lloo

< 7 (exp (= Co{m*}) + nB jexp ( —C3

for C1, Cy, C3 positive constants.
Next, we note that

Z exp (— C’gmd) < Z exp (— C’gmd) < Oy < .

meM meN*

Moreover, taking B, j = y/1/n leads to

> nB:, exp(—C3m¥?) < > exp (- Csm¥?) < C5 < .

meMy meN*

Thus, we get, for J > 1,

E( sup [Vgl)(h)]Q o }p(m, m/)> < C||02||OO,
hesm/\/m’HhHle 2 + nJ
for some constant C, and we conclude
(1) 1 \12 5 (mvm)? 102 ]loo
E sup vy’ (h))* —A4|o||loo————| < C——.
|:hES;,>LVm,||h||J1[ s (] c nJ N nJ

)

(38)

Therefore, (38) implies that Te < C||02||o0/(nJ), which together with (37) ends the proof of

Lemma 2, with (1/2)p(m, m’) = 4[|02||cc(m vV m)?/(nJ).

5.2 Proofs for the random design case

O]

Proof of Lemma 1. Let H,, and ﬁmdenote the Dy, X Dy, matrix corresponding to the devel-
oped version of the hypermatrices ¥y, and U, respectively. We also denote by (¢r)1<k<D,,

the developed version of the basis ¢, so that for h € Sy, we have the two writings

Dm
> awpr =Y bidy
k=1

1<k<m
and
[Hm]k1’k2 = <¢k1 ) ¢k2>pa |:Hmi| Kk <¢k1 ) ¢k2 — Z ¢k1 d)kg
Then we can write
Im3 | _ -
sup aTE = sup ‘HtHN ‘
heSm.hz0 | [|Rl5 heSm, | All,=

N
— sup ! DT> bk by, (T (Ty) —

I|N
h€Sm,||h][,=1 q=11<k1,k2<Dm

= sup x" H,, — Hm> x’

x€RPm xTH,,,x=1
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We denote by H%f a symmetric square root of H,,, and we get

IR
113

sup
h€Sm ,h#0

sup ’xT (H;J/ H,, H,/% — IdDm) x‘

x€RPm ||x||=1

- HanlﬂIfImenlm —1dp

m

op

As a consequence

h|% 1 Y P 1
YRy S U I VAP VR G [Ho/Hy Ht/? — Tdp, flop < = ¢
1713 2 2

Next, we aim proving (with Idp,, the identity matrix of dimension D),
_1/9 _ 1
P (|Hml/2HmHm1/2 —Idp,, |lop > 2) <cN°P. (39)

Moreover, under Condition (21), as ||[¥,}!lop = |Hpllop, it is easy to see that

_1/9. _ 1
[ Hpt?Hy Het/? = 1dp,, [lop < 5

= JHp < Hp = [H o < 20 o
Thus, since H@;j”op = HPAI,;}HOP, we would have Q,, C A,, and consequently P(AS,) <
P(Q5,)-

We now prove (39) under condition (21), by applying the Matrix Chernoff inequality to
the N independent symmetric matrices (see [35]; see also Theorem 4 in the Appendix for the
notation)

—1/2

1 _
M, = NHmlp [08(Ty) 1 (T)] 1<k, W< Dy I
~1/2

By definition, E(M,) = Idp,, and thus, ftmin = fmax = 1. Moreover, considering y = Hy, ' “x
with ||x|| = 1, it holds that

L
Amax(Mg) = sup xTqu < (m)

lIx||=1 N ”H;Lluopv
x||=

because

2
( > ykcbk(Tq)) < D vk Do (T < Lim)ly|® < Lim)[Hy lop = L(m)|[ 95, [lop.

k<Dm, k<Dm  K'<Dm
Proceeding as in [11], [12], we apply the Matrix Chernoff inequality (see Th. 4) to obtain
—1/2.5 _ 1 N
P(IIHmWH H,.”” —1dp,,|lop > ) < 2Dy exp (—c(é)),
" "2 " L(m) || [|op
where, for 0 < < 1, we set ¢(6) = (1 +0)log(1+ ) — > 0. Then, it holds
3. 3 1 3log(3/2)—1
1/2)==log-—~-=—"""""— = De,.
o(1/2) = S1og 2 - L / (0 +1)ey
Under Condition (21), it holds
N 1/2
c(1/2) A
L(m)[|¥m [op p

Since D,,, < N, we conclude

log N = (p+1)log N.

—1/9.5 _ 1
IP(HHm” *H,Hy? —1dp,, [lop > 2) <N N~FtD) =g NP,

which establishes (39) with the constant ¢ = 2. O
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Proof of Proposition 3. Let g € Sy, be the orthogonal projection of g on S, with respect
to the empirical norm. With A,, the set defined in (23), we have

[Gm —glx = Ngm — glX 1A, + lglF1ac,
= {IMmg — gllx + IGm — Tmgll} } 1o, + gl3Lac,
< f (b= gll} + [1Gm — Tmglli Lam + lgl71as,

=: Ty +Ty+Ts.

Clearly,
E(Ty) < inf |h— g (40)
~ hESm P

As E[g*(T11)] < +00, we obtain straightforwardly that
E(T3) < BY*[g"(T1,1)]c! PN/, (41)
with p and ¢ from Lemma 1. Next, since
Gm(T) = Timg(T) = By (), orm) ~ D1,
with u € RV defined in (19), it holds that

[Gm —~ Tngl3 = - Gn(T) ~ Hang(T)} T (G () — T ()}

1 —~ o~ o~ ~
= Nu%m@;cbm)—lq);u.

Let decompose u = X + & with € € RY defined in (19) and

X =(X1(T1a), -, Xi(Tin), Xo(Ton), ... Xo(Ton, ) - - Xn(Toow,)) | € RY.

The cross-terms involving X and & are centered thanks to the fact that the g; ;’s are centered
and independent of X and T. Therefore

E(T2) = E([[gm — Tmgl} 1a,,) = Vi + V2,
with
Vi :=E <;XT$m(§>;$m)_@;X 1Am> :
and 1 L R
V= ZE (éT@m(cb,Tncbm)—lcb;é 1Am) .
Since Ay, depends only on T, and the ¢; ;’s are independent of T, we can write

~

E(e B (D), Bp) @) E14,,) = E (Tr (E(ggT|T)&>m(&>;&>m)—1cf>;) 1Am) .
Then, using the same reasoning as in (33), we get

D
V2 < ol (42)

Next, with €, the set defined in (24), we further decompose the first term
1 P ~
V. =E (NXTq>m(<1>;q>m)—1q>;X1Ammm>

1 cm e m
+E <NXT(I>m((I);CI)m) 1(1)7TnX1Ame§n> = V171 —l—VLQ.
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The term V2 is a remainder that can be handled by repeatedly applying Cauchy-Schwarz
inequality as follows: with the notation from Section 1 and the simplified indexing introduced
n (18),
1 s T-18T
Viz = B (X B U7y B X1, 0000, >

1 - T
< 7B (195 lopLa,n 1B X L0, )

N2E< Ut loplam D <Z¢k )21%>

k<m =

1
< E (NL( )| 1uop1AmZ *1qc.

N
< 20,—— — - 210e
_2cplog(N) NIE ;[XZ(Tq)] oo

E'2IXH(T10)]VP(Qg,) S NP2 (43)

For the last inequality, we appeal to Lemma 1. Moreover, the index ¢ in X;(7,) implicitly
display depends on ¢, since X; denotes the field associated to Tj, but this does not affect the
bound as the X; are independent of the design points.

For the term Vi, we note that on ), the eigenvalues of Hy_nl/QITImenl/2 belong to
[1/2,3/2] and thus the eigenvalues of its inverse are in [2/3,2]. We also denote by F,, the
Dy X N extended version of ®,,. From this and the inequality 1H, Hop = 1nillop < 1/po0,
see (20), we deduce

Vii=E (;2 X',V 1<I>mX1Amem> =E (J\lfz X'F,,H; 1FmX1Ammm>
_ %E (XTF H,,/? (Hl/ *H-1HY, 2) H,,./*F] X 1Ammm)
< mE (XTF HIFT X lAmem) (44)
< ,o02N?E (XTfmf,TnX 1 Ammm)

| /\

| 2 (S )
- e (S amana)]|

k<m i=1
For the last equality we use the fact that the terms A; := Zj\f:zl or(T5)Xi(Ti ), 1 <i<n,
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are independent and centered. We deduce that

’L

Vipg < NQZZE Z‘Pi i.3) X2 (Tij)

k<m i=1
+ > (T Xu(Tig)ow(Tig ) Xul(Ty )
1<) <N
= p N2 Z Z ( / w)ox (u, u)p(u)du
k<m i=1

M= 1) [[ entuonoio (woptupto)duds ).
with ox(u,v) = E[X1(u)X1(v)]. In the last bound, the term containing the simple integrals

can be bounded as follows:

v [ dwextunpn < [oxwwpoa

On the other hand, for the term containing the double integrals, by a projection argument
which entails Y, . ([ wrg)® < [ ¢*, we deduce
23N Z B

p Z </ (u)Xl(u)du> 2]

< 22 N]i;(zNi ~Upg (/{X1<u)p(u)}2du>

Po
230 Ni(N; — 1

:% = 2 )/UX(u,u)pQ(u)du.

Combining the terms gives a first bound for Vy 1, that is

2 [ MsL(m
Vi < p0< ’ ZN ) (45)

The term Vi ; can also be bounded in a different way. Let Z;; = Zjvz’l Xi(Ti ) or(Ti 5),
which are centered and independent in i = 1, ..., n, identically distributed for fixed k. Starting

from the inequality (44), we have
n n
(7) (X 2w)
i=1

=1

-2 (ZN) [ oxtwn( o) [F172] . 00:0) ) )

() ffoscen( 3

1=

2
Vl,l S ﬁ Z |: k k/
1<k,k’<Dm,

[\

or(u) [anl] ! gbk/(v)) p(u)p(v) dudv

1<k,k’'<Dm,
= 51+ S,.
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For the first term, we get, denoting by ¢(u) = (¢1(u),...,¢p,,(u))" € RPm,
SlzN/O'qu (u) TH, Lo () p(u)du
2M
< 2 / B() HL ) (u)p(u)du

2M _
= Tl / gbk) ¢k’ ) [ 1:|k,k’

1<k, k’<D
2My

-1
= N Z [Hm]k,k/ [Hm]k,k/
1<k,k'<Dm
2M, 2My Dy,
= —Tr(H,H,,
TR (H ) = S
where for the inequality we use the fact that H,, is positive definite and by definition
ox(u,u) > 0. For S, we write that

o (S frtomrom)( fstomonon)

G| )]
< (X men-n)e [gj ([xitonturptua) ]
< p(fNQ <§;Ni(m - 1))1@ [/X%(u)pQ(u)du] - p?ﬁ <Zn:Ni(Ni - 1)).

=1

Combining the two terms yields a second bound for Vy i, that is

2My Dy 2Mo
Vig < N;i(N, . 46
YN P0N2(Z ) 1o

Gathering (40), (41), (42), (43) and (46) (resp. (45)) gives the result stated in Proposition 3
(resp. Remark 4) provided p = 4 or larger and we redefine p < p/2 —1 > 1. O

Proof of Theorem 2. First, note that, due to Assumption 2 and (17), it holds

. 1. .
inf sup E[|g—ygl’] > —inf sup E[|g— gl
9 geS(aL) Po 9 geS(a,L)

and therefore we may establish a lower bound for the standard L?-norm denoted by || - ||. The
term n~! in the lower bound do raises any difficulty as it corresponds to the parametric rate,
which is attained considering g a constant function, X =0 and 0. = 1 (see also [9, Th. 2.1]).

Following [36, Th. 2.5 and Th. 2.7], the remaining part of the lower bound is established
by considering a decision problem between K + 1 competing functions g9 = ¢g and g1, ..., 9K,
all contained in S(a, L) with & = (g ...,q) € N&; and L > 0, that satisfy the following
two conditions, for some increasing K € N+ to be specified later:

2
(i) llgr — gell* > ¢gN ™ 2+d, VO < k' < k < K for some positive constant cg,

K
(i) K—' Y KLPPY, PFY) < clog K, for some 0 < ¢ < 1/8,
k=1
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where P, denotes the probability measure of the observations (16) corresponding to the func-
tion g and KL(-,-) is the Kullback-Leibler divergence. Fix o. = 1 and let p(z) = 17(z)
be the uniform density function on 7. Consider N'(0,1) as the common distribution of ¢; ;
and the X;’s are i.i.d. centered Gaussian fields with bounded covariance function I'yx. Let
Q= (Q1,...,Qq) € NI, to be specified later. Let Dg = sz:1 Q; and y : R — R, which is
zero outside 7 and admits bounded partial derivatives on 7 up to order «; in the [-direction,
for 1 <1 < d. Consider the functions with non overlapping support

fal@)=x(2Q —q+1g), €T, geN, ¢<Q,

where Q) — q + 14 has the components (;Q; — ¢ + 1), 1 < [ < d. (Recall that ¢ =
(q1,---,qq) € Nio with ¢ < Q means 1 < ¢ < @, V1 <[ < d.) Note that the functions
fq depend also on Q). For g € Nio with ¢ < @, the function f4(x) is supported on Rq =

[(1—1)/Q1,q1/Q1] % ... x[(qa—1)/Qua,qa/Qa) C T. Therefore, for any g # q’, the intersection
of the supports of fq and fg has measure zero, implying

/qu(a:)fq/(:v)dx = D651|‘X||21{q:q’}‘

Let 0 € {0,1}P2 with components 6, € {0,1}, ¢ < Q, and let 6, A > 0 to be specified later.
Using these quantities and the D¢ functions fq we define

go(z) =0AY  0gfq().

q<Q

First, we derive conditions guaranteeing that gg belongs to S(a, L). By definition, gg admits
a; bounded derivatives in the [-direction, 1 < [ < d, and by a change of variables, for any
o) € N such that o) < oy, any 1 <1< d, and any 0 € {0,1}P<,

o) 2a o 20!\, Ao
lofooll = #4203 Y 62 [ (0] pafeyPdo < 22707 o
<o ‘T
Here, 810‘ ! denotes the partial derivative operator of order «; with respect to the [-th variable.

Then gg € S(a, L) if (3, A, Q1,...,Qq) and the function y are such that

52 A? Pofx?y < L.
glang{Ql 197" x[1*} <

Next, we establish (i). For any 8,6’ € {0,1}"<, by definition and a change of variables,
it holds

lgor — goll* = 62 A D ||x | H (6, 6"),

where H(0,0') = > . |0q — 0| is the Hamming distance between 6 and 6. The Var-

shamov-Gilbert bound (see [36, Lemma 2.9]) ensures that for Dg > 8 there exist K > 2P@/8
elements 8. .. 0 of {0,1}Pe such that H(O*) o*)) > Dg/8, forall 0 < K <k < K,
where 0(®) = (0,...,0). Then, it holds

AQ
990y — G |I* > 52§||x||27 VO<K <k<K.

As a consequence, to establish (i) it suffices to select (6, A) such that §24% = O(N~ %id).
Second, to derive (ii) note that the following variables are independent for 1 <i < n,

}/7,,0 |E7 = (Y;,Bl 1y }/;?NZ ’ Ti,l yecey E,Ni)—r NN(MQ,IdNZ —I—E?}()?
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where -
Y;,oj =g0(T;;) + Xi(Tij) +eij, o= (90(Ti1) ... 9o(Tin,))
and Y% = (FX(T,-J,TMI))Kj <N By standard computations, for all 1 < k < K and with

P%N the distribution of (Yief)lgign,lgjg N;, conditionally on T, it holds

K K n
1 11 L
e > KLEN, PGV | T) = 174 > 5 > g (1w, +3%) ™ pgw
k=1 k=1 =1
1 K n N;
\2
< gk 1o 22 on 1

Integrating with respect to T and using that ||gg||> < 6242|x||2, for K > 2Pen/® it holds

No>A%||x|?

K
1
SR < Y
k=1

Combining facts, g € S(ex, L), (i) and (ii) are satisfied as soon as (6, A, Q1, ..., Qq) depend
on N such that:
§2A% = o(N*%) (Condition (),
62 A% maxy<j<qg QIQO” 167x||>? <L  (Condition S(e, L)),
NA%2=Dg and M < 10%2 (Condition (ii)).

A possible choice is to select

A=Ay=N"%5, Q=Qu=Natard, vi<i<d,

implying that
- S b el _ vt 2
Dqy :HQLN:N crretd = N2atd and  NAy = Dq,,
=1

and to take 6 > 0 such that

L Vl1og2
0 < A 5 ik
Vmaxiacallop 2
Then, Theorem 2.7 in [36] allows us to conclude. O

5.2.1 Risk bound for model selection with independent design

This section contains the proof of Theorem 3. Before proceeding with that proof, we introduce
some definitions and technical results. Recall that the collection of models My and its
empirical counterpart My are defined in (27) and (28), respectively. Let us define

4e, N
+ _ — m (
My = {m_m1d7m€{17"'7N}7 L("”)(H\Ilm HOPVI)S log(N)}’

and with the sets 0, as defined in (24), let

Ov= (] Qm (47)

meMf;
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To bound the risk of the estimator from Theorem 3, we also define the set of events
Eny ={Mn C M\N C M;}

The following lemmas will be used in the proof of Theorem 3. Below, for any matrix A,
Sp(A) denotes the spectrum of A.

Lemma 3. Under the assumptions of Theorem 3, it holds that Qn C En.

Lemma 4. Assume that the €; j’s have a finite fourth order moment, and set

mvm)?

pa(om. ') = o2 L)
Then
N; 2
1 n i - 10 2 N
E sup S WTo(Ter | - polm)) 10,y < 0B,
N L\ N £os N
hESme7||h”N 1 =1 ]:1 +

where C is a constant depending on pg, |02l and E(e‘il).
The proofs of Lemmas 3 and 4 are given in Section 6.2.
Lemma 5. The assumptions of Theorem 3 hold. Let

(m v m/)?

p1(m, m’) = 43721,)( N

Then, there exists a constant ¢ depending on py such that, for Ms = [ox(u,u)p(u)du, it
holds

1 n N; 2 N
E su — (T ;) Xi(T; 5 _ m,m
{(hesﬁv,nﬁm”p:l (N ; (; (Ti5) Xi( ))) pi( )>+}

¢E (B2 )
e

n N2
+2M321:1 7 )

<
- N

Proof of Lemma 5. Define vn(h) := N"13" Z;V:H h(T; ;) X:(T; ;). Use the decomposition

() = 5 30 | S ATXT) ~ [ Xt hw)pu)du

i=1 \j=1

+% 7;Z;Ni/Xi(u)h(u)p(u)du = V](VX)(h) + Ry (h).
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Let Sy be a nesting space (Vm, Sy, C Sy), with dimension Dy < N. Then

Dn
E ( sup Ri(h)) < E < sup Ri(@) < ZE(REL(%’))))

hESmvam, |kl p=1 heSn,||hllp=1 p=1

< %Var (;ifv / Xi(u) o) (u)plu) du)
= i=1

) ?&nl ( Z>2V‘” ( / X1<“>¢§f)(u)p(u>du>

< Zz 1 </X1 (u)du>2

i NP 1 [/Xl ] 321]\712]\72'

Here, <p§3p ), 1 < p <Dy, are orthonormal with respect to the p-weighted inner product.

(X)

Next, we consider the empirical process vy’ conditionally on fixed realizations X; = x;,
1 < i < n. The variables involved in V](VX) are the T;;’s, which are independent. Thus,
(X)

conditionally on the fixed realizations of the X;’s, v’ is an average of independent, non-
identically distributed variables, for which Talagrand’s Inequality can be applied. We can
then apply Talagrand’s Inequality conditionally on the fixed realizations of the X;’s as follows.
First,

IE( sup [u](\f)(h)]2> < Y E{pF e}

h€Sm,||h|l,=1 h<m
- L 3 , (p) ,
- N2 > D NiVar (@ (Ti1)i(Th )
k<m i=1
1 n
< e 0 LN [t ) ot
k<m i=1
1
< §Bhe 2 / (0 ()2 plw)du
k<m
d
< Bﬁ,x% — H2,

sip 53 Var (W(Thy) #i(T3))

RE€Sm,||h|l,=1 N i=1 j=1

n

< sup / (le ZNix?(u)) h*(u)p(u)du < B2, := v,

h€Sm, ||hll,=1 i=1

using that [ h%(u)p(u)du = 1. Lastly

sup  sup sup (|z;(¢)h(t)]) <
hESm,||hll,=11<i<n teT

Bn’m/ ™m) M
N
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Let E, denote the conditional expectation operator given X; = x;, 1 <14 < n.Then, we obtain
that, for L(m) = m? < N,

( sup [1/](\:;‘“)(h)]2 - 4mdB?2w> ] < %ng {exp (—C’g md> + exp (—Cg\/ﬁ) },
+

E. N
hESm,Hthzl

where C1, Cy, C'3 are numerical constants which do not depend on B,, ;,, but possibly depending
on pg. We can decondition since nothing in the exponentials depends on the z;’s and get

\/ ~\d
E sup ()2 - f VI g
heSmrvmlnll,=1 N o).

E B2 E BQ
E CI(JG’X)< S exp(~Com) +exp<—03m>> < or Enx)
md<N
This ends the proof of Lemma 5. =

Proof of Theorem 3. We treat separately the bound on the events 2y and €.
Bound on the event (2. Similarly to the decomposition used in the proof of Theorem 1,
on the event Qy defined in (47), for all m € My, we have:

n N;
17 — 9l < llgm — gl + pen(m sz (T3.5)Xi(Ti )
9 n N;
t > (Gm — 9m)(Tij)o=(Tij)ei; — pen(m).
=1 j=1
Next, we write
NZZ@m—gm)(Tm)Xi(ﬂj) < |9 — gmllp sup = D> h(Tig)Xi(T)
i=1 j=1 he€Svmsllhllp=1 i=1 j=1
and
1 n N;
N Z Z g — 9m)(Tij)oe(Ti5)€i;
i=1 j=1
1 n N;
< H/g\m - gmHN sup N Z Z ,J O's i,j 5z,y
he€S v IRl N=1 i=1 j=1

Then by the inequality 2|ab| < a?/0 + 6b? for § = 8, and 6 = 16, we get

R 1 1
G — 9ll% < llgm — gl% + pen(m) + 16197 - gmll% + gllom - gml|%

S )

2
Zzh 1.5)0=(Th 5 Ew> — pen(m).

heSm\/m?HhHN 1< =1 ] 1

+16

+8
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Note that due to Lemma 3 and since in our isotropic context the spaces Sy, are nested, it
holds [|gm — gml|? < 2[|gm — gml/%- Thus, we get that, on Qu, for all m € My,

- 1. ..
197 = g% < llgm = gllk + pen(m) + 757w — gml%

SN

hesm\/mvhp_:l( 1= 1] 1

n N; 2
1 _—
+8 sup (N E g h(Ti’j)JE(ﬂJ)E@O — pen(m).

heSzmvm,llhll,=1 i=1 j=1

+16

Now we use that
1., . 1. . 1
7 — gmli < 5197 — 9l + Sllom — gll%

to gather similar terms and introduce the two functions pi(m,m’) and pa(m,m’) defined in
Lemmas 5 and 4, and deduce

n N;

SN AT >)2 —m(mm)+

197 —9l& < 3llgm — gllk + 2pen(m) +
=1 j=1

+32( sup (
hESme:”h”p—l
N;

2
+16< sup ( Zzh i,j 0'5 ,])5z,j> —pg(’l’ﬂ,?ﬁ))
he€Szmvm Rl ,=1 i=1 j=1

+32p1(m, m) 4 16p2(m, m) — 2pen(m).

Z\H
3

Z\H

+

Using that 32p1(m, m) + 16p2(m, m) < 2pen(m) + 2pen(m) for £ > 64, we get

1w — 9llx < 3lgm — gl% +4pen(m) +

+32(h65mvm7hp_l< Zzh ) ))2—p1(ﬂ'bfn\)>+

11]1

2
s (2 St r)es) —mm)
hes’r’ﬁ\/m’HhHP 1

i=1 j=1 +

The last two terms in the previous inequality are bounded using Lemmas 5 and 4.
Bound on the event Q%,. Note that, as a consequence of Lemma 1, and ¢, as in (21),

P(Q%) < cCard(M )N P.

Since by definition, Card(M%) < N, we obtain P(Q%) < N7PT!. Next, we write

E[I9m — gllitag ] < 2v2{\/EllgmI4] + /Ellgl4] }/PO%)

It holds

(gl =E[<iiig2m,j>)2

i=1 j=1

< [ g,

Next,
~ 1 N PPN 1 ~
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As m € My, we have L(mm )||\If !op < ¢, N/log(N) and we note that

[PmPrllop = sup ' PmdL < NL(m).
o2y =1
Thus,
Y'Y.
G113 < o (N)

It follows that
< ENE(V).

Ellgl4) < CQE[(ZZ )

=1 j=1

As a consequence, taking p = 5 yields E[|[gm — gl 1ag] S N~'. This ends the proof. O

6 Appendix

6.1 Complements on the error variance estimation

Here, we detail and complete the discussion from Section 2.5.2 on the error variance estimation.
Below we assume that g is bounded, sup,c7 E[X{(¢)] < oo and E[&?ﬁj} < 0.
For1<j<J-—1,let

Aji=g(Tj1) —9(T3),  Bj:=Xi(Tj) - Xo(T)),  Dj:=erjm —eny

By construction, Y1 j11 —Yij = A;+ Bj+0.D;, with A; deterministic, E[B;] = 0, E[D;] = 0,
E[D?] = 2, and Bj; independent of D; (by Assumption 1(v)). Hence

Ej = E[(Yl,j—l—l — Yljj)Q] = A? + E[BJQ] + 20’3.

For V., in (11), averaging E;/2 over j gives

1
<E S - — § E[B}] + § Az,
so that 1 1
< <oZiz A4 = 2,
0 <E[Ven] <oz + 1<r]n<a}< 1E[B I+ 2 1<I;12§—1A7 (48)

We now turn to Var(V; ), and first we write the centered squared increment as
W= (Y101 —Y1,)° = B; = U + V; + N;,
where
Uj = B —E[B}] + 24;B;,  V;:=20.Dj(A;+B;),  N;:=02(D}-2),
and let Zj,j’ = Wjo/. Then
1
Var(Ve ) = i { > EZigl+ Y {ElZ] +ElZ}|- (49)
l7—3'1>2 1<5<J -1

We first investigate the second sum, over j. Since D; is independent of (A;, B;) and E[D;] =
IE[D]2 — 2] =0, the cross products E[U;V;], E[U;N;] and E[V;N;] all vanish (the last one using
E[D?] = 0, which is a consequence of the definition of D;). Thus

EW?] = E[U] + E[V}] + E[N]].
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Using (z + y)? < 2(z% + y?) and Jensen’s inequality, we get E[UJQ] S A? + IE[B?]. Next, using
IE[DJQ] = 2, we get E[VJQ] = 802(AJZ+E[BJ2]). Finally, using E[Dj-] = 2E[€‘11’j] +6 (a consequence
of the independence and the standardization of €1 j, €1 j41), it holds E[Nf] =0l (E[D;‘] —4) =
QJg(E[ef ;1 +1). Combining the three terms gives

EW?] S Aj +E[Bj] + Elef ;] + 1, (50)

with the constant in < depending on o.. As Z;; = Wj2, this directly bounds E[Z} ;]. For
the adjacent term, D; and Dj;q share €141 and are not independent, so we instead use
Cauchy-Schwarz with vVab < (a + b)/2 together with (50):

1

[EZij]| < EWDEW)} < 5

j [EW) +EW )]

We deduce that

1 4 4 4
-1 Z {E[Z);] + E[Zjj41]}| < Ele1a] + | hax A+ lgljrlgﬁlE[Bj] + 1. (51)
1<j<)-1

For |j — j'| > 2, D; is independent of (Bj, By, D;s) jointly (since €1 j,€1, 41 share no
index with €1 ;7,1 j41). Expanding Z; jy = W;Wj = (U; + V; + N;)(Uy + Vy + Nji), every
cross term other than U;U; contains a factor D; or Dj (through Vj, Nj, Vj or Nj/) that is
independent of the remaining factors and centered (E[D;] = IE[DJ2 — 2] = 0); each such term
therefore vanishes in expectation. Hence

E[Z; y] = E[U;U;], li =7 >2,
with no contribution from the noise. By Cauchy-Schwarz and vab < (a + b)/2,

[E[U,U]| < < [E(U?) + E(Uj%)] S A} + Ajs +E[B]] + E[Bj.;].

N |

We deduce the simplified bound

1
J—1)7 Z/l:nE[Zm || £ max A7+ max E[B] (52)
=iz

Combining (49), (51) and (52), and using (48) for the bias, we deduce, without any further
assumption on the regularity of g or the field X7, that

E[{Ven —o2}?] <C [0 +1],

for C a constant depending on ||g||eo, sup;es E[X7(¢)] and E[eﬁj].

The consistency of V, ,, as J increases can be obtained by imposing some mild additional
assumptions. Before introducing these assumptions, let us assume that the set of common
design points {T}} is ordered in the following way: set T3 to be the point closest to the origin
in Euclidean norm. Then, for each j > 2, T} is defined as the point closest to T;_1 among
the remaining design points. Ties are broken by lexicographic order. With this ordering,
we assume that the Euclidean distance between any two consecutive points is bounded by
Cyq(JY4 — 1)1, where Cy is a constant depending only on d, and without loss of generality
we consider J > 2¢. Finally, the Y; ; are re-indexed if necessary according to the ordering of
the Tj.
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Proposition 4. Assume that for some 8 >0 , E[A%(B)] is finite, where
[ X1 (s) — Xa (1))

Ax(B)=  sup ; (53)
5,t€[0,1]4,s%t |s — tHB
and that, for some £ > 0,
—g(t
L,= sup M < 00. (54)
s,teT ,s#t HS - t”
Then, there exists a constant C' > 0 such that
E[{Ven — o2} < C L1 (55)
eno Tell = nJv  JABAE/d |’

where v = min(1,48/d,4¢/d). The constant C' depends on d, Ly, ||g|lc, and the moments of
order 4 of Ax () and ;; (but not on J orn).

Proof of Proposition 4. From (53), for 1 <j < .J —1,

Cﬁ
|Bj| = [X1(Tj11) = X1(T)| < Ax(B) [ T2 — Tyll” < (17 - 1)5/\)((5),
so that, taking second and fourth moments,
2 szﬂ 2 4 szﬁ 4
Similarly, from (54),
g
145 = 19(Tj+1) — 9(T})] < ng,
c* it
2 d 2 4 d 4
so that Aj < 7(!]1/(1 - 1)%Lg, AJ < 7“1/6[ = 1>4ng. (57)

Plugging the second-moment bounds in (56)-(57) into (48) gives the bias bound

[E[Ven] — 02| S (Jl/dl_l)mE[A%((ﬁ)] + (Jl/dl_l)%Lz- (58)

For the variance, plugging the fourth-moment bounds into (51) and (52) gives

S (M=) (Y1),

> {E[Z] +EZ ]} S 1L,
1<j<)-1

1
d —
an 7

where the second bound follows because E[s‘il] and the additive constant in (51) do not decay
with J, while the A? and E[B;-l] contributions are dominated by this constant. Combining
these two bounds in (49),
1
Vauv;n)gAf[J—@”d4-J—%ﬂi+n]—1. (59)
n

Since E[{V., — 02}?] = Var(V) + (E[Vz,.] — 03)2, combining (58) and (59), the bound (55)
follows. O
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Note that a moment of order 4 of Ax(f) is finite whenever there exist v, > 0 such that
v =4,¢(>7B and

E[IX1(t) = X1(s)"] S NIt — sl|™*¢, vs,t € [0, 1)

See [33, Th.2.1]. The bound (55) proves the consistency of V., as an estimator of o2 as
J — 0.
In the heteroscedastic case, that is, if a? is not constant, let

The estimator of |02« can be defined as

Ve = | Iax Wen(j)- (60)

Note that, forall 1 <5< J -1,

EWen(5)] = {02(Tj+1) + 02(T)}H/2 + E(|X1(Tjs1) — X1(T))?) /2 + |9(Tj41) — 9(T)?
= 02({Tj+1 + T;}/2) + R(§)/2 + E(|1X1(Tj11) — X1(T})%) /2
+19(Tj1) — 9(Ty)1%,

where,
Re(j) = max {|02({Tj1 + T;}/2) — o2(T)|, [o2({Tj1 + T5}/2) — 02(Tja)l}-

The remainder R.(j) can be controlled by a Holder continuity assumption on the function
02. Using assumptions on X; and g as in the homoscedastic case, E[W:,(4)] — 02({Tj+1 +
T;}/2) can be bounded by C(J'/? — 1)=® for some C,a > 0 not depending on j. More-
over, the Hélder continuity of o2 allows to similarly bound the absolute difference between
maxi<j<j—1 E[Wen(j)] and ||0?||c. Finally, under suitable moment assumptions on the in-
crements of X; and the error ¢; ;j, the independence assumptions along the i index allow one
to derive a concentration bound for W ,,(j) around its mean. Combining these facts, and pro-
vided n and J are such that the union bound applied to the concentration bound is negligible,
the risk of the estimator in (60) can again be controlled. Then, one can conclude once more
that Theorem 1 remains valid modulo negligible terms if the selection step (10) is replaced
by that in (13). We omit the details of this analysis in the heteroscedastic case for brevity.

6.2 Proofs of technical lemmas

In this section we provide the proofs for Lemmas 3 and 4 used in the proof of Theorem 3.

Proof of Lemma 3. Let w € Qn and, with the notation from the proof of Lemma 1, let

~ —

Gn(w):=H

NI

~ _1
H,,(w)Hy?, Vme M.
For any m € M7, since w € Qpn,
Sp(Gm(w)) C [1/2,3/2], and then Sp(G;l(w)) C [2/3,2].

Moreover,

~ 1
H l(w)=H,2G. (wH,..

N |=



So, thanks to a well-known property of the Loewner order,

9 .
“xTH,lx <x"H,}w)x <2xH,x, VxecRm,

3 m
leading to
_ _ 3~ 3=
197 llop = [Hp llop < §||Hm1(w)||op = gll‘l’ml(W)llop
and R R
17 (@)llop = Hz (@)llop < 21H lop = 2/1¥5 llop-
Therefore, w € Zy. O

Proof of Lemma 4. We can proceed conditionally on the T;; (independent of the ¢; ;), as in
the proof of Lemma 2 for the fixed design case: we split the empirical process into two parts
by truncating the ¢; ;’s, then apply Talagrand’s Inequality (Theorem 5) to the main part. For
h € Sm, let
1, 2,
Y () = N SOS W@ )oe(Tig)eiy = vy () + v ()
i=1 j=1

corresponding to the splitting ¢; ; = sg}j) + 61(»72]-) with

1 2 1

854') = €ijl{je; ;|<BN} E(Sivjl{lfi,jléBN}) and 62(73’) = &ij — 85}]')'

Similarly to what has been done in the proof of Lemma 2, it holds

(2,) ( %?H))
B _sw  BEIOE) < ol (61)
hESm, |kl x=1 By

For V](\}’E)(h), we intend to apply Talagrand’s Inequality. We have, conditionally on the T; ;,

d

1, m
B sw  WAIOR) < o2l = B

Next, still conditionally on the T; ;,
1
5 0D Varh(Tig o (To)el)) < oo = 0

Lastly, on Qu, we have ||h||12) < 2||h||4 and under Condition (17) ||A[* < HhHl%/po, so for

h € Sy, such that ||h||% = 1, it holds that ||h||cc < Vmd||h|| < \/2m?/pg. Thus, conditionally
on the T; ;, we get

2m?02oc

sup sup ‘h(ﬂ7j)05(ﬂ’j)m| < 2By = M.

Therefore, conditionally on the T; ; and on Qy, applying Talagrand’s Inequality (Theorem 5)
yields:

md
B _sw  pAIWE -l )
+

hESm,||h|In=1
2 dBZ 2 N
B o (- [ f))

Cy
S N 2
N Npo |02]|c BN

(102l (~Cam) +
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Now we choose

Cs [ o VN

.y T C
2V llo3]lcc log(N)
and get, using that m? < ¢N,
£ AW~ 4102 ) < S (o enp (- Cam) + 8 1)
sup v — 4ol < —||lo exp ( — Com — — ).
heSmlhlv=1 TN T NATEE 2 N

Combining the terms yields an upper bound of order 1/N, and coming back to (61) gives for
p=1

log®(N)

o212 Bt )2

B s pRImPE) <

— 2
hESm,||hlly=1 C3po

Gathering the terms and deconditioning ends the proof of Lemma 4. O

Lemma 6. Assume that there exist o2, ¢ > 0 such that

]P’(Sup‘Xl(t)| > x) < cexp(—2?/(20?)), Va > 0.
teT

Then, for any a € (0,2], there exists ng (depending on c,«) such that, for all n > ny,

E [max sup‘Xi(t)|a] < (30)*{logn}*/2. (62)
1<i<n e

Proof of Lemma 6. Define U; (o) = supt€T|Xi(t) “, which are i.i.d. because the fields X; are

i.i.d. Then, for any p > 0,

E[max Ui(a)] :/ P(max Ui(a) > x> dx :/ IP’<maX Ui () > :L‘l/a> dx
1<i<n 0 1<i<n 0 1<i<n

n 0o
< / ]P( max U;(a)'/® > xl/“) dx + cn/ exp(—mQ/a/(QJQ)) dx
0 H

1<i<n

<1
< p+ cnao? e exp(—/ﬂ/a/(2a2)).

With g = {40%logn}*/? we obtain
E Lrg?él Ui(a)] < {40%logn}*? + cnao? {40% logn} /271 exp(—{4o?logn}/(20%))
2
= (20)*log®/?n + 27 {462 logn}*/>~1.
n

Since the second term equals (20)% log®/? n times car/(4nlogn) — 0, there exists ng (depend-
ing on ¢, @) such that, for all n > ng, the inequality (62) holds. O

6.3 Concentration Inequalities

For the sake of completeness, we recall the following deviation inequality for the extreme
eigenvalues of a sum of positive semi-definite matrices; see [35, Theorem 1.1].
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Theorem 4 (Matrix Chernoff Inequality). Consider a finite sequence {Xy} of independent,
random, self-adjoint matrices with dimension D. Assume that each random matriz satisfies

Xi =0 and Apax(Xy) < R, almost surely.

Define
Hmin ‘= Amln(ZE(Xk)> and Hmax = Amax(ZE(Xk)>
k k
Then
5 Hmin/R
P (Amm<zxk> <(- 5)Mmin> <D {(1_65)1_5] for 8 € [0,1],
k
5 Bmax/R
]P (Amax<zxk> Z (1 + 6),Umax> S D |:(1+66)1+5:| fm,. 5 Z 0
k

Next, we recall Talagrand’s Concentration Inequality given in [28].

Theorem 5. Consider n € Ny, F a class of at most countable many measurable functions,
and (Xi)ieq1,...ny @ family of real independent random variables. Define, for f € F, vn(f) =
(1/n) >0 (f(Xs) — E[f(X,)]), and assume that there are three positive constants M, H and
v such that

1 n
sup | flloc <M, E[suplvn(f)l] <H and sup — 3" Var(f(Xy) <.
fer feF fer i

Then for all o > 0,

E
fer

<Sup|1/n(f)|2 -2(1+ 2a)H2> ]
I

< 5 (Bosw (~00") + s o (- RN,

-~ exp + bC? () ex

with C(a) = (V/14+a—1)A1, and b= 1/6.

By density arguments, this result can be extended to the case where F is a unit ball of a
linear normed space, after checking that f — v, (f) is continuous and F contains a countable
dense family.
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