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Model selection for optimal estimation of the mean function of

random fields

Comte, F.∗ Duval, C.† Kassi, O.‡ Patilea, V.§

July 28, 2026

Abstract

We consider the problem of estimating the mean function of a random field over a
compact multidimensional domain, framed as a nonparametric regression problem with
highly correlated errors. We adapt the model selection paradigm to this setting, relying on
linear-algebra tools for hypermatrices (tensors) to formalize a new nonparametric estima-
tion method, and obtain risk bounds for projection estimators defined as minimizers of a
least-squares contrast. The centered random field realizations play the role of nuisance pa-
rameters and induce specific theoretical challenges. Optimizing the L2-risk bounds yields
minimax-optimal estimation rates on anisotropic regularity spaces in the common design
context, which is new in the functional data literature. For random design, we propose
model selection methods in an isotropic setting, providing a new data-driven choice of
projection spaces. The new estimator is shown to be minimax-optimal, either exactly
or up to logarithmic factors, according to the tail behaviour of the uniform norm of the
centered random fields. Numerical examples illustrate that the resulting estimators are
parsimonious, outperform competitors, and are automatically selected by a fast algorithm.

MSC2020 subject classifications: Primary 62G05, 62R10; secondary 62M40
Keywords: Adaptive least-squares. Functional data. Minimax optimality. Nonparametric
regression.

1 Introduction

In this paper, we consider the problem of estimating, in a nonparametric context, the mean
function of a random field over a compact domain T ⊂ Rd. The data are generated by n
independent and identically distributed realizations of a real-valued random field over T , each
one discretely observed at finitely many design points within T and corrupted by additive,
possibly heteroscedastic noise. Two frameworks are considered: first, the case where the
design points in T are deterministic common observation points for all the random fields; this
is generally called “common (or synchronous) design”. Second, the case where the design
points are random, and their number may differ across the random field realizations; this is
generally called “random (or independent) design”.

These two settings are standard in the literature of Functional Data Analysis (FDA),
since [9] established the first optimal rates in both cases in dimension d = 1, relying on
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smoothing splines for the upper bounds. See also [41] for extensions to penalized splines.
Most results are related to the case d = 1, see [43, 41, 14, 8]. Very few works in FDA consider
a multidimensional setting; we may mention [24], where general theory of random functions is
developed, but estimation questions are studied for d = 1 only. Assuming the regularity of the
mean to be known and the random fields Hölder continuous, [7] recently derived supremum-
norm optimal rates for the Hölder-smooth mean function under a multivariate, synchronous
design points, while [26] proposed a plug-in adaptive estimation method under a multivariate,
independent design, relying on tensorized Fourier bases together with an estimator of the
regularity. We focus here on the estimation of the mean function, under either the common
or the independent design, with several new proposals and results: this is the consequence of
the meeting of two worlds, FDA questions and model selection methods.

There is a variety of applications in medicine, biophysics, neuroscience or environmental
science, that consider recording multiple observations obtained as discretized measurements
of curves or surfaces, and all these contexts are consistent with our framework. For example,
the Argo project has become a major source of data for oceanography and climate research
and has recently attracted attention in the statistics literature, see e.g. [42]. The usual
modeling paradigm considers that the curves or surfaces are realizations of an underlying
random function defined on a possibly multidimensional domain, see also [40, 29] and [18] for
recent surveys, and [13] for a recent textbook.

In this paper, we consider the problem of estimating the mean of the random field as a
nonparametric multidimensional regression problem in the presence of highly correlated errors,
to which we adapt the model selection paradigm. General model selection strategies have been
introduced in [5], later synthesized in the book [32]. The refined application to fixed design
regression, related to the common design setting in FDA, was developed in [2], and stability
conditions in the setup of random design were later formalized in [11]. The multidimensional
regression setting in the presence of random design is studied in [3, 16]. This last paper
develops linear-algebra tools for hypermatrices (tensors), on which we also rely. This allows
us to present general estimation results and risk bounds for projection estimators relying on
the minimization of a least-squares contrast. The centered random field realizations play the
role of nuisance parameters and induce dependent error terms, leading to specific theoretical
challenges. Optimizing the L2-risk bounds obtained in a first step leads to general rates on
anisotropic regularity spaces in the common design context, which are completely new in an
FDA setting and can be proved to be optimal in the minimax sense. In addition, we propose
model selection methods in the presence of random design and in an isotropic setting, leading
to a new data-driven choice of the projection spaces. Lastly, we illustrate through numerical
examples that the estimation strategy leads to parsimonious estimators automatically selected
by a fast algorithm. It is worth mentioning a fundamental difference between the fixed and the
random design cases: for the risk to be small, the fixed design case requires both the number
n of independent random field realizations and the number of design points per realization to
be large, while in the random design case, only n must be large and the numbers of design
points per realization can be bounded. We also underline that we set our assumptions on
the mean function while the centered random field is left unconstrained in terms of regularity
(it may be discontinuous or of low functional regularity, e.g. a jump process or fractional
Brownian motion).

Our method is different from [26], our main competitor for mean estimation in a mul-
tidimensional setting with random design. In that paper, the authors propose a weighted
average strategy for the reconstruction of Fourier coefficients, assuming a known density for
the design. Their results include evaluation of confidence sets, and adaptivity is obtained by
plug-in of an estimator of the isotropic Hölder-regularity index. However, the adaptivity in
such plug-in-based approaches relies on rather asymptotic considerations, while our model
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selection device appears to be the first model selection approach in FDA genuinely relying on
finite-sample theoretical guarantees. [25] proposed strategies for estimating the regularity of
the random field in the multivariate anisotropic FDA context, extending the local intrinsic
stationarity concept introduced by [23] for spatial statistics. The approach in [25] implicitly
assumes that the mean function is smoother than the random field realizations, and is not
yet applied to construct plug-in adaptive estimation for the mean.

The paper is organized as follows. The remainder of this introduction provides general
notation and definitions, specifically those related to hypermatrices. In Section 2, we study
the common (fixed) design setting. We derive a risk bound for the least-squares estimator
in Section 2.3. Although unsurprising, it appears to be new in the multidimensional context
and yields new rates on anisotropic regularity spaces, together with corresponding sparse and
dense regimes, see Section 2.4. We discuss their minimax optimality, since the best estimator
depends on the unknown regularity of the multivariate mean function. In Section 2.5, a
data-driven model selection procedure is defined and proved to achieve an automatic trade-off
over isotropic regularity spaces. In that procedure, the uniform norm of the error variance
function appears in the penalty; a natural estimator of it is proposed and shown to suffice. In
Section 3, the procedure is extended to the independent random design framework. The risk
bound is expressed in terms of a squared empirical norm or a L2-norm weighted by the design
density, see Section 3.2. General anisotropic rates can be derived and the sparse and dense
regimes can be defined accordingly. The rates are proved to be minimax optimal (Section 3.3)
and a model selection procedure is implemented in an isotropic context (Section 3.4). The
adaptive estimator is proved to be either optimal or nearly optimal (i.e. up to logarithmic
terms), depending on the moment conditions imposed on the random field. The proof relies on
a nonstandard analysis of empirical processes, conditional on the random field realizations.
Section 4 proposes a fully data-driven implementation of the model selection approach in
different contexts and provides numerical evidence on the performance of the new adaptive
estimators. Our model selection estimators perform well compared with data-driven kernel-
based and spline methods in random design settings, and with interpolation in fixed design.
Section 5 contains the main proofs. Additional technical results are gathered in an Appendix.

Notation and definitions

In what follows, unless stated otherwise, we take T = [0, 1]d as the reference domain. More-
over, we will use the following notations: ≲ means that the left side is bounded by a positive
constant times the right side; for a, b ∈ R, a ≍ b means a ≲ b and b ≲ a. The vectors are col-
umn matrices and, for any vector a, a⊤ and ∥a∥ denote its transpose and the Euclidean norm,
respectively. For any continuous real-valued function f defined on T , let ∥f∥∞ = supt∈T |f(t)|
denote its uniform norm. For d ≥ 1, let Nd

>0 be the set of d-tuples of positive integers. Finally,
C,C ′, C1, C2,C, c, . . ., denote generic constants that may differ from line to line.

The model selection procedures that we propose below for functional data on the multi-
dimensional domain T are based on tensorized bases. The associated projections in such
bases are formalized using hypermatrix calculus, which naturally extends matrix calculus by
allowing entries indexed by three or more indices instead of only two. We briefly recall the
definitions and main properties that will be used in the sequel. For detailed presentations of
hypermatrices and their properties, see [21, Ch. 15] and [16].

In the following, we denote m = (m1, . . . ,md) ∈ Nd
>0 a d−multi-index, and we denote by

Dm =
∏d

l=1ml its dimension. For k = (k1, . . . , kd) ∈ Nd
>0, k ≤m means kl ≤ ml, ∀1 ≤ l ≤ d.

For d, d′ ≥ 1, let m = (m1, . . . ,md) ∈ Nd
>0 and m′ = (m′

1, . . . ,m
′
d′) ∈ Nd′

>0 be d− and d′-
multi-indices, respectively. LetMm,m′(R) be the set of m×m′−hypermatrices. The entries
of a hypermatrix A ∈Mm,m′(R) are real numbers denoted [A]k,k′ , k ≤m,k′ ≤m′. The set
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Mm,m′(R) is a vector space with operations [A+B]k,k′ = [A]k,k′+[B]k,k′ , [αA]k,k′ = α[A]k,k′ .
For A ∈Mm,m′(R) we define its transpose A⊤ as the hypermatrix inMm′,m(R) with entries

∀k ≤m,k′ ≤m′ [
A⊤ ]

k′,k =
[
A
]
k,k′ .

The contraction product of A ∈ Mm,m′(R) and B ∈ Mm′,m′′(R), with m ∈ Nd
>0, m

′ ∈ Nd′
>0

and m′′ ∈ Nd′′
>0, is the hypermatrix AB ∈Mm,m′′(R) with entries

∀k ≤m, k′′ ≤m′′, [AB]k,k′′ =
∑

k′≤m′
[A]k,k′ [B]k′,k′′ .

The identity hypermatrix inMm,m(R), denoted as Idm, is defined as :

∀k,k′ ≤m, [Idm]k,k′ = δk,k′ ,

where δk,k′ is the Kronecker symbol defined for the multi-indices k,k′. A hypermatrix A ∈
Mm,m(R) is invertible if a hypermatrix B ∈ Mm,m(R) exists such that AB = BA = Idm.
The inverse of A is denoted by A−1.

SinceMm,1(R) is an extension of the space of column matrices we also denote it by Rm.
On this space we consider the scalar product and the norm defined as follows : for a, b ∈ Rm,

⟨a, b⟩Rm = a⊤b =
∑
k≤m

[a]k,1[b]k,1, ∥a∥2Rm = a⊤a =
∑
k≤m

(
[a]k,1

)2
.

Moreover, the spaceMm,m(R) can be identified with the endomorphism ring of Rm. There-
fore, the notions of trace, eigenvalues and eigenvectors, positive semi-definiteness, and operator
norms can be extended to hypermatrices. See [31]. In particular, for A ∈Mm,m(R)

∥A∥op = sup
a∈Rm\{0}

∥Aa∥Rm

∥a∥Rm
=
√
λmax(A⊤A).

2 Common fixed design

First, we develop a new model selection approach for estimating the mean function from
functional data observed on a common fixed grid of points, where the observation noise may
have non-constant variance.

2.1 Model and assumptions

In this section, we will consider the case of a common fixed design, also known as a synchronous
design. The model is defined by: for j = 1, . . . , J and i = 1, . . . , n,

Yi,j = g(Tj) +Xi(Tj) + σε(Tj)εi,j , (1)

where the non-random function g : T → R is the quantity of interest to be estimated from
observations (Yi,j , Tj), and σ2ε : T → [0,∞) is an unknown variance function allowing for
heteroscedastic errors. The Xi are random fields.

Assumption 1. (i) the random fields {(Xi(t))t∈T } are i.i.d. such that

E[X1(t)] = 0 and CX := sup
t∈T

E[X2
1 (t)] < +∞;

(ii) the error variance function is bounded, i.e., ∥σ2ε∥∞ := supt∈T σ
2
ε(t) < +∞;

(iii) the variables {εi,j} are i.i.d. centered with unit variance;

(iv) the {Tj} ⊂ T are deterministic common design points for all Xi;

(v) the random fields {(Xi(t))t∈T } and the variables {εi,j} are independent.
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2.2 Least-squares estimator

We first define the estimator as the nonparametric least-squares contrast by setting, for a
function h : T → R,

γJ(h) =
1

J

J∑
j=1

{
Ȳ�,j − h(Tj)

}2
,

where

Ȳ�,j =
1

n

n∑
i=1

Yi,j = g(Tj) +
1

n

n∑
i=1

Xi(Tj) + σε(Tj) ε̄�,j , ε̄�,j =
1

n

n∑
i=1

εi,j . (2)

For m = (m1, . . . ,md) ∈ Nd
>0, we consider h belonging to a approximation space Sm defined

by
Sm = span{φk : k ≤m},

with {φk} a tensorized orthonormal family of functions in L2(T , dt) defined by φk = φk1 ⊗
. . .⊗ φkd . By definition, Sm ⊂ Sm′ if m ≤m′. Below, Sm∨m′ is the space corresponding to
the multi-index m ∨m′ = (m1 ∨m′

1, . . . ,md ∨m′
d).

We define, whenever it exists, the following estimator:

ĝm = arg min
h∈Sm

γJ(h). (3)

An element of Sm is entirely determined by the coefficients of its expansion in the tensorized
orthonormal family. Let

Y� = (Y�,1, . . . , Y�,J)
⊤ ∈ RJ =MJ,1(R), Φm = [φk(Tj)]1≤j≤J,k≤m ∈MJ,m(R),

and consider the hypermatrix Φ⊤
mΦm ∈ Mm,m(R). Note that if Φ⊤

mΦm is invertible, then
necessarily Dm ≤ J . By [16, Lemma 8], if Φ⊤

mΦm is invertible, then the problem (3) has the
unique solution

ĝm =
∑
k≤m

âkφk, a⃗(m) = [âk]k≤m = (Φ⊤
mΦm)−1Φ⊤

mY� ∈ Rm.

Note that ĝm equivalently minimizes (nJ)−1
∑J

j=1

∑n
i=1{Yi,j − h(Tj)}2.

2.3 Risk bound on a fixed projection space

We define the empirical norm as ∥h∥2J = J−1
∑J

j=1 h
2(Tj). The following risk bound holds.

Proposition 1. Consider the estimator (3) in model (1) under Assumption 1. Let m ∈ Nd
>0

and Sm be an approximation space. If Φ⊤
mΦm is invertible (thus Dm ≤ J), then

E(∥ĝm − g∥2J) ≤ inf
h∈Sm

∥h− g∥2J +
∥σ2ε∥∞Dm + CX J

nJ
. (4)

In the context of model selection, Proposition 1 provides a non-asymptotic bound for the
empirical norm, thereby complementing the asymptotic bounds derived in [9, Th.2.1] and [41,
Th.3.1]. Note that for the upper bound in (4) to be small, both J and n must be large.
Indeed, at a given location Tj , large n ensures that the contribution of X is cancelled. On
the contrary, large J ensures that T is densely covered and allows to estimate g.
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Remark 1 (Comparison with fixed design regression model in dimension d = 1). The above
results can be connected to those in usual nonparametric regression estimation in presence of
dependent errors. See [4, Sec. 3.3], [20, 17]. Indeed, by (2) it holds that

Ȳ�,j = g(Tj) + ē�,j with ē�,j =
1

n

n∑
i=1

Xi(Tj) + σε(Tj) ε̄�,j .

Then E[ē�,j ] = 0 and E[ē�,j ē�,k] = n−1σX(Tj , Tk) if j ̸= k, with σX(s, t) = E[X1(s)X1(t)]. If n
is fixed and J increases, the rate will depend on the properties of σX (long memory or not).
However, if n increases the role of the properties of σX disappears.

2.4 Discussion of the rate of convergence

Let R+ = (0,+∞). Assume that g belongs to a regularity class of smoothness α ∈ Rd
+ and

radius R associated with the basis {φk}, such that

inf
h∈Sm

∥h− g∥2J ≤ c(α, R)
d∑

j=1

m
−2αj

j , (5)

for some c(α, R) independent of m. Let α ∈ R+ defined by

1

α
=

1

d

d∑
j=1

1

αj
. (6)

Then, the solution mopt of the constraint optimization problem

inf
{m:Dm≤J}

(
d∑

j=1

m
−2αj

j +
Dm

nJ

)

is given by the choice

mj,opt =

{
(nJ)α/{αj(2α+d)} while

∏d
j=1mj = (nJ)d/(2α+d) ≤ J i.e., J2α/d ≥ n,

Jα/(dαj) otherwise.
(7)

Note that in the case J2α/d ≥ n the rate of the bound in (4) is

(nJ)−2α/(2α+d) + n−1 ≍ n−1,

and when mj = Jα/(dαj) then
∏d

j=1mj = J and the rate is J−2α/d+n−1 ≍ J−2α/d. We refer
to [27] for computations. To sum up, this leads to the rate

max
[
(nJ)−2α/{2α+d}, n−1

]
1{J2α/d≥n} +max

[
J−2α/d, n−1

]
1{J2α/d<n}

= n−11{J2α/d≥n} + J−2α/d1{J2α/d<n},

for the estimator defined with m = mopt, as stated formally in the following result.

Proposition 2. Let ĝm be the least-squares estimator of g obtained if Φ⊤
mΦm is invertible

and Assumption 1 holds. Assume that g belongs to a regularity class of smoothness α ∈ Rd
+

and radius R such that Condition (5) holds. Then, m = mopt with the components as in (7),
yields

E(∥ĝmopt − g∥2J) ≤ C(α, R)
(
n−11{J2α/d≥n} + J−2α/d1{J2α/d<n}

)
,

where C(α, R) is a positive constant depending on c(α, R), CX and ∥σ2ε∥∞.
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The term of order n−1 in the upper bound in Proposition 2 corresponds to the classical
parametric rate and is therefore optimal (see also the proof of Theorem 2 in the random design
case). The term of order J−2α/d corresponds to the approximation rate in squared L2-norm
for a function of regularity α observed at J points, and is proved to be optimal in dimension
d = 1 (see [9, Theorem 2.1]). For d ≥ 1 and the uniform norm in an isotropic setting, a
related optimality result is established in [7, Theorem 2] (with pmin corresponding to J−1/d).

In dimension d = 1, with α andm reducing to scalars α andm, the case J2α ≥ n is usually
referred to as the dense regime ([43] proposes to refine the definition of the dense regime by
calling the case n−1J2α →∞ the ultra-dense regime; we do not follow this refinement for the
sake of simplicity). This can generally be defined as the case where the estimator achieves
the parametric rate, that of the infeasible empirical estimator with perfectly observed Xi. By
contrast the case J2α/d < n is the so-called sparse regime. See [9]. Additionally, [2, Section 4]
shows that, when d = 1, Condition (5) is satisfied when g belongs to a Besov space, namely
g ∈ Bα,2,∞ with α > 1/2. In that case,

inf
h∈Sm

∥h− g∥2J ≤ c(α) |g|2α,2
{
dim(Sm)

}−2α
,

where Sm is either the space spanned by piecewise polynomials of degree at most r (e.g., r = 3)
on dyadic partitions with step size 2−m, or the space of trigonometric polynomials of degree
2m, and | · |α,2 denotes the seminorm of the Besov space Bα,2,∞. See also [15, p.354, 205].

In the following, let L ∈ R+ and α ∈ Rd
+. In the multidimensional setting, consider the

anisotropic Sobolev spaces defined by

S(α, L) =

{
f ∈ L2(T , dt) : f =

∑
k∈Nd

>0

akφk (8)

such that
∑

k∈Nd
>0

{
2⌊kl/2⌋

}2αl a2k ≤ L for any l = 1, . . . , d

}
,

where ak = ⟨f, φk⟩ and {φk} is a tensorized basis: φk = φk1 ⊗ · · · ⊗ φkd . For m ∈ Nd
>0, and

f =
∑

k∈Nd
>0
akφk ∈ S(α, L), let fm =

∑
k≤m akφk. If g belongs to S(α, L), it holds

∥g − gm∥2 ≤
d∑

l=1

∑
{k:kl≥ml}

a2k =
d∑

l=1

∑
{k:kl≥ml}

{
2⌊kl/2⌋

}−2αl
[{
2⌊kl/2⌋

}2αla2k
]
≤ L

d∑
l=1

m−2αl
l . (9)

Consider {φk} as the tensorized trigonometric basis with univariate basis functions φ1(x) =
1[0,1](x), φ2j(x) =

√
2 cos(2πjx)1[0,1](x), φ2j+1(x) =

√
2 sin(2πjx)1[0,1](x), j ≥ 1. Then, in

dimension d = 1, for equally spaced design points Tj = j/J , j ≤ J , the trigonometric iden-

tity
∑J

j=1 exp(i2πℓj/J) = 0 for any 1 ≤ ℓ ≤ J − 1 yields ⟨φk, φk′⟩J = δk,k′ = ⟨φk, φk′⟩,
1 ≤ k, k′ ≤ J , provided J is odd. Consequently, it holds ∥f∥ = ∥f∥J . This can be extended
to the multidimensional setting for J = Jd for J ∈ N>0 and Tj = (j1/J, . . . , jd/J), with
j1, . . . , jd ≤ J. It follows that

inf
h∈Sm

∥h− f∥2J = inf
h∈Sm

∥h− f∥2 = ∥fm − f∥2.

Thus, if g ∈ S(α, L) and {φk} is the tensorized trigonometric basis, Condition (5) holds true
and the rate in Proposition 2 is achieved.

For f ∈ S(α, L), a condition is imposed on the decay rate of the basis expansion coefficients
of f . For the trigonometric basis, a connection with the regularity of f , namely the existence
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of derivatives up to order α is established in [36] for d = 1 and in [34, Section 4.2.2 and
Proposition A.1] for d ≥ 2 (see also Section 3.3 below).

However, as α is unknown, the proposed choice of mopt cannot be made in practice. The
aim of Section 2.5 hereafter is precisely to propose a model selection procedure that provides
an automatic finite-sample trade-off.

2.5 Model selection for common design on isotropic spaces

We restrict the study to isotropic projection spaces Sm; in this case, multi-indices m ∈ Nd
>0

reduce to m = m1d, where 1d = (1, . . . , 1) and m ∈ N>0, and Dm = md.

2.5.1 Procedure and adaptive bound

Let
MJ = {m = m1d : 1 ≤ m ≤ J and Φ⊤

mΦm is invertible}.

The model selection procedure is defined as follows : for some κ ≥ 0, define

m̂ = arg min
m∈MJ

{γJ(ĝm) + pen(m)} , pen(m) = κ∥σ2ε∥∞
md

nJ
. (10)

Theorem 1. Assumption 1 holds. There exists κ0 such that for κ ≥ κ0,

E(∥ĝm̂ − g∥2J) ≤ inf
m∈MJ

{
3 inf
h∈Sm

∥h− g∥2J + 4κ∥σ2ε∥∞
md

nJ

}
+
C ′

n

(
∥σ2ε∥∞ + CX

)
,

where C ′ is a constant that does not depend on n, J or ∥σ2ε∥∞.

Remark 2. Note that in the case where σε ≡ 0, there is no penalty involved in the choice of
the model in (10). Then, the choice will correspond to the largest model, i.e., m̂ = J1d. This
choice recovers the ideal empirical estimator ĝ(Tj) = Ȳ�,j (no smoothing).

Remark 3. From a practical point of view, the model selection procedure requires the choice
of a value for κ0 and the knowledge of ∥σ2ε∥∞ or an estimate of it. Following the lines of
the proof of Theorem 1, it can be seen that a possible theoretical value is κ0 = 64. However,
smaller values of this parameter can be calibrated in practice by means of preliminary nu-
merical experiments. See the discussion in Section 4. Finally, a simple data-driven choice
concerning ∥σ2ε∥∞ is proposed in Section 2.5.2 and implemented in Section 4.

2.5.2 Error variance estimator

We distinguish two cases, depending on whether σε is constant (homoscedasticity) or not
(heteroscedasticity). If σε is constant (possibly σε = 0), for J ≥ 2 let

Vε,n =
1

2n(J − 1)

n∑
i=1

J−1∑
j=1

(Yi,j+1 − Yi,j)2. (11)

Under mild assumptions on the fields Xi and the mean g, it can be shown that there exists a
constant a > 0 and a map σε → C(σε), bounded on bounded intervals, such that

E
∣∣Vε,n − σ2ε ∣∣ ≤ C(σε)J−a. (12)

The details are provided in the Appendix (see Proposition 4).
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Regarding the impact on the model selection and the risk bound derived in Theorem 1 by
replacing σ2ε with the estimate Vε,n, note that the selection step (10) becomes

m̂ = arg min
m∈MJ

{γJ(ĝm) + p̂en(m)} , p̂en(m) = κVε,n
md

nJ
. (13)

A careful inspection of the proof of Theorem 1 reveals that the risk bound remains valid at
the cost of adding a term that is at most of the same order, and possibly inflating the value
of κ0, if there exists a function σε → c(σε), bounded on bounded intervals, such that

E max
m∈MJ

∣∣∣p̂en(m)− pen(m)
∣∣∣ ≤ c(σε)J

−a

n
. (14)

Note that, since md ≤ J for every m = m1d ∈MJ , it holds

∀m ∈MJ ,
∣∣p̂en(m)− pen(m)

∣∣ = κ
md

nJ

∣∣Vε,n − σ2ε ∣∣ ≤ κ

n

∣∣Vε,n − σ2ε ∣∣. (15)

Then, (14) follows from (15) and (12), regardless of whether σε = 0 or σε > 0. In conclusion,
under mild conditions on the mean function and the increments of the fields Xi, the bound
in Theorem 1 remains valid up to terms of the same order, and possibly inflating the value of
κ0, if the selection step (10) is replaced by that in (13). Moreover, since (15) holds for every
σε ≥ 0, the model selection based on (13) adapts to the presence or absence of noise.

In the heteroscedastic case (σ2ε is no longer constant), let Wε,n(j) = (2n)−1
∑n

i=1(Yi,j+1−
Yi,j)

2. Then, the estimator of ∥σ2ε∥∞ can be defined as Vε,n = max1≤j≤J−1Wε,n(j). The
properties of this estimator are discussed in the Appendix.

3 Independent random design

In this section, we consider the case where the design points are drawn randomly and their
number may vary from curve to curve. This setting differs substantially from the synchronous
design case. In the synchronous case, a common observation grid restricts the available
information to a fixed finite set of locations, identical across curves. By contrast, random
design points spread across the entire domain as their number grows, so the data carry richer
information about the global behavior of the underlying processes.

3.1 Model and projection estimator

Let us reconsider the model

Yi,j = g(Ti,j) +Xi(Ti,j) + σε(Ti,j)εi,j , j = 1, . . . , Ni, i = 1, . . . , n. (16)

The data points are (Yi,j , Ti,j), j = 1, . . . , Ni, i = 1, . . . , n. Let N =
∑n

i=1Ni. With a random
design, for simplicity let q be an index replacing the pair of indices (i, j). Thus, when no
confusion arises, instead of T1,1, ..., T1,N1 , T2,1, ..., Tn,Nn we write T1, ..., TN or Tq, 1 ≤ q ≤ N .

We use the same convention for the Yi,j ’s. With this notation,
∑N

q=1 replaces
∑n

i=1

∑Ni
j=1.

Assumption 2. The conditions Assumption 1(i) to Assumption 1(iii) and Assumption 1(v)
hold. In addition:

(iv′) the {Ti,j} ⊂ T are i.i.d., independent of the random fields {(Xi(t))t∈T } and the errors
{εi,j}. Moreover, the Ti,j’s admit a density ρ and there exist ρ0, ρ1 such that

∀t ∈ T , 0 < ρ0 ≤ ρ(t) ≤ ρ1 < +∞. (17)
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Below, for squared integrable functions ϕ, ψ defined on T , let ⟨ϕ, ψ⟩ρ =
∫
T ϕ(t)ψ(t)ρ(t)dt

and ∥ϕ∥2ρ =
∫
T ϕ

2(t)ρ(t)dt. We define the estimator as the nonparametric least-squares esti-
mation of g on Sm based on all the observations (Yi,j , Ti,j):

ĝm = arg min
h∈Sm

γN (h), γN (h) :=
1

N

N∑
i=1

{Yq − h(Tq)}2. (18)

Let
Y = (Y1, Y2, . . . , YN )⊤ ∈ RN , T = (T1, T2, . . . , TN )⊤ ∈ RN ,

and analogously, for ui,j = Xi(Ti,j) + σ(Ti,j)εi,j ,

u = (u1, . . . , uN )⊤ ∈ RN , ε̄ = (σε(T1)ε1, . . . , σε(TN )εN )⊤ ∈ RN . (19)

For any function h defined on T , let h(T) ∈ RN be the vector with components h(Ti,j).
For m ∈ Nd

+ with Dm ≤ N , and a family of orthonormal functions φk, k ≤ m, in
L2(T , dt), define

Φ̂m = [φk(Tq)]1≤q≤N,k≤m ∈MN,m(R).

We also set

Ψ̂m =
1

N
Φ̂⊤
mΦ̂m, Ψm = E

(
Ψ̂m

)
= (⟨φk, φk′⟩ρ)k,k′≤m.

The empirical norm is

∥h∥2N :=
1

N

N∑
q=1

h2(Tq) =
1

N
h(T)⊤h(T), and it holds E(∥h∥2N ) = ∥h∥2ρ.

Under condition (17), it holds : ∀x ∈ Rm, for h =
∑

k≤m xkφk,

ρ0∥x∥2Rm ≤ x⊤Ψmx = ∥h∥2ρ ≤ ρ1∥x∥2Rm .

With the notation from Section 1, this implies

∥Ψm∥op ≤ ρ1, and ∥Ψ−1
m ∥op ≤

1

ρ0
. (20)

In particular, under Condition (17), the matrix Ψm is invertible, and therefore so is the matrix
Ψ̂m with probability close to 1, for sufficiently large N .

The estimate ĝm is defined as ĝm =
∑

k≤m âkφk, with

a⃗(m) := [âk]k≤m =
(
Φ̂⊤
mΦ̂m

)−1
Φ̂⊤
mY = Ψ̂−1

m

( 1

N
Φ̂⊤
mY

)
∈ Rm.

Invertibility is not sufficient to ensure well-conditioned Ψ−1
m and stable behavior for Ψ̂−1

m . [11]
introduce a “security zone” through the following theoretical stability condition :

L(m)(∥Ψ−1
m ∥op ∨ 1) ≤ cp

N

log(N)
, cp =

3 log(3/2)− 1

2(p+ 1)
, (21)

where p will be fixed later, and where

L(m) := sup
t∈T

∑
k≤m

φ2
k(t) ≥ Dm =

∫
T

∑
k≤m

φ2
k(t)dt.
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The last inequality holds with T = [0, 1]d. The quantity L(m) depends on the basis, and
is finite if the basis functions are bounded. Under condition (17), and in view of (20), the
stability condition (21) is fulfilled if

L(m) ≤ cpρ0
N

log(N)
. (22)

This is a weak condition on the maximal model dimension m that can be considered. For
instance, if L(m) ≍ Dm, then it requires Dm ≲ N/ log(N). The piecewise constant functions
and the trigonometric functions are two examples with L(m) ≍ Dm; see [11].

Nevertheless, it is more convenient to define a data-driven version of this constraint, which
does not require knowledge of ρ0. Consider the event

Λm :=

{
L(m)(∥Ψ̂−1

m ∥op ∨ 1) ≤ 2cp
N

log(N)

}
, (23)

with cp as given in (21), and the factor 2 in front of it is added for technical reasons. We prove
that, under (21), the empirical condition associated with Λm is satisfied with high probability.
More precisely, using Chernoff’s inequality as given in [35], we establish the following lemma.

Lemma 1. Consider the event

Ωm :=

{∣∣∣∣∥h∥2N∥h∥2ρ
− 1

∣∣∣∣ ≤ 1

2
, ∀h ∈ Sm, h ̸= 0

}
. (24)

If Assumption 2(iv′) and Condition (22) hold, then, for any p ≥ 0,

P(Λc
m) ≤ P(Ωc

m) ≤ cN−p,

where c > 0 is a constant depending only on p.

On the set Ωm, the empirical norm and the L2(T , ρ dt)-norm ∥ · ∥ρ are equivalent for
elements of Sm.

3.2 Risk bound on a fixed model

Using the sample-based set Λm, we define the data-driven estimator g̃m = ĝm 1Λm as a
counterpart to the estimator defined in (18).

Proposition 3. Assumption 2 holds. Under the Condition (22) (which implies (21)) and if
E[g4(T1,1)] < +∞, then

E(∥g̃m − g∥2N ) ≤ inf
h∈Sm

∥h− g∥2ρ +
2M1Dm

N
+

2M2

ρ0

∑n
i=1Ni(Ni − 1)

N2
+ ∥σ2ε∥∞

Dm

N
+

c

Np
,

with p ≥ 1 and c the constant from Lemma 1, σX(u, v) = E[X1(u)X1(v)], M1 = supT σX(u, u)
and M2 =

∫
T σX(u, u)ρ2(u)du. A similar bound holds for E(∥g̃m − g∥2ρ).

Remark 4. By an alternative argument, the term 2M1Dm/N in the bound of Proposition 3
can be replaced by 2M3L(m)/(ρ0N), where M3 =

∫
T σX(u, u)ρ(u) du. In the case of an

orthonormal family {φk} supported on [0, 1]d, one has L(m) ≥ Dm, so this alternative bound
is no better in order. However, allowing families with larger support can lead to L(m) of a
much lower order than Dm; the family of Hermite polynomials is one such example. See the
proof of Proposition 3 for the details.
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Remark 5. In the case where ∑n
i=1Ni(Ni − 1)

N2
≍ 1

n
, (25)

and if L(m) = Dm (e.g., {φk} is the tensorized trigonometric basis), the bound of Proposi-
tion 3 reduces to

E(∥g̃m − g∥2N ) ≲ inf
h∈Sm

∥h− g∥2ρ + (2M1 + ∥σ2ε∥∞)
Dm

N
+

2M2

ρ0

1

n
+

c

Np
,

and a similar bound holds for E(∥g̃m − g∥2ρ). Condition (25) is commonly imposed in the
literature (see [43, Corollary 3.2]). Since

∑n
i=1Ni/N

2 = 1/N ≤ 1/n, Condition (25) is
equivalent to

∑n
i=1N

2
i /N

2 ≲ n−1.

3.3 Discussion about rates and optimality

As in Section 2.4, assume that g belongs to a regularity class of smoothness α ∈ Rd
+ and

radius R associated with the basis {φk}, such that Condition (5) holds, and that L(m) ≍
Dm =

∏d
l=1ml. Moreover, we assume that Condition (25) holds. Then the optimization

inf
{m:Dm≤N}

(
d∑

j=1

m
−2αj

j +
Dm

N

)
+

1

n

gives mopt with components mj,opt = Nα/{αj(2α+d)}, where α is as in (6) This leads to the
rate-optimal upper bound

E
(
∥ĝmopt − g∥2ρ

)
≤ C(α, R)

(
N− 2α

2α+d + n−1
)
. (26)

The optimal rate in the upper bound is attained, in particular, on the Sobolev spaces
(8) introduced in Section 2.4. As pointed out there, for g ∈ S(α, L), Inequality (9), which
controls the bias term in the upper bound, holds true. Moreover, for the specific choice of
the tensorized trigonometric basis, assuming that g belongs to a certain regularity class is
equivalent to assuming that g ∈ S(α, L) for some α and L. Indeed, from the computations
of [34, Proposition A.1] (considering special cases of type βl = αl and βl′ = 0 if l′ ̸= l, for all
1 ≤ l ≤ d), we obtain that S(α, L) coincides with the space

W per(α,Q) =

f =
∑

k∈Nd
>0

akφk ∈ L2(T , dt) :
∥∥∥∥∂αlf

∂xαl
l

∥∥∥∥2 ≤ Q
 ,

for some Q depending on α and L (see also [36, Definition 1.11 and Proposition 1.14]). Using
this alternative definition, the following result shows that the rate of the risk bound in (26)
is optimal in a multidimensional and anisotropic setting; see also [41] for the case d = 1.

Theorem 2. Let {(Xi(t))t∈T }, 1 ≤ i ≤ n, be Gaussian random fields satisfying Assump-
tion 1(i). Let α ∈ Nd

>0 and L > 0. Then it holds

inf
ĝ

sup
g∈S(α,L)

E(∥ĝ − g∥2ρ) ≥ c
(
N− 2α

2α+d + n−1
)
,

where c > 0 is a positive constant and the infimum is taken over all estimators ĝ of g build
from data generated as in (16).
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Remark 6. The empirical norm we use is based on the simple average N−1
∑N

q=1, which as-
signs the same weight to every observation (Yi,j , Ti,j). As a result, the bound in (26) depends on
N , that is, on the product of the average of the Ni and the number n of curves. Alternatively,
the empirical norm could be defined through the curve-weighted average n−1

∑n
i=1N

−1
i

∑Ni
j=1,

in which case the bound in (26) would depend on n times the harmonic mean of the Ni. De-
pending on the configuration of the Ni, these two bounds can be of very different orders of
magnitude. This is precisely the comparison between the OBS (simple average) and SUBJ
(curve-weighted average) schemes of [43], therein in dimension one and under known reg-
ularity. When the regularity is known, the comparison simplifies: it reduces to comparing
the arithmetic or the harmonic mean of the Ni to a known power of n. Our model selec-
tion approach extends naturally to a weighted least-squares loss whose weights follow the OBS
scheme, the SUBJ scheme, or a convex combination of the two. However, the OBS scheme is
never dominated in rate, the SUBJ scheme improves upon it only by a constant factor in the
variance, and only when both attain the parametric rate. Therefore, we focus in this paper on
the empirical norm defined through the simple average N−1

∑N
q=1.

Remark 7. Our results require no regularity assumption on the fields Xi or on their covari-
ance, in contrast to [9, 7]. There, the Xi are required to be smooth, as smooth as the mean
in [9] (with d = 1), and Hölder continuous with Hölder-smooth covariance in [7]. Here, the
smoothness is imposed solely on the target g and the Xi’s may be rough, or even discontinuous.

3.4 Isotropic model selection for independent random design

The data-driven choice of m lies at the core of model selection. In the common design case
with J distinct points, the dimension Dm is bounded above by J , and letting m attain this
bound corresponds to no regularization. With random design, there are N observed design
points making the upper bound for Dm and the model much larger. Generally, it happens
that the optimal m corresponds to a much smaller model, which makes the selection of
m very useful. Here, like in Section 2.5, we restrict the study to isotropic spaces Sm with
m = m1d ∈ Nd

>0, andDm = md. We define the collection of models by the set of multi-indices

MN =

{
m = m1d : m ∈ {1, . . . , N}, such that L(m)(∥Ψ−1

m ∥op ∨ 1) ≤ cp
N

log(N)

}
, (27)

and its empirical counterpart by the following set of multi-indices

M̂N =

{
m = m1d : m ∈ {1, . . . , N}, such that L(m)(∥Ψ̂−1

m ∥op ∨ 1) ≤ 2cp
N

log(N)

}
, (28)

and take p = 5. Next, we define

m̂ = arg min
m∈M̂N

{
γN (ĝm) + pen(m)

}
, with γN (h) =

1

N

n∑
i=1

Ni∑
j=1

{
Yi,j − h(Ti,j)

}2
= ∥h∥2N .

We study the risk of ĝm̂.

Theorem 3. Assume that Assumption 2 holds, E[g4(T1,1)] <∞, E(ε41,1) <∞, and that

1. the collection of projection spaces Sm is nested and such that L(m) ≤ md,

2. the fields Xi are separable and E
(
B2

n,X

)
<∞, where Bn,X := max1≤i≤n ∥Xi∥∞.
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Then there exists κ0 > 0 such that for all κ ≥ κ0 and with

pen(m) = κ
(
B2

n,X + ∥σε∥2∞
) md

N
, (29)

we have

E
(
∥ĝm̂ − g∥2N

)
≤ C inf

m∈MN

(
∥g − gm∥2ρ + κ

{
E
(
B2

n,X

)
+ ∥σε∥2∞

}md

N

)
+ C ′

(∑n
i=1N

2
i

N2
+

E
(
B2

n,X

)
+ log2(N)

N

)
,

where C is a numerical positive constant and C ′ is a positive constant depending on ρ0,
E[g4(T1,1)], E(ε41,1), ∥σε∥∞ and M3.

The separability of the Xi’s is a “technical blanket assumption” commonly imposed in
stochastic process theory to avoid measurability issues, see [1, p. 8] for this remark and the
separability definition. Note that the penalty in (29) is random and depends on unknown
quantities. See Section 2.5.2 and Remark 8 for possible estimators that are considered in
Section 4. To understand the adaptive upper bound, we must investigate the order of the
term E(B2

n,X). For instance, if we suppose that ∥X1∥∞ (resp. ∥X1∥2∞) is sub-Gaussian for

some variance proxy σ21 (resp. σ22), Lemma 6 in the Appendix (see also [38, Lemma 2.2.2]) al-
lows us to conclude that E(B2

n,X) can be bounded by a constant multiplied by σ21 log(n) (resp.√
σ22 log(n)), provided n ≥ 2. In that case, the adaptive estimator reaches the optimal rate up

to a logarithmic loss. The sub-Gaussianity condition on the uniform norm is standard in non-
parametric statistics [19, 10], Bayesian nonparametrics [37], and machine learning [30]. Fields
with sub-Gaussian ∥X1∥2∞ have a uniform norm with lighter sub-Weibull tail. See [39] for a
study of such distributions and their application to deep neural networks. When ∥X1∥∞ ≤ B
a.s., we have E(B2

n,X) ≤ B2 and the adaptive estimator attains the optimal rate.

Remark 8. The random quantity Bn,X appearing in the model selection criterion is unknown
in practice, since the fields Xi are latent. We propose a crude estimate of Bn,X via a two-
stage, leave-one-field-out residual least-squares procedure. For each curve i, we first estimate
the mean function g from the pooled observations of all other fields {(Tl,j , Yl,j) : l ̸= i},
by projecting onto the half-cosine basis Sm truncated at a fixed level m = ⌊N1/4⌋, yielding
ĝ−i. We then form the residuals of curve i with respect to this leave-one-out mean estimate,
ri,j = Yi,j − ĝ−i(Ti,j), j = 1, . . . , Ni. In a second step, we regress these residuals on the same

cosine system, now truncated at a field-specific level m′
i = ⌊N

1/3
i ⌋, giving the estimate X̂i. We

estimate the sup-norm Xi by
B̂i = max

j=1,...,Ni

∣∣X̂i(Tij)
∣∣.

The construction ensures that the ri,j used to approximate Xi are not contaminated by Xi’s

own contribution to the mean estimate. Finally, Bn,X is estimated by B̂n,X = max1≤i≤n B̂i.

4 Numerical illustrations

We assess the finite-sample performance of the proposed model selection procedure in both the
one-dimensional (d = 1) and two-dimensional (d = 2) settings, with both common and random
design. The approximation spaces of the model collection are built from the half-cosine basis
φ0(x) = 1, φk(x) =

√
2 cos(πkx), x ∈ [0, 1], k = 1, 2, . . . , and its d-fold tensor product base

functions φk(t) =
∏d

l=1 φkl(tl) with k = (k1, . . . , kd), t = (t1, . . . , td) ∈ T = [0, 1]d.
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The true mean function g is defined, for d = 2, by

g(t1, t2) = 5
∣∣t1 − 0.5 cos(2πt2)

∣∣0.7 exp(−0.7 (t1t2 − 0.5)2
)
+ t1t2, t1, t2 ∈ [0, 1],

and, for d = 1, g is obtained by imposing t1 = t2. The two functions are plotted in Figure 1.
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Figure 1: The true mean function g for d = 1 (left panel) and d = 2 (right panel).

We consider two models for the centered fields Xi. First, we generate the Xi’s from a
truncated Karhunen–Loève expansion. Specifically, for K a positive integer,

Xi(t) =
∑

k≤K1d

ζi,k ϕk(t), where ϕk(t) =

d∏
l=1

cos
(
π(kl − 1/2) tl

)
, t ∈ [0, 1]d,

and the coefficients are independent Gaussian, ζi,k ∼ N
(
0, D

−1−4/d
k

)
, Dk =

∏d
l=1 kl. We

also consider a setting where the Xi are piecewise-constant random fields, with jumps across
randomly oriented hyperplanes. Given a positive integerM , for each i we draw i.i.d. directions
ai,1, . . . , ai,M uniformly on Sd−1 (d ≥ 1) and offsets bi,1, . . . , bi,M , where each bi,p is uniform
over the projected domain [mint∈T a

⊤
i,pt, maxt∈T a

⊤
i,pt]. For each i, these define a random

partition of T , and the field Xi is obtained as

Xi(t) =

M∑
p=1

δi,p1{a⊤i,pt ≤ bi,p}, t ∈ T , (30)

with independent jump sizes δi,p ∼ N (0, 1). In the random design case, the Ni are drawn
from a Poisson distribution with parameter Nmean with any zero draw replaced by 1, and
each component of Ti,j is independently drawn from a Beta(q, q) distribution. With common
design, all the Ni are equal to J . The noise variables εi,j are drawn independently from a
standard normal distribution. This means we consider the homoscedastic case with σε = 1.

All estimators are evaluated on a regular grid {s1, . . . , sLd} ⊂ T obtained from L equally
spaced points per coordinate. For each mean function estimator ĝ, we consider the integrated

squared error (ISE), approximated by the Riemann sum ISE(ĝ) = L−d
∑Ld

ℓ=1

{
ĝ(sℓ)− g(sℓ)

}2
.

We report the empirical mean integrated squared error (MISE), obtained by averaging ISE(ĝ)
over the B Monte Carlo replications ĝ(1), . . . , ĝ(B), that is,

MISE(ĝ) =
1

B

B∑
b=1

1

Ld

Ld∑
ℓ=1

{
ĝ(b)(sℓ)− g(sℓ)

}2
.

In our experiments we consider B = 1000 for d = 1 and B = 500 for d = 2, K = 20, L = 201
and M = 8. Moreover, Nmean ∈ {10, 25, 50} with random design, J ∈ {49, 100, 169} with
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common design. The Beta distribution parameters used to draw the random design Ti,j are
q ∈ {1, 2}. Finally, n ∈ {50, 100} for random design and n ∈ {100, 200} for common design.

The model selection penalty depends on several quantities that have to be estimated or
fixed in practice. Throughout the simulations, the constantBn,X is estimated by the procedure
described in Remark 8, and the noise level is estimated as proposed in Section 2.5.2. In the
following we describe a simple simulation-based procedure which was used to determine κ.

4.1 Data-driven selection of κ

Here, to calibrate a value of κ, we use simulated data generated according to the model under
study, with some arbitrary fixed mean functions g∗ that are plotted in Figure 2. We select the
value of κ providing the lowest MISE over the collection of model, with the MISE averaged
over 300 simulated samples on a grid of 100 values of κ in a compact interval. The calibration
procedure is fast and the selected value of κ is expected to be satisfactory regardless of the
true mean function and the distribution of the random fields. We consider the four settings
determined by the dimension d ∈ {1, 2} and the type of design (common and random). We
allow for anisotropic projection spaces Sm with d = 2. In the settings with random design,
we generated data points (Yi,j , Ti,j) using n = 100 and Ni ∼ Poisson(100) i.i.d. design points
with uniformly distributed components, and random fields generated according to (30). In the
settings with common design, we consider J = 100. The results of this preliminary calibration
of the value of κ are presented in Table 1. We notice the much smaller selected values of κ
compared to the theoretical bound discussed in Remark 3. The illustration of the calibration
results with fixed design is presented in Figure 3. We note that the MISE is quite insensitive
to the choice of κ. The selected dimension is more dispersed at small κ and concentrates as κ
grows. We also refer to [6] for other data-driven approaches for calibrating κ from simulated
data, namely the slope heuristics and the jump dimension strategy.

Table 1: Data-driven selection of the κ parameter

Design

Dimension Common Random

d = 1 κ = 0.62 κ = 0.63

d = 2 κ = 2.57 κ = 0.29
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Figure 2: The mean function g∗ used for calibrating κ for d = 1 (left) and d = 2 (right).
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Figure 3: Calibration of κ (fixed design, d ∈ {1, 2}). Panels 1 and 3: MISE of the model-selection
estimator against κ. Panels 2 and 4: mean selected dimension against κ. The coordinate-wise dimen-
sions m̂1, m̂2 for d = 2 may differ (Panel 4). In each panel the line is the mean over the 300 repetitions
and the shaded band gives the pointwise 10%–90% quantiles. The vertical line marks the value of κ
minimising the mean MISE.

4.2 Simulation results

The purpose of this first simulation study, carried out using R, is twofold. First, we provide
evidence that our model selection approach performs well relative to standard nonparametric
benchmarks with publicly available implementations, such as data-driven kernel or spline-
based estimators and the interpolation estimator. Second, we compare our data-driven im-
plementation of model selection with the oracle choice, defined as the model minimizing the
MISE over the collection of models we consider. The list of all comparisons is given in Table 2.

Table 2: Competitors by setting: OR (Oracle), SP (Splines), LL (Local linear), Int (Interpolation)

Design

Dimension Common Random

d = 1 OR, SP, Int OR, SP, LL

d = 2 OR, SP, Int OR, SP

The penalized-spline estimator, denoted ĝSP, is obtained using the mgcv package applied
to the pooled sample of (Tij , Yij)’s, with tensor-product splines for d = 2 and a generalized
cross-validation (GCV)-selected smoothing parameter. The local linear estimator ĝLL of the
mean function (see [43]), with cross-validated bandwidth selection, is computed using the
fdapace package. In the common design case, all estimators are computed using the average
responses Ȳ�,j = n−1

∑n
i=1 Yij , j = 1, . . . , J , at each design point. The interpolation estimator

of the pairs (Tj , Ȳ�,j), denoted ĝInt, is piecewise linear for d = 1 and is obtained by Delaunay
triangulation for d = 2, computed using the akima package.

The performance comparison is done using the log-ratios

RComp = log
( MISE(ĝMS)

MISE(ĝComp)

)
, with Comp ∈ {OR, SP,LL, Int}. (31)

With this convention, negative values indicate that ĝMS achieves a smaller MISE and thus
outperforms the benchmark, and values near zero indicate comparable performance.

Across the four settings (Figures 4 to 7), the data-driven estimator ĝMS tracks the oracle
closely: the log-ratio ROR stays small and positive throughout, growing only mildly in the
harder random design and d = 2 regimes. Since the oracle is, by construction, the best model
in our collection, it appears that the simple error variance estimator and the simulation-based

17



−1

−0.5

0
R

C
o
m
p

−1

−0.5

0

R
C
o
m
p

smooth discont. smooth discont. smooth discont.

J = 49 J = 100 J = 169

n
=

1
0
0

n
=

2
0
0

OR SP Int

Figure 4: Common design, d = 1. Boxplots of RComp from (31) over B = 1000 Monte Carlo replica-
tions, for Comp ∈ {OR,SP, Int}. Columns vary the number of common design points J ∈ {49, 100, 169}
and the curve type (smooth/discontinuous); rows vary the number of curves n ∈ {100, 200}.
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Figure 5: Common design, d = 2. As in Figure 4, over 500 replications, with tensor-product splines
(SP) and Delaunay interpolation (Int).

rule of thumb for κ already allow us to recover near-oracle behaviour. Against the off-the-
shelf competitors, ĝMS is at least as accurate and often markedly more so: interpolation is
dominated by a wide margin (most visibly for d = 2 and discontinuous fields), local linear is
consistently outperformed, and penalized splines are matched, with RSP concentrated around
zero. In a few cells, most notably random design and d = 2, ĝSP edges out even the oracle: as
the oracle is optimal only within our collection, this suggests that the choice of approximating
basis is itself worth optimizing, a direction we leave to future work. Overall, model selection is
effective and computationally fast in both d = 1 and d = 2. The unknown quantities entering
the penalty are estimated here through a deliberately simple device whose performance is
already reasonably good. Sharpening these estimates is a natural avenue for improvement.

5 Proofs

Below, for any symmetric matrices A,B of the same dimension, A ⪯ B (resp. A ⪰ B)
denotes the Loewner order and means that B−A (resp. A−B) is positive semi-definite.
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Figure 6: Random design, d = 1. Boxplots of RComp from (31) over B = 1000 Monte Carlo
replications, for Comp ∈ {OR,SP,LL}. Columns vary the average number of points per curve
Nmean ∈ {10, 25, 50} and the curve type (smooth / discontinuous); rows vary the number of curves
n ∈ {50, 100} and the sampling design (Beta/Uniform).
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Figure 7: Random design, d = 2. As in Figure 6, over 500 replications, with Comp ∈ {OR, SP} (no
local-linear competitor).

5.1 Proofs for the common design case

Proof of Proposition 1. Let Πmg ∈ Sm be such that Πmg(T) is the vector of RJ correspond-
ing to the orthogonal projection of g(T) := (g(T1), . . . , g(TJ))

⊤ in the subspace of RJ spanned
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by φk(T), for k ≤ m, and T = (T1, . . . , TJ)
⊤ ∈ MJ,d([0, 1]). The coefficients of Πmg are

given by (Φ⊤
mΦm)−1Φ⊤

mg(T) ∈Mm,1(R) and Πmg(T) = Φm(Φ⊤
mΦm)−1Φ⊤

mg(T). Note that

ĝm(T)−Πmg(T) = Φm(Φ⊤
mΦm)−1Φ⊤

mu,

where u = (u1, . . . , uJ)
⊤ with

uj = η̄j + σε(Tj) ε̄�,j , η̄j =
1

n

n∑
i=1

Xi(Tj), 1 ≤ j ≤ J.

and ε̄�,j defined in (2). By Pythagoras, we get

∥ĝm − g∥2J = ∥Πmg − g∥2J + ∥ĝm −Πmg∥2J .

The bias term is given by
∥Πmg − g∥2J = inf

h∈Sm

∥h− g∥2J ,

and we need to upper bound the variance term:

E
(
∥ĝm −Πmg∥2J

)
=

1

J
E
(
u⊤Φm(Φ⊤

mΦm)−1Φ⊤
mu
)
.

Let η̄ = (η̄1, . . . , η̄J)
⊤ ∈ RJ , ε̄ = (ε̄�,1, . . . , ε̄�,J)

⊤ ∈ RJ and

ϵ̄ =
(
σε(T1)ε̄�,1, . . . , σε(TJ)ε̄�,J

)⊤
= diag(σε(T1), . . . , σε(TJ))ε̄ =: ∆σε ε̄.

As the εi,j are independent of the Xi and centered, we get

E
(
u⊤Φm(Φ⊤

mΦm)−1Φ⊤
mu
)
= E

(
η̄⊤Φm(Φ⊤

mΦm)−1Φ⊤
mη̄
)

+ E
(
ϵ̄⊤Φm(Φ⊤

mΦm)−1Φ⊤
mϵ̄
)
=: V1 + V2.

It follows that

E
(
∥ĝm −Πmg∥2J

)
=

1

J
(V1 + V2) . (32)

We start with computing V2. First note that Φm(Φ⊤
mΦm)−1Φ⊤

m ∈ MJ,J(R) is a real pro-
jection matrix onto a space of dimension Dm. Recall that for any symmetric real matrices
A and B with respective eigenvalues λ1 ≥ . . . ≥ λJ ≥ 0 and µ1 ≥ . . . ≥ µJ ≥ 0 it holds
that Tr(AB) ≤

∑J
j=1 λjµj . See [22, Theorem 4.3.53]. Therefore, we get for A = E[ϵ̄ϵ̄⊤] and

B = Φm(Φ⊤
mΦm)−1Φ⊤

m

V2 = E
[
Tr
(
ϵ̄⊤Φm(Φ⊤

mΦm)−1Φ⊤
mϵ̄
)]

= E
[
Tr
(
ϵ̄ϵ̄⊤Φm(Φ⊤

mΦm)−1Φ⊤
m

)]
= Tr

(
E[ϵ̄ϵ̄⊤]Φm(Φ⊤

mΦm)−1Φ⊤
m

)
≤ ∥σ

2
ε∥∞
n

J∑
j=1

µj = ∥σ2ε∥∞
Dm

n
, (33)

where we used that Φm(Φ⊤
mΦm)−1Φ⊤

m is a projection matrix of rank Dm with eigenvalues µj
in {0, 1} and that

E[ϵ̄ϵ̄⊤] = diag
(
σ2ε(T1)E[ε̄2�,1], . . . , σ2ε(TJ)E[ε̄2�,J ]

)
=

1

n
diag

(
σ2ε(T1), . . . , σ

2
ε(TJ)

)
.

For V1, we have

E(η̄j η̄ℓ) =
1

n2

n∑
i=1

n∑
i′=1

Cov(Xi(Tj), Xi′(Tℓ)) =
1

n
Cov(X1(Tj), X1(Tℓ)),
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so that

V1 =
1

n
E
[
X1(T)⊤Φm(Φ⊤

mΦm)−1Φ⊤
mX1(T)

]
≤ 1

n
∥Φm(Φ⊤

mΦm)−1Φ⊤
m∥opE

[
J∑

j=1

X2
1 (Tj)

]
.

As Φm(Φ⊤
mΦm)−1Φ⊤

m is a (symmetric) projection matrix, its operator norm is 1. We get

V1 ≤
J

n
E

[
1

J

J∑
j=1

X2
1 (Tj)

]
≤ J

n
CX . (34)

Plugging (33) and (34) in (32) gives the variance bound, and ends the proof.

Proof of Theorem 1. Since

γJ(h)− γJ(g) = ∥g − h∥2J +
2

J

J∑
j=1

{g(Tj)− h(Tj)}uj ,

the relationship

∀m ∈MJ , γJ(ĝm̂) + pen(m̂) ≤ γJ(gm) + pen(m),

together with the fact that the spaces Sm are nested in the isotropic case, implying Sm+Sm′ =
Sm∨m′ , leads to

∥ĝm̂ − g∥2J ≤ ∥gm − g∥2J + pen(m) +
2

J

J∑
j=1

(ĝm̂ − gm)(Tj)(η̄j + σε(Tj)ε̄�,j)− pen(m̂)

≤ ∥gm − g∥2J + pen(m) +
1

8
∥ĝm̂ − gm∥2J +

8

J

J∑
j=1

η̄2j

+
1

8
∥ĝm̂ − gm∥2J + 8 sup

h∈Sm̂∨m,∥h∥J=1

 1

J

J∑
j=1

h(Tj)σε(Tj)ε̄�,j

2

− pen(m̂).

Since ∥ĝm̂ − gm∥2J ≤ 2(∥ĝm̂ − g∥2J + ∥gm − g∥2J), we get

1

2
∥ĝm̂ − g∥2J ≤

3

2
∥gm − g∥2J + pen(m)

+ 8 sup
h∈Sm̂∨m,∥h∥J=1

 1

J

J∑
j=1

h(Tj)σε(Tj)ε̄�,j

2

− pen(m̂) +
8

J

J∑
j=1

η̄2j .

Then,

E(η̄2j ) = E

( 1

n

n∑
i=1

Xi(Tj)

)2
 =

1

n
E[X2

1 (Tj)],

and thus

E

 8

J

J∑
j=1

η̄2j

 ≤ 8

n
sup
t∈T

E[X2
1 (t)] =

8

n
CX .

21



For any quantity p(m, m̂), we obtain

E(∥ĝm̂ − g∥2J) ≤ 3∥gm − g∥2J + 2pen(m)

+ 16E

 sup
h∈Sm̂∨m,∥h∥J=1

 1

J

J∑
j=1

h(Tj)σε(Tj)ε̄�,j

2

− p(m, m̂)


+

+ E
[
16p(m, m̂)− 2pen(m̂)

]
+ 16

CX

n
. (35)

Next, use Lemma 2 with p(m,m′) as in (36). Then, 16p(m,m′) ≤ 2pen(m) + 2pen(m′) if
κ ≥ 8. Plugging this in (35), for κ ≥ 64 we get

E(∥ĝm̂ − g∥2J) ≤ 3∥gm − g∥2J + 4pen(m) +
C∥σ2ε∥∞ + 16CX

n
.

Taking C ′ = max(C, 16), the proof of Theorem 1 is complete.

Lemma 2. Let m = m1d and m′ = m′1d, m,m
′ ∈ N∗, so that m ∨m′ = (m ∨m′)1d. Let

p(m,m′) = 8∥σ2ε∥∞
(m ∨m′)d

nJ
. (36)

There exists a constant C > 0, depending on ∥σ2ε∥∞ but not n, J such that

E

(
sup

h∈Sm̂∨m,∥h∥J=1

(
1

J

J∑
j=1

h(Tj)σε(Tj)ε̄�,j

)2
− p(m, m̂)

)
+

≤ C ∥σ
2
ε∥∞
n

.

Proof of Lemma 2. Define the empirical process

νJ(h) =
1

J

J∑
j=1

h(Tj)σε(Tj)ε̄�,j .

and split it as νJ(h) = ν
(1)
J (h) + ν

(2)
J (h) where ε̄�,j := ε̄

(1)
�,j + ε̄

(2)
�,j and

ν
(1)
J (h) =

1

J

J∑
j=1

h(Tj)σε(Tj)ε̄
(1)
�,j , ε̄

(1)
�,j = ε̄�,j1{|ε̄�,j |≤Bn,J} − E

(
ε̄�,j1{|ε̄�,j |≤Bn,J}

)
,

with ν
(2)
J accordingly. The truncation threshold Bn,J will be determined below. Then

E

(
sup

h∈Sm̂∨m,∥h∥J=1

(
1

J

J∑
j=1

h(Tj)σε(Tj)ε̄�,j

)2
− p(m, m̂)

)
+

≤ 2E

(
sup

h∈Sm̂∨m,∥h∥J=1
[ν

(2)
J (h)]2

)
+ 2E

(
sup

h∈Sm̂∨m,∥h∥J=1
[ν

(1)
J (h)]2 − 1

2
p(m, m̂)

)
+

=: 2T1 + 2T2.

For ∥h∥J = 1,

[ν
(2)
J (h)]2 ≤

(
1

J

J∑
j=1

h2(Tj)

)(
1

J

J∑
j=1

σ2ε(Tj)[ε̄
(2)
�,j ]

2

)
=

1

J

J∑
j=1

σ2ε(Tj)[ε̄
(2)
�,j ]

2.
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Thus

T1 ≤ ∥σ2ε∥∞E
(
1

J

J∑
j=1

[ε̄
(2)
�,j ]

2

)
= ∥σ2ε∥∞E

(
[ε̄

(2)
�,1 ]

2
)
.

As by Markov Inequality, E(ε̄2�,11{|ε̄�,1|>Bn,J
}) ≤ E

(
ε̄4�,1B

−2
n,J

)
, we get

T1 ≤ ∥σ2ε∥∞E(ε̄2�,11{|ε̄�,1|>Bn,J
}) ≤ ∥σ2ε∥∞

(
1

n
∧ C

E(ε̄41,1)
n2B2

n,J

)
, (37)

where the second bound follows from Rosenthal Inequality. This second term will be useful
in the random design setting. Here, with the common design, we use

T1 ≤
∥σ2ε∥∞
n

.

Secondly, for the bounded ε̄
(1)
�,j we write that

T2 ≤
∑

m′∈MJ

E
(

sup
h∈Sm∨m′ ,∥h∥J=1

[ν
(1)
J (h)]2 − 1

2
p(m,m′)

)
+

.

Now, we apply the Talagrand Inequality, as recalled in Theorem 5 in Section 6, to the term
inside the sum. With m⋆ = m ∨m′, we compute the terms denoted by M, H and v in
Theorem 5. We decompose h ∈ Sm⋆ in a basis (θk)k≤m⋆ orthonormal with respect to the
empirical scalar product, h =

∑
k≤m⋆ bkθk, ∥h∥2J =

∑
k≤m⋆ b2k, ⟨θk, θk′⟩J = δk,k′ . (In these

writings, k and k′ can have different components.) Then,

E

 sup
h∈Sm⋆ ,∥h∥J=1

(
1

J

J∑
j=1

h(Tj)σε(Tj)ε̄
(1)
�,j

)2 ≤ ∑
k≤m⋆

E

( 1

J

J∑
j=1

θk(Tj)σε(Tj)ε̄
(1)
�,j

)2
=
∑

k≤m⋆

E
[
1

J2

J∑
j=1

J∑
ℓ=1

θk(Tj)θk(Tℓ)σε(Tj)ε̄
(1)
�,j σε(Tℓ)ε̄

(1)
�,ℓ

]

≤
∑

k≤m⋆

E

 1

J2

J∑
j=1

J∑
ℓ=1

θk(Tj)θk(Tℓ)σε(Tj)σε(Tℓ){n−1δj,ℓ}


≤ ∥σ2ε∥∞

∑
k≤m⋆

E

 1

nJ2

J∑
j=1

θ2k(Tj)

 = ∥σ2ε∥∞
{m⋆}d

nJ
:= H2,

as J−1
∑J

j=1 θ
2
k(Tj) = 1. Next, since ε̄

(1)
�,j is bounded by 2Bn,J , we get

sup
h∈Sm⋆ , ∥h∥J=1

sup
|x|≤2Bn,J

sup
1≤j≤J

|h(Tj)σε(Tj)x| ≤ 2Bn,J sup
h∈Sm⋆ , ∥h∥J=1

√√√√ J∑
j=1

h2(Tj)σ2ε(Tj)

≤ 2Bn,J

√
J ∥σ2ε∥∞ =: M.

Lastly,

sup
h∈Sm⋆ , ∥h∥J=1

1

J

J∑
j=1

Var
(
h(Tj)σε(Tj)ε̄�,j

)
= sup

h∈Sm⋆ , ∥h∥J=1

1

J

J∑
j=1

h2(Tj)σ
2
ε(Tj)Var(ε̄�,j)

≤ ∥σ
2
ε∥∞
n

:= v.
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The Talagrand Inequality writes

E
(

sup
h∈Sm′∨m, ∥h∥J=1

[ν
(1)
J (h)]2 − 1

2
p(m,m′)

)
+

≤ C1
∥σ2ε∥∞
nJ

(
exp

(
− C2{m⋆}d

)
+ nB2

n,J exp

(
− C3

√
{m⋆}d
nB2

n,J

))
,

for C1, C2, C3 positive constants.
Next, we note that∑

m∈MJ

exp
(
− C2m

d
)
≤
∑
m∈N∗

exp
(
− C2m

d
)
≤ C4 <∞.

Moreover, taking Bn,J =
√

1/n leads to∑
m∈MJ

nB2
n,J exp(−C3m

d/2) ≤
∑
m∈N∗

exp
(
− C3m

d/2) ≤ C5 <∞.

Thus, we get, for J ≥ 1,

E
(

sup
h∈Sm′∨m,∥h∥J=1

[ν
(1)
J (h)]2 − 1

2
p(m,m′)

)
+

≤ C ∥σ
2
ε∥∞
nJ

,

for some constant C, and we conclude

E
[

sup
h∈Sm̂∨m,∥h∥J=1

[ν
(1)
J (h)]2 − 4∥σ2ε∥∞

(m ∨ m̂)d

nJ

]
+

≤ C ∥σ
2
ε∥∞
nJ

. (38)

Therefore, (38) implies that T2 ≤ C∥σ2ε∥∞/(nJ), which together with (37) ends the proof of
Lemma 2, with (1/2)p(m,m′) = 4∥σ2ε∥∞(m ∨m′)d/(nJ).

5.2 Proofs for the random design case

Proof of Lemma 1. Let Hm and Ĥmdenote the Dm×Dm matrix corresponding to the devel-
oped version of the hypermatrices Ψm and Ψ̂m respectively. We also denote by (ϕk)1≤k≤Dm

the developed version of the basis φk, so that for h ∈ Sm, we have the two writings

h =
∑

1≤k≤m

akφk =

Dm∑
k=1

bkϕk

and

[Hm]k1,k2 = ⟨ϕk1 , ϕk2⟩ρ,
[
Ĥm

]
k1,k2

= ⟨ϕk1 , ϕk2⟩N =
1

N

N∑
q=1

ϕk1(Tq)ϕk2(Tq).

Then we can write

sup
h∈Sm,h̸=0

∣∣∣∣∥h∥2N∥h∥2ρ
− 1

∣∣∣∣ = sup
h∈Sm,∥h∥ρ=1

∣∣∥t∥2N − 1
∣∣

= sup
h∈Sm,∥h∥ρ=1

∣∣∣∣∣∣ 1N
N∑
q=1

∑
1≤k1,k2≤Dm

bk1bk2ϕk1(Tq)ϕk2(Tq)− 1

∣∣∣∣∣∣
= sup

x∈RDm ,x⊤Hmx=1

∣∣∣x⊤
(
Ĥm −Hm

)
x
∣∣∣
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We denote by H
1/2
m a symmetric square root of Hm, and we get

sup
h∈Sm,h̸=0

∣∣∣∣∥h∥2N∥h∥2ρ
− 1

∣∣∣∣ = sup
x∈RDm ,∥x∥=1

∣∣∣x⊤
(
H

−1/2
m ĤmH

−1/2
m − IdDm

)
x
∣∣∣

=
∥∥∥H−1/2

m ĤmH
−1/2
m − IdDm

∥∥∥
op

As a consequence

Ωm :=

{∣∣∣∣∥h∥2N∥h∥2ρ
− 1

∣∣∣∣ ≤ 1

2
, ∀h ∈ Sm, h ̸= 0

}
=

{
∥H−1/2

m ĤmH
−1/2
m − IdDm∥op ≤

1

2

}
.

Next, we aim proving (with IdDm the identity matrix of dimension Dm),

P
(
∥H−1/2

m ĤmH
−1/2
m − IdDm∥op >

1

2

)
≤ cN−p. (39)

Moreover, under Condition (21), as ∥Ψ−1
m ∥op = ∥H−1

m ∥op, it is easy to see that

∥H−1/2
m ĤmH

−1/2
m − IdDm∥op ≤

1

2
⇒ 1

2
Hm ⪯ Ĥm ⇒ ∥Ĥ−1

m ∥op ≤ 2∥H−1
m ∥op.

Thus, since ∥Ψ̂−1
m ∥op = ∥Ĥ−1

m ∥op, we would have Ωm ⊂ Λm and consequently P(Λc
m) ≤

P(Ωc
m).
We now prove (39) under condition (21), by applying the Matrix Chernoff inequality to

the N independent symmetric matrices (see [35]; see also Theorem 4 in the Appendix for the
notation)

Mq =
1

N
H

−1/2
m

[
ϕk(Tq)ϕk′(Tq)

]
1≤k, k′≤Dm

H
−1/2
m .

By definition, E(Mq) = IdDm and thus, µmin = µmax = 1. Moreover, considering y = H
−1/2
m x

with ∥x∥ = 1, it holds that

λmax(Mq) = sup
∥x∥=1

x⊤Mqx ≤
L(m)

N
∥H−1

m ∥op,

because( ∑
k≤Dm

ykϕk(Tq)

)2

≤
∑

k≤Dm

y2k
∑

k′≤Dm

ϕ2k′(Tq) ≤ L(m)∥y∥2 ≤ L(m)∥H−1
m ∥op = L(m)∥Ψ−1

m ∥op.

Proceeding as in [11], [12], we apply the Matrix Chernoff inequality (see Th. 4) to obtain

P
(
∥H−1/2

m ĤmH
−1/2
m − IdDm∥op >

1

2

)
≤ 2Dm exp

(
−c(δ) N

L(m)∥Ψ−1
m ∥op

)
,

where, for 0 ≤ δ < 1, we set c(δ) = (1 + δ) log(1 + δ)− δ ≥ 0. Then, it holds

c(1/2) =
3

2
log

3

2
− 1

2
=

3 log(3/2)− 1

2
= (p+ 1)cp.

Under Condition (21), it holds

c(1/2)
N

L(m)∥Ψ−1
m ∥op

≥ c(1/2)

cp
logN = (p+ 1) logN.

Since Dm ≤ N , we conclude

P
(
∥H−1/2

m ĤmH
−1/2
m − IdDm∥op >

1

2

)
≤ 2N ·N−(p+1) = 2N−p,

which establishes (39) with the constant c = 2.
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Proof of Proposition 3. Let Πmg ∈ Sm be the orthogonal projection of g on Sm with respect
to the empirical norm. With Λm the set defined in (23), we have

∥g̃m − g∥2N = ∥ĝm − g∥2N1Λm + ∥g∥2N1Λc
m

=
{
∥Πmg − g∥2N + ∥ĝm −Πmg∥2N

}
1Λm + ∥g∥2N1Λc

m

≤ inf
h∈Sm

∥h− g∥2N + ∥ĝm −Πmg∥2N1Λm + ∥g∥2N1Λc
m

=: T1 + T2 + T3.

Clearly,
E(T1) ≤ inf

h∈Sm

∥h− g∥2ρ. (40)

As E[g4(T1,1)] < +∞, we obtain straightforwardly that

E(T3) ≤ E1/2[g4(T1,1)]c
1/2N−p/2, (41)

with p and c from Lemma 1. Next, since

ĝm(T)−Πmg(T) = Φ̂m(Φ̂⊤
mΦ̂m)−1Φ̂⊤

mu,

with u ∈ RN defined in (19), it holds that

∥ĝm −Πmg∥2N =
1

N
{ĝm(T)−Πmg(T)}⊤{ĝm(T)−Πmg(T)}

=
1

N
u⊤Φ̂m(Φ̂⊤

mΦ̂m)−1Φ̂⊤
mu.

Let decompose u = X+ ε̄ with ε̄ ∈ RN defined in (19) and

X = (X1(T1,1), . . . , X1(T1,N1), X2(T2,1), . . . X2(T2,N2), . . . Xn(Tn,Nn))
⊤ ∈ RN .

The cross-terms involving X and ε̄ are centered thanks to the fact that the εi,j ’s are centered
and independent of X and T. Therefore

E(T2) = E(∥ĝm −Πmg∥2N 1Λm) = V1 + V2,

with

V1 := E
(

1

N
X⊤Φ̂m(Φ̂⊤

mΦ̂m)−1Φ̂⊤
mX 1Λm

)
,

and

V2 :=
1

N
E
(
ε̄⊤Φ̂m(Φ̂⊤

mΦ̂m)−1Φ̂⊤
mε̄ 1Λm

)
.

Since Λm depends only on T, and the εi,j ’s are independent of T, we can write

E
(
ε̄⊤Φ̂m(Φ̂⊤

mΦ̂m)−1Φ̂⊤
mε̄1Λm

)
= E

(
Tr
(
E(ε̄ε̄⊤|T)Φ̂m(Φ̂⊤

mΦ̂m)−1Φ̂⊤
m

)
1Λm

)
.

Then, using the same reasoning as in (33), we get

V2 ≤ ∥σ2ε∥∞
Dm

N
. (42)

Next, with Ωm the set defined in (24), we further decompose the first term

V1 = E
(

1

N
X⊤Φ̂m(Φ̂⊤

mΦ̂m)−1Φ̂⊤
mX1Λm∩Ωm

)
+ E

(
1

N
X⊤Φ̂m(Φ̂⊤

mΦ̂m)−1Φ̂⊤
mX1Λm∩Ωc

m

)
:= V1,1 + V1,2.
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The term V1,2 is a remainder that can be handled by repeatedly applying Cauchy-Schwarz
inequality as follows: with the notation from Section 1 and the simplified indexing introduced
in (18),

V1,2 =
1

N2
E
(
X⊤Φ̂mΨ̂−1

m Φ̂⊤
mX1Λm∩Ωc

m

)
≤ 1

N2
E
(
∥Ψ̂−1

m ∥op1Λm∥Φ̂⊤
mX∥2Rm1Ωc

m

)
=

1

N2
E

(
∥Ψ̂−1

m ∥op1Λm

∑
k≤m

( N∑
q=1

φk(Tq)Xi(Tq)

)2
1Ωc

m

)

≤ 1

N2
E

NL(m)∥Ψ̂−1
m ∥op1Λm

N∑
q=1

[Xi(Tq)]
21Ωc

m


≤ 2cp

N

log(N)

1

N
E

 N∑
q=1

[Xi(Tq)]
21Ωc

m


≤ 2cp

N

log(N)
E1/2[X4

1 (T1,1)]
√
P(Ωc

m) ≲ N−p/2+1. (43)

For the last inequality, we appeal to Lemma 1. Moreover, the index i in Xi(Tq) implicitly
display depends on q, since Xi denotes the field associated to Tq, but this does not affect the
bound as the Xi are independent of the design points.

For the term V1,1, we note that on Ωm the eigenvalues of H
−1/2
m ĤmH

−1/2
m belong to

[1/2, 3/2] and thus the eigenvalues of its inverse are in [2/3, 2]. We also denote by F̂m the
Dm ×N extended version of Φ̂m. From this and the inequality ∥H−1

m ∥op = ∥Ψ−1
m ∥op ≤ 1/ρ0,

see (20), we deduce

V1,1 = E
(

1

N2
X⊤Φ̂mΨ̂−1

m Φ̂⊤
mX1Λm∩Ωm

)
= E

(
1

N2
X⊤F̂mĤ−1

m F̂⊤
mX1Λm∩Ωm

)
=

1

N2
E
(
X⊤F̂mH

−1/2
m

(
H

1/2
m Ĥ−1

m H
1/2
m

)
H

−1/2
m F̂⊤

mX1Λm∩Ωm

)
≤ 2

N2
E
(
X⊤F̂mH−1

m F̂⊤
mX1Λm∩Ωm

)
(44)

≤ 2

ρ0N2
E
(
X⊤F̂mF̂⊤

mX1Λm∩Ωm

)
≤ 2

ρ0N2
E

[
Dm∑
k=1

( N∑
q=1

ϕk(Tq)Xi(Tq)
)2]

=
2

ρ0N2

∑
k≤m

n∑
i=1

E

[( Ni∑
j=1

φk(Ti,j)Xi(Ti,j)
)2]

.

For the last equality we use the fact that the terms Ai :=
∑Ni

j=1 φk(Ti,j)Xi(Ti,j), 1 ≤ i ≤ n,
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are independent and centered. We deduce that

V1,1 ≤ 2

ρ0N2

∑
k≤m

n∑
i=1

E

 Ni∑
j=1

φ2
k(Ti,j)X

2
i (Ti,j)

+
∑

1≤j ̸=j′≤Ni

φk(Ti,j)Xi(Ti,j)φk(Ti,j′)Xi(Ti,j′)


=

2

ρ0N2

∑
k≤m

n∑
i=1

(
Ni

∫
φ2
k(u)σX(u, u)ρ(u)du

+Ni(Ni − 1)

∫∫
φk(u)φk(v)σX(u, v)ρ(u)ρ(v)dudv

)
,

with σX(u, v) = E[X1(u)X1(v)]. In the last bound, the term containing the simple integrals
can be bounded as follows:

2

ρ0N

∑
k≤m

∫
φ2
k(u)σX(u, u)ρ(u)du ≤ 2L(m)

ρ0N

∫
σX(u, u)ρ(u)du.

On the other hand, for the term containing the double integrals, by a projection argument
which entails

∑
k≤m(

∫
φkg)

2 ≤
∫
g2, we deduce

2

ρ0

∑n
i=1Ni(Ni − 1)

N2

∑
k≤m

E

[(∫
φk(u)ρ(u)X1(u)du

)2
]

≤ 2

ρ0

∑n
i=1Ni(Ni − 1)

N2
E
(∫
{X1(u)ρ(u)}2du

)
=

2

ρ0

∑n
i=1Ni(Ni − 1)

N2

∫
σX(u, u)ρ2(u)du.

Combining the terms gives a first bound for V1,1, that is

V1,1 ≤
2

ρ0

(
M3L(m)

N
+
M1

N2

n∑
i=1

Ni(Ni − 1)

)
. (45)

The term V1,1 can also be bounded in a different way. Let Zi,k =
∑Ni

j=1Xi(Ti,j)ϕk(Ti,j),
which are centered and independent in i = 1, . . . , n, identically distributed for fixed k. Starting
from the inequality (44), we have

V1,1 ≤ 2

N2

∑
1≤k,k′≤Dm

[
H−1

m

]
k,k′ E

[( n∑
i=1

Zi,k

)( n∑
i=1

Zi,k′

)]

=
2

N2


( n∑

i=1

Ni

)∫
σX(u, u)

( ∑
1≤k,k′≤Dm

ϕk(u)
[
H−1

m

]
k,k′ ϕk′(u)

)
ρ(u)du

+

( n∑
i=1

Ni(Ni − 1)

)∫∫
σX(u, v)

( ∑
1≤k,k′≤Dm

ϕk(u)
[
H−1

m

]
k,k′ ϕk′(v)

)
ρ(u)ρ(v) dudv


:= S1 + S2.
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For the first term, we get, denoting by ϕ(u) = (ϕ1(u), . . . , ϕDm(u))⊤ ∈ RDm ,

S1 =
2

N

∫
σX(u, u)ϕ(u)⊤H−1

m ϕ(u)ρ(u)du

≤ 2M1

N

∫
ϕ(u)⊤H−1

m ϕ(u)ρ(u)du

=
2M1

N

∑
1≤k,k′≤Dm

∫
ϕk(u)ϕk′(u)ρ(u)du

[
H−1

m

]
k,k′

=
2M1

N

∑
1≤k,k′≤Dm

[Hm]k,k′
[
H−1

m

]
k,k′

=
2M1

N
Tr(HmH−1

m ) =
2M1Dm

N
,

where for the inequality we use the fact that Hm is positive definite and by definition
σX(u, u) ≥ 0. For S2, we write that

S2 =
2

N2

( n∑
i=1

Ni(Ni − 1)

)
E
[(∫

X1(u)ϕ(u)
⊤ρ(u)du

)
H−1

m

(∫
X1(v)ϕ(v)ρ(v)dv

)]

≤ 2

N2

( n∑
i=1

Ni(Ni − 1)

)
∥H−1

m ∥opE

[∥∥∥∥(∫ X1(u)ϕ(u)ρ(u)du

)∥∥∥∥2
RDm

]

≤ 2

ρ0N2

( n∑
i=1

Ni(Ni − 1)

)
E

[
Dm∑
k=1

(∫
X1(u)ϕk(u)ρ(u)du

)2
]

≤ 2

ρ0N2

( n∑
i=1

Ni(Ni − 1)

)
E
[∫

X2
1 (u)ρ

2(u)du

]
=

2M2

ρ0N2

( n∑
i=1

Ni(Ni − 1)

)
.

Combining the two terms yields a second bound for V1,1, that is

V1,1 ≤
2M1Dm

N
+

2M2

ρ0N2

( n∑
i=1

Ni(Ni − 1)

)
. (46)

Gathering (40), (41), (42), (43) and (46) (resp. (45)) gives the result stated in Proposition 3
(resp. Remark 4) provided p = 4 or larger and we redefine p← p/2− 1 ≥ 1.

Proof of Theorem 2. First, note that, due to Assumption 2 and (17), it holds

inf
ĝ

sup
g∈S(α,L)

E[∥ĝ − g∥2ρ] ≥
1

ρ20
inf
ĝ

sup
g∈S(α,L)

E[∥ĝ − g∥2],

and therefore we may establish a lower bound for the standard L2-norm denoted by ∥ · ∥. The
term n−1 in the lower bound do raises any difficulty as it corresponds to the parametric rate,
which is attained considering g a constant function, X ≡ 0 and σε ≡ 1 (see also [9, Th. 2.1]).

Following [36, Th. 2.5 and Th. 2.7], the remaining part of the lower bound is established
by considering a decision problem between K +1 competing functions g0 = g and g1, . . . , gK ,
all contained in S(α, L) with α = (α1 . . . , αd) ∈ Nd

>0 and L > 0, that satisfy the following
two conditions, for some increasing K ∈ N>0 to be specified later:

(i) ∥gk′ − gk∥2 ≥ cgN
− 2α

2α+d , ∀ 0 ≤ k′ < k ≤ K for some positive constant cg,

(ii) K−1
K∑
k=1

KL(P⊗N
k ,P⊗N

0 ) ≤ c logK, for some 0 < c < 1/8,
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where Pk denotes the probability measure of the observations (16) corresponding to the func-
tion gk and KL(·, ·) is the Kullback-Leibler divergence. Fix σε ≡ 1 and let ρ(x) = 1T (x)
be the uniform density function on T . Consider N (0, 1) as the common distribution of εi,j
and the Xi’s are i.i.d. centered Gaussian fields with bounded covariance function ΓX . Let
Q = (Q1, . . . , Qd) ∈ Nd

>0 to be specified later. Let DQ =
∏d

l=1Ql and χ : Rd → R, which is
zero outside T and admits bounded partial derivatives on T up to order αl in the l-direction,
for 1 ≤ l ≤ d. Consider the functions with non overlapping support

fq(x) = χ(xQ− q + 1d), x ∈ T , q ∈ Nd
>0, q ≤ Q,

where xQ − q + 1d has the components (xlQl − ql + 1), 1 ≤ l ≤ d. (Recall that q =
(q1, . . . , qd) ∈ Nd

>0 with q ≤ Q means 1 ≤ ql ≤ Ql, ∀1 ≤ l ≤ d.) Note that the functions
fq depend also on Q. For q ∈ Nd

>0 with q ≤ Q, the function fq(x) is supported on Rq =
[(q1−1)/Q1, q1/Q1]×. . .×[(qd−1)/Qd, qd/Qd] ⊂ T . Therefore, for any q ̸= q′, the intersection
of the supports of fq and fq′ has measure zero, implying∫

T
fq(x)fq′(x)dx = D−1

Q ∥χ∥
21{q=q′}.

Let θ ∈ {0, 1}DQ with components θq ∈ {0, 1}, q ≤ Q, and let δ, A > 0 to be specified later.
Using these quantities and the DQ functions fq we define

gθ(x) = δA
∑
q≤Q

θqfq(x).

First, we derive conditions guaranteeing that gθ belongs to S(α, L). By definition, gθ admits
αl bounded derivatives in the l-direction, 1 ≤ l ≤ d, and by a change of variables, for any
α′
l ∈ N such that α′

l ≤ αl, any 1 ≤ l ≤ d, and any θ ∈ {0, 1}DQ ,

∥∂α
′
l

l gθ∥
2 = δ2A2Q

2α′
l

l

∑
q≤Q

θ2q

∫
T
{∂α

′
l

l fq(x))}
2dx ≤ δ2A2Q

2α′
l

l ∥∂
α′
l

l χ∥
2.

Here, ∂αl
l denotes the partial derivative operator of order αl with respect to the l-th variable.

Then gθ ∈ S(α, L) if (δ, A,Q1, . . . , Qd) and the function χ are such that

δ2A2 max
1≤l≤d

{
Q2αl

l ∥∂
αl
l χ∥

2
}
≤ L.

Next, we establish (i). For any θ,θ′ ∈ {0, 1}DQ , by definition and a change of variables,
it holds

∥gθ′ − gθ∥2 = δ2A2D−1
Q ∥χ∥

2H(θ,θ′),

where H(θ,θ′) =
∑

q≤Q |θq − θ′q| is the Hamming distance between θ and θ′. The Var-

shamov–Gilbert bound (see [36, Lemma 2.9]) ensures that for DQ ≥ 8 there exist K ≥ 2DQ/8

elements θ(1), . . . ,θ(K) of {0, 1}DQ such that H(θ(k′),θ(k)) ≥ DQ/8, for all 0 ≤ k′ < k ≤ K,
where θ(0) = (0, . . . , 0). Then, it holds

∥gθ(k′) − gθ(k)∥2 ≥ δ2
A2

8
∥χ∥2, ∀0 ≤ k′ < k ≤ K.

As a consequence, to establish (i) it suffices to select (δ, A) such that δ2A2 = O
(
N− 2α

2α+d
)
.

Second, to derive (ii) note that the following variables are independent for 1 ≤ i ≤ n,

Y θ
i,· | Ti,· =

(
Y θ
i,1 , . . . , Y θ

i,Ni
| Ti,1 , . . . , Ti,Ni

)⊤ ∼ N (µθ, IdNi +Σi
X

)
,
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where
Y θ
i,j = gθ(Ti,j) +Xi(Ti,j) + εi,j , µθ =

(
gθ(Ti,1) . . . gθ(Ti,Ni)

)⊤
,

and Σi
X =

(
ΓX(Ti,j , Ti,j′)

)
1≤j,j′≤Ni

. By standard computations, for all 1 ≤ k ≤ K and with

P⊗N
k the distribution of (Y θk

i,j )1≤i≤n,1≤j≤Ni , conditionally on T, it holds

1

K

K∑
k=1

KL(P⊗N
k ,P⊗N

0 | T) =
1

K

K∑
k=1

1

2

n∑
i=1

µ⊤
θ(k)

(
IdNi +Σi

X

)−1
µθ(k)

≤ 1

2K

K∑
k=1

n∑
i=1

Ni∑
j=1

gθ(k)(Ti,j)
2.

Integrating with respect to T and using that ∥gθ∥2 ≤ δ2A2∥χ∥2, for K ≥ 2DQN
/8 it holds

1

K

K∑
k=1

KL(P⊗N
k ,P⊗N

0 ) ≤ Nδ2A2∥χ∥2

2
.

Combining facts, g ∈ S(α, L), (i) and (ii) are satisfied as soon as (δ, A,Q1, . . . , Qd) depend
on N such that: 

δ2A2 = O
(
N− 2α

2α+d

)
(Condition (i)),

δ2A2max1≤l≤dQ
2αl
l ∥∂

αl
l χ∥

2 ≤ L (Condition S(α, L)),
NA2 = DQ and δ2∥χ∥2

2 < log 2
8 (Condition (ii)).

A possible choice is to select

A := AN = N− α
2α+d , Ql = Ql,N = N

α
αl(2α+d) , ∀1 ≤ l ≤ d,

implying that

DQN
=

d∏
l=1

Ql,N = N
∑d

l=1
1
αl

α
2α+d = N

d
2α+d and NA2

N = DQN
,

and to take δ > 0 such that

δ <
L√

max1≤l≤d ∥∂αl
l χ∥

∧
√
log 2

2∥χ∥
.

Then, Theorem 2.7 in [36] allows us to conclude.

5.2.1 Risk bound for model selection with independent design

This section contains the proof of Theorem 3. Before proceeding with that proof, we introduce
some definitions and technical results. Recall that the collection of models MN and its
empirical counterpart M̂N are defined in (27) and (28), respectively. Let us define

M+
N =

{
m = m1d,m ∈ {1, . . . , N}, L(m)(∥Ψ−1

m ∥op ∨ 1) ≤ 4cpN

log(N)

}
,

and with the sets Ωm as defined in (24), let

ΩN =
⋂

m∈M+
N

Ωm. (47)
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To bound the risk of the estimator from Theorem 3, we also define the set of events

ΞN = {MN ⊂ M̂N ⊂M+
N}.

The following lemmas will be used in the proof of Theorem 3. Below, for any matrix A,
Sp(A) denotes the spectrum of A.

Lemma 3. Under the assumptions of Theorem 3, it holds that ΩN ⊂ ΞN .

Lemma 4. Assume that the εi,j’s have a finite fourth order moment, and set

p2(m,m′) = 4∥σ2ε∥∞
(m ∨m′)d

N
.

Then

E

{(
sup

h∈Sm̂∨m,∥h∥N=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)σε(Ti,j)εi,j

)2

− p2(m, m̂)

)
+

1ΩN

}
≤ C log2(N)

N
,

where C is a constant depending on ρ0, ∥σ2ε∥∞ and E(ε41,1).

The proofs of Lemmas 3 and 4 are given in Section 6.2.

Lemma 5. The assumptions of Theorem 3 hold. Let

p1(m,m′) = 4B2
n,X

(m ∨m′)d

N
.

Then, there exists a constant c depending on ρ0 such that, for M3 =
∫
σX(u, u)ρ(u)du, it

holds

E

{(
sup

h∈Sm̂∨m,∥h∥ρ=1

(
1

N

n∑
i=1

(
Ni∑
j=1

h(Ti,j)Xi(Ti,j)

))2

− p1(m, m̂)

)
+

}

≤
cE
(
B2

n,X

)
N

+ 2M3

∑n
i=1N

2
i

N
.

Proof of Lemma 5. Define νN (h) := N−1
∑n

i=1

∑Ni
j=1 h(Ti,j)Xi(Ti,j). Use the decomposition

νN (h) =
1

N

n∑
i=1

 Ni∑
j=1

h(Ti,j)Xi(Ti,j)−
∫
Xi(u)h(u)ρ(u)du


+

1

N

n∑
i=1

Ni

∫
Xi(u)h(u)ρ(u)du := ν

(X)
N (h) +Rn(h).
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Let SN be a nesting space (∀m,Sm ⊂ SN ), with dimension DN ≤ N . Then

E

(
sup

h∈Sm̂∨m,∥h∥ρ=1
R2

n(h)

)
≤ E

(
sup

h∈SN ,∥h∥ρ=1
R2

n(h)

)
≤

DN∑
p=1

E(R2
n(φ

(ρ)
p ))

≤
DN∑
p=1

Var

(
1

N

n∑
i=1

Ni

∫
Xi(u)φ

(ρ)
p (u)ρ(u)du

)

=

DN∑
p=1

n∑
i=1

(
Ni

N

)2

Var

(∫
X1(u)φ

(ρ)
p (u)ρ(u)du

)

≤
∑n

i=1N
2
i

N2
E

DN∑
p=1

(∫
X1(u)φ

(ρ)
p (u)ρ(u)du

)2


≤
∑n

i=1N
2
i

N2
E
[∫

X2
1 (u)ρ(u)du

]
=M3

∑n
i=1N

2
i

N2
.

Here, φ
(ρ)
p , 1 ≤ p ≤ DN , are orthonormal with respect to the ρ-weighted inner product.

Next, we consider the empirical process ν
(X)
N conditionally on fixed realizations Xi = xi,

1 ≤ i ≤ n. The variables involved in ν
(X)
N are the Ti,j ’s, which are independent. Thus,

conditionally on the fixed realizations of the Xi’s, ν
(X)
N is an average of independent, non-

identically distributed variables, for which Talagrand’s Inequality can be applied. We can
then apply Talagrand’s Inequality conditionally on the fixed realizations of the Xi’s as follows.
First,

E
(

sup
h∈Sm,∥h∥ρ=1

[ν
(x)
N (h)]2

)
≤

∑
k≤m

E
{
[ν

(x)
N (φ

(ρ)
k )]2

}
=

1

N2

∑
k≤m

n∑
i=1

NiVar
(
φ
(ρ)
k (T1,1)xi(T1,1)

)
≤ 1

N2

∑
k≤m

n∑
i=1

Ni

∫
x2i (u)(φ

(ρ)
k (u))2ρ(u)du

≤ 1

N
B2

n,x

∑
k≤m

∫
(φ

(ρ)
k (u))2ρ(u)du

≤ B2
n,x

md

N
:= H2.

Here, given the realizations of the Xi’s, Bn,x = sup1≤i≤n supt∈T |xi(t)|. Next,

sup
h∈Sm,∥h∥ρ=1

1

N

n∑
i=1

Ni∑
j=1

Var (h(Ti,j)xi(Ti,j))

≤ sup
h∈Sm,∥h∥ρ=1

∫ (
1

N

n∑
i=1

Nix
2
i (u)

)
h2(u)ρ(u)du ≤ B2

n,x := v,

using that
∫
h2(u)ρ(u)du = 1. Lastly

sup
h∈Sm,∥h∥ρ=1

sup
1≤i≤n

sup
t∈T

(|xi(t)h(t)|) ≤
Bn,x

√
L(m)

√
ρ0

:= M.
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Let Ex denote the conditional expectation operator given Xi = xi, 1 ≤ i ≤ n.Then, we obtain
that, for L(m) = md ≤ N ,

Ex

[(
sup

h∈Sm,∥h∥ρ=1
[ν

(x)
N (h)]2 − 4

md

N
B2

n,x

)
+

]
≤ C1

N
B2

n,x

{
exp

(
−C2m

d
)
+ exp

(
−C3

√
N
)}
,

where C1, C2, C3 are numerical constants which do not depend on Bn,x, but possibly depending
on ρ0. We can decondition since nothing in the exponentials depends on the xi’s and get

E

[(
sup

h∈Sm̂∨m,∥h∥ρ=1
[ν

(X)
N (h)]2 − 4

(m ∨ m̂)d

N
B2

n,X

)
+

]

≤ C1

E
(
B2

n,X

)
N

( ∑
md≤N

exp(−C2m
d) + exp(−C3

√
N)

)
≤ C ′ E

(
B2

n,X

)
N

.

This ends the proof of Lemma 5.

Proof of Theorem 3. We treat separately the bound on the events ΩN and Ωc
N .

Bound on the event ΩN . Similarly to the decomposition used in the proof of Theorem 1,
on the event ΩN defined in (47), for all m ∈ M̂N , we have:

∥ĝm̂ − g∥2N ≤ ∥gm − g∥2N + pen(m) +
2

N

n∑
i=1

Ni∑
j=1

(ĝm̂ − gm)(Ti,j)Xi(Ti,j)

+
2

N

n∑
i=1

Ni∑
j=1

(ĝm̂ − gm)(Ti,j)σε(Ti,j)εi,j − pen(m̂).

Next, we write

1

N

n∑
i=1

Ni∑
j=1

(ĝm̂− gm)(Ti,j)Xi(Ti,j) ≤ ∥ĝm̂− gm∥ρ sup
h∈Sm∨m̂,∥h∥ρ=1

∣∣∣∣∣ 1N
n∑

i=1

Ni∑
j=1

h(Ti,j)Xi(Ti,j)

∣∣∣∣∣,
and

1

N

n∑
i=1

Ni∑
j=1

(ĝm̂ − gm)(Ti,j)σε(Ti,j)εi,j

≤ ∥ĝm̂ − gm∥N sup
h∈Sm∨m̂, ∥h∥N=1

∣∣∣∣∣ 1N
n∑

i=1

Ni∑
j=1

h(Ti,j)σε(Ti,j)εi,j

∣∣∣∣∣.
Then by the inequality 2|ab| ≤ a2/θ + θb2 for θ = 8, and θ = 16, we get

∥ĝm̂ − g∥2N ≤ ∥gm − g∥2N + pen(m) +
1

16
∥ĝm̂ − gm∥2ρ +

1

8
∥ĝm̂ − gm∥2N

+16 sup
h∈Sm∨m̂,∥h∥ρ=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)Xi(Ti,j)

)2

+8 sup
h∈Sm∨m̂,∥h∥N=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)σε(Ti,j)εi,j

)2

− pen(m̂).
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Note that due to Lemma 3 and since in our isotropic context the spaces Sm are nested, it
holds ∥ĝm̂ − gm∥2ρ ≤ 2∥ĝm̂ − gm∥2N . Thus, we get that, on ΩN , for all m ∈ M̂N ,

∥ĝm̂ − g∥2N ≤ ∥gm − g∥2N + pen(m) +
1

4
∥ĝm̂ − gm∥2N

+16 sup
h∈Sm̂∨m,∥h∥ρ=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)Xi(Ti,j)

)2

+8 sup
h∈Sm̂∨m,∥h∥ρ=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)σε(Ti,j)εi,j

)2

− pen(m̂).

Now we use that

1

4
∥ĝm̂ − gm∥2N ≤

1

2
∥ĝm̂ − g∥2N +

1

2
∥gm − g∥2N

to gather similar terms and introduce the two functions p1(m,m′) and p2(m,m′) defined in
Lemmas 5 and 4, and deduce

∥ĝm̂ − g∥2N ≤ 3∥gm − g∥2N + 2pen(m) +

+32

(
sup

h∈Sm̂∨m,∥h∥ρ=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)Xi(Ti,j)

)2

− p1(m, m̂)

)
+

+16

(
sup

h∈Sm̂∨m,∥h∥ρ=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)σε(Ti,j)εi,j

)2

− p2(m, m̂)

)
+

+32p1(m, m̂) + 16p2(m, m̂)− 2pen(m̂).

Using that 32p1(m, m̂) + 16p2(m, m̂) ≤ 2pen(m̂) + 2pen(m) for κ ≥ 64, we get

∥ĝm̂ − g∥2N ≤ 3∥gm − g∥2N + 4pen(m) +

+32

(
sup

h∈Sm̂∨m,∥h∥ρ=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)Xi(Ti,j)

)2

− p1(m, m̂)

)
+

+16

(
sup

h∈Sm̂∨m,∥h∥ρ=1

(
1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)σε(Ti,j)εi,j

)2

− p2(m, m̂)

)
+

.

The last two terms in the previous inequality are bounded using Lemmas 5 and 4.
Bound on the event Ωc

N . Note that, as a consequence of Lemma 1, and cp as in (21),

P(Ωc
N ) ≤ cCard(M+

N )N−p.

Since by definition, Card(M+
N ) ≤ N , we obtain P(Ωc

N ) ≲ N−p+1. Next, we write

E
[
∥ĝm̂ − g∥2N1Ωc

N

]
≤ 2
√
2
{√

E[∥ĝm̂∥4N ] +
√
E[∥g∥4N ]

}√
P(Ωc

N ).

It holds

E
[
∥g∥4N

]
= E

[(
1

n

n∑
i=1

Ni∑
j=1

g2(Ti,j)

)2 ]
≤
∫
g4(u)ρ(u)du.

Next,

∥ĝm̂∥2N =
1

N2
Y⊤Φ̂m̂Ψ̂−1

m̂
Ψ̂m̂Ψ̂−1

m̂
Φ̂⊤
m̂Y =

1

N2
Y⊤Φ̂m̂Ψ̂−1

m̂
Φ̂⊤
m̂Y.
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As m̂ ∈ M̂N , we have L(m̂)∥Ψ̂−1
m̂
∥op ≤ cpN/ log(N) and we note that

∥Φ̂m̂Φ̂⊤
m̂∥op = sup

∥x∥2
RN

=1

x⊤Φ̂m̂Φ̂⊤
m̂ x ≤ NL(m̂).

Thus,

∥ĝm̂∥2N ≤
cp

log(N)
Y⊤Y.

It follows that

E[∥ĝm̂∥4N ] ≤ c2pE

[(
n∑

i=1

Ni∑
j=1

Y 2
i,j

)2 ]
≤ c2pN2E(Y 4

1,1).

As a consequence, taking p = 5 yields E[∥ĝm̂ − g∥2N1Ωc
N
] ≲ N−1. This ends the proof.

6 Appendix

6.1 Complements on the error variance estimation

Here, we detail and complete the discussion from Section 2.5.2 on the error variance estimation.
Below we assume that g is bounded, supt∈T E[X4

1 (t)] <∞ and E[ε4i,j ] <∞.
For 1 ≤ j ≤ J − 1, let

Aj := g(Tj+1)− g(Tj), Bj := X1(Tj+1)−X1(Tj), Dj := ε1,j+1 − ε1,j .

By construction, Y1,j+1−Y1,j = Aj +Bj +σεDj , with Aj deterministic, E[Bj ] = 0, E[Dj ] = 0,
E[D2

j ] = 2, and Bj independent of Dj (by Assumption 1(v)). Hence

Ej := E
[
(Y1,j+1 − Y1,j)2

]
= A2

j + E[B2
j ] + 2σ2ε .

For Vε,n in (11), averaging Ej/2 over j gives

0 ≤ E[Vε,n] = σ2ε +
1

2(J − 1)

J−1∑
j=1

E[B2
j ] +

1

2(J − 1)

J−1∑
j=1

A2
j ,

so that

0 ≤ E[Vε,n] ≤ σ2ε +
1

2
max

1≤j≤J−1
E[B2

j ] +
1

2
max

1≤j≤J−1
A2

j . (48)

We now turn to Var(Vε,n), and first we write the centered squared increment as

Wj := (Y1,j+1 − Y1,j)2 − Ej = Uj + Vj +Nj ,

where

Uj := B2
j − E[B2

j ] + 2AjBj , Vj := 2σεDj(Aj +Bj), Nj := σ2ε(D
2
j − 2),

and let Zj,j′ :=WjWj′ . Then

Var(Vε,n) =
1

4n

1

(J − 1)2

[ ∑
|j−j′|≥2

E[Zj,j′ ] +
∑

1≤j≤J−1

{E[Zj,j ] + E[Zj,j+1]}
]
. (49)

We first investigate the second sum, over j. Since Dj is independent of (Aj , Bj) and E[Dj ] =
E[D2

j − 2] = 0, the cross products E[UjVj ], E[UjNj ] and E[VjNj ] all vanish (the last one using

E[D3
j ] = 0, which is a consequence of the definition of Dj). Thus

E[W 2
j ] = E[U2

j ] + E[V 2
j ] + E[N2

j ].
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Using (x+ y)2 ≤ 2(x2 + y2) and Jensen’s inequality, we get E[U2
j ] ≲ A4

j + E[B4
j ]. Next, using

E[D2
j ] = 2, we get E[V 2

j ] = 8σ2ε(A
2
j+E[B2

j ]). Finally, using E[D4
j ] = 2E[ε41,j ]+6 (a consequence

of the independence and the standardization of ε1,j , ε1,j+1), it holds E[N2
j ] = σ4ε

(
E[D4

j ]−4
)
=

2σ4ε(E[ε41,j ] + 1). Combining the three terms gives

E[W 2
j ] ≲ A4

j + E[B4
j ] + E[ε41,j ] + 1, (50)

with the constant in ≲ depending on σε. As Zj,j = W 2
j , this directly bounds E[Zj,j ]. For

the adjacent term, Dj and Dj+1 share ε1,j+1 and are not independent, so we instead use
Cauchy-Schwarz with

√
ab ≤ (a+ b)/2 together with (50):∣∣E[Zj,j+1]
∣∣ ≤ {E(W 2

j )E(W 2
j+1)

}1/2 ≤ 1

2

[
E(W 2

j ) + E(W 2
j+1)

]
.

We deduce that

1

J − 1

∣∣∣∣∣∣
∑

1≤j≤J−1

{E[Zj,j ] + E[Zj,j+1]}

∣∣∣∣∣∣ ≲ E[ε41,1] + max
1≤j≤J−1

A4
j + max

1≤j≤J−1
E[B4

j ] + 1. (51)

For |j − j′| ≥ 2, Dj is independent of (Bj , Bj′ , Dj′) jointly (since ε1,j , ε1,j+1 share no
index with ε1,j′ , ε1,j′+1). Expanding Zj,j′ = WjWj′ = (Uj + Vj +Nj)(Uj′ + Vj′ +Nj′), every
cross term other than UjUj′ contains a factor Dj or Dj′ (through Vj , Nj , Vj′ or Nj′) that is
independent of the remaining factors and centered (E[Dj ] = E[D2

j − 2] = 0); each such term
therefore vanishes in expectation. Hence

E[Zj,j′ ] = E[UjUj′ ], |j − j′| ≥ 2,

with no contribution from the noise. By Cauchy–Schwarz and
√
ab ≤ (a+ b)/2,∣∣E[UjUj′ ]

∣∣ ≤ 1

2

[
E(U2

j ) + E(U2
j′)
]
≲ A4

j +A4
j′ + E[B4

j ] + E[B4
j′ ].

We deduce the simplified bound

1

(J − 1)2

∣∣∣∣∣∣
∑

|j−j′|≥2

E[Zj,j′ ]

∣∣∣∣∣∣ ≲ max
1≤j≤J−1

A4
j + max

1≤j≤J−1
E[B4

j ]. (52)

Combining (49), (51) and (52), and using (48) for the bias, we deduce, without any further
assumption on the regularity of g or the field X1, that

E
[
{Vε,n − σ2ε}2

]
≤ C

[
n−1 + 1

]
,

for C a constant depending on ∥g∥∞, supt∈T E[X4
1 (t)] and E[ε4i,j ].

The consistency of Vε,n as J increases can be obtained by imposing some mild additional
assumptions. Before introducing these assumptions, let us assume that the set of common
design points {Tj} is ordered in the following way: set T1 to be the point closest to the origin
in Euclidean norm. Then, for each j ≥ 2, Tj is defined as the point closest to Tj−1 among
the remaining design points. Ties are broken by lexicographic order. With this ordering,
we assume that the Euclidean distance between any two consecutive points is bounded by
Cd(J

1/d − 1)−1, where Cd is a constant depending only on d, and without loss of generality
we consider J ≥ 2d. Finally, the Yi,j are re-indexed if necessary according to the ordering of
the Tj .
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Proposition 4. Assume that for some β > 0 , E[Λ4
X(β)] is finite, where

ΛX(β) = sup
s,t∈[0,1]d,s̸=t

|X1(s)−X1(t)|
∥s− t∥β

, (53)

and that, for some ξ > 0,

Lg = sup
s,t∈T ,s̸=t

|g(s)− g(t)|
∥s− t∥ξ

<∞. (54)

Then, there exists a constant C ′ > 0 such that

E
[
{Vε,n − σ2ε}2

]
≤ C ′

[
1

nJν
+

1

J4(β∧ξ)/d

]
, (55)

where ν = min(1, 4β/d, 4ξ/d). The constant C ′ depends on d, Lg, ∥g∥∞, and the moments of
order 4 of ΛX(β) and εi,j (but not on J or n).

Proof of Proposition 4. From (53), for 1 ≤ j ≤ J − 1,

|Bj | = |X1(Tj+1)−X1(Tj)| ≤ ΛX(β) ∥Tj+1 − Tj∥β ≤
Cβ
d

(J1/d − 1)β
ΛX(β),

so that, taking second and fourth moments,

E[B2
j ] ≤

C2β
d

(J1/d − 1)2β
E[Λ2

X(β)], E[B4
j ] ≤

C4β
d

(J1/d − 1)4β
E[Λ4

X(β)]. (56)

Similarly, from (54),

|Aj | = |g(Tj+1)− g(Tj)| ≤
Cξ
d

(J1/d − 1)ξ
Lg,

so that A2
j ≤

C2ξ
d

(J1/d − 1)2ξ
L2
g, A4

j ≤
C4ξ
d

(J1/d − 1)4ξ
L4
g. (57)

Plugging the second-moment bounds in (56)-(57) into (48) gives the bias bound∣∣E[Vε,n]− σ2ε ∣∣ ≲ 1

(J1/d − 1)2β
E[Λ2

X(β)] +
1

(J1/d − 1)2ξ
L2
g. (58)

For the variance, plugging the fourth-moment bounds into (51) and (52) gives

1

(J − 1)2

∣∣∣∣ ∑
|j−j′|≥2

E[Zj,j′ ]

∣∣∣∣ ≲ (J1/d − 1)−4β + (J1/d − 1)−4ξ,

and
1

J − 1

∣∣∣∣ ∑
1≤j≤J−1

{E[Zj,j ] + E[Zj,j+1]}
∣∣∣∣ ≲ 1,

where the second bound follows because E[ε41,1] and the additive constant in (51) do not decay

with J , while the A4
j and E[B4

j ] contributions are dominated by this constant. Combining
these two bounds in (49),

Var(Vε,n) ≲
1

n

[
J−4β/d + J−4ξ/d + J−1

]
. (59)

Since E
[
{Vε,n− σ2ε}2

]
= Var(Vε,n)+

(
E[Vε,n]− σ2ε

)2
, combining (58) and (59), the bound (55)

follows.
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Note that a moment of order 4 of ΛX(β) is finite whenever there exist γ, ζ > 0 such that
γ ≥ 4, ζ > γβ and

E
[
|X1(t)−X1(s)|γ

]
≲ ∥t− s∥d+ζ , ∀s, t ∈ [0, 1]d.

See [33, Th.2.1]. The bound (55) proves the consistency of Vε,n as an estimator of σ2ε as
J →∞.

In the heteroscedastic case, that is, if σ2ε is not constant, let

Wε,n(j) =
1

2n

n∑
i=1

(Yi,j+1 − Yi,j)2.

The estimator of ∥σ2ε∥∞ can be defined as

Vε,n = max
1≤j≤J−1

Wε,n(j). (60)

Note that, for all 1 ≤ j ≤ J − 1,

E[Wε,n(j)] = {σ2ε(Tj+1) + σ2ε(Tj)}/2 + E
(
|X1(Tj+1)−X1(Tj)|2

)
/2 + |g(Tj+1)− g(Tj)|2

= σ2ε({Tj+1 + Tj}/2) +Rε(j)/2 + E
(
|X1(Tj+1)−X1(Tj)|2

)
/2

+ |g(Tj+1)− g(Tj)|2,

where,

Rε(j) = max
{
|σ2ε({Tj+1 + Tj}/2)− σ2ε(Tj)|, |σ2ε({Tj+1 + Tj}/2)− σ2ε(Tj+1)|

}
.

The remainder Rε(j) can be controlled by a Hölder continuity assumption on the function
σ2ε . Using assumptions on Xi and g as in the homoscedastic case, E[Wε,n(j)] − σ2ε({Tj+1 +
Tj}/2) can be bounded by C(J1/d − 1)−α for some C,α > 0 not depending on j. More-
over, the Hölder continuity of σ2ε allows to similarly bound the absolute difference between
max1≤j≤J−1 E[Wε,n(j)] and ∥σ2ε∥∞. Finally, under suitable moment assumptions on the in-
crements of Xi and the error εi,j , the independence assumptions along the i index allow one
to derive a concentration bound forWε,n(j) around its mean. Combining these facts, and pro-
vided n and J are such that the union bound applied to the concentration bound is negligible,
the risk of the estimator in (60) can again be controlled. Then, one can conclude once more
that Theorem 1 remains valid modulo negligible terms if the selection step (10) is replaced
by that in (13). We omit the details of this analysis in the heteroscedastic case for brevity.

6.2 Proofs of technical lemmas

In this section we provide the proofs for Lemmas 3 and 4 used in the proof of Theorem 3.

Proof of Lemma 3. Let ω ∈ ΩN and, with the notation from the proof of Lemma 1, let

Ĝm(ω) := H
− 1

2
m Ĥm(ω)H

− 1
2

m , ∀m ∈M+
N .

For any m ∈M+
N , since ω ∈ Ωm,

Sp
(
Ĝm(ω)

)
⊂ [1/2, 3/2] , and then Sp

(
Ĝ−1

m (ω)
)
⊂ [2/3, 2] .

Moreover,

Ĥ−1
m (ω) = H

− 1
2

m Ĝ−1
m (ω)H

− 1
2

m .
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So, thanks to a well-known property of the Loewner order,

2

3
x⊤H−1

m x ⩽ x⊤Ĥ−1
m (ω)x ⩽ 2x⊤H−1

m x, ∀x ∈ RDm ,

leading to

∥Ψ−1
m ∥op = ∥H−1

m ∥op ⩽
3

2
∥Ĥ−1

m (ω)∥op =
3

2
∥Ψ̂−1

m (ω)∥op

and
∥Ψ̂−1

m (ω)∥op = ∥Ĥ−1
m (ω)∥op ⩽ 2∥H−1

m ∥op = 2∥Ψ−1
m ∥op.

Therefore, ω ∈ ΞN .

Proof of Lemma 4. We can proceed conditionally on the Ti,j (independent of the εi,j), as in
the proof of Lemma 2 for the fixed design case: we split the empirical process into two parts
by truncating the εi,j ’s, then apply Talagrand’s Inequality (Theorem 5) to the main part. For
h ∈ Sm, let

ν
(ε)
N (h) =

1

N

n∑
i=1

Ni∑
j=1

h(Ti,j)σε(Ti,j)εi,j = ν
(1,ε)
N (h) + ν

(2,ε)
N (h)

corresponding to the splitting εi,j = ε
(1)
i,j + ε

(2)
i,j with

ε
(1)
i,j = εi,j1{|εi,j |≤BN} − E(εi,j1{|εi,j |≤BN}) and ε

(2)
i,j = εi,j − ε(1)i,j .

Similarly to what has been done in the proof of Lemma 2, it holds

E
(

sup
h∈Sm,∥h∥N=1

[ν
(2,ε)
N (h)]2

)
≤ ∥σ2ε∥∞

E
(
ε
2(p+1)
1,1

)
B2p

N

. (61)

For ν
(1,ε)
N (h), we intend to apply Talagrand’s Inequality. We have, conditionally on the Ti,j ,

E
(

sup
h∈Sm,∥h∥N=1

[ν
(1,ε)
N (h)]2

)
≤ ∥σ2ε∥∞

md

N
:= H2.

Next, still conditionally on the Ti,j ,

1

N

n∑
i=1

Ni∑
j=1

Var(h(Ti,j)σε(Ti,j)ε
(1)
i,j ) ≤ ∥σ

2
ε∥∞ := v.

Lastly, on ΩN , we have ∥h∥2ρ ≤ 2∥h∥2N and under Condition (17) ∥h∥2 ≤ ∥h∥2ρ/ρ0, so for

h ∈ Sm such that ∥h∥2N = 1, it holds that ∥h∥∞ ≤
√
md∥h∥ ≤

√
2md/ρ0. Thus, conditionally

on the Ti,j , we get

sup
h∈Sm, ∥h∥N=1

sup
|x|≤2BN

∣∣h(Ti,j)σε(Ti,j)x∣∣ ≤ 2BN

√
2md∥σ2ε∥∞

ρ0
:= M.

Therefore, conditionally on the Ti,j and on ΩN , applying Talagrand’s Inequality (Theorem 5)
yields:

E
(

sup
h∈Sm,∥h∥N=1

[ν
(1,ε)
N (h)]2 − 4∥σ2ε∥∞

md

N

)
+

≤ C1

N

(
∥σ2ε∥∞ exp

(
−C2m

d
)
+

2mdB2
N∥σ2ε∥∞
Nρ0

exp

(
− C3

√
ρ0
∥σ2ε∥∞

√
N

BN

))
.
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Now we choose

BN =
C3

2

√
ρ0
∥σ2ε∥∞

√
N

log(N)
,

and get, using that md ≤ cN ,

E
(

sup
h∈Sm,∥h∥N=1

[ν
(1,ε)
N (h)]2 − 4∥σ2ε∥∞

md

N

)
+

≤ C1

N

(
∥σ2ε∥∞ exp

(
− C2m

d
)
+
cC2

3

2

1

N

)
.

Combining the terms yields an upper bound of order 1/N , and coming back to (61) gives for
p = 1

E
(

sup
h∈Sm,∥h∥N=1

[ν
(2,ε)
N (h)]2

)
≤ 4

C2
3ρ0
∥σ2ε∥2∞E(ε41,1)

log2(N)

N
.

Gathering the terms and deconditioning ends the proof of Lemma 4.

Lemma 6. Assume that there exist σ2, c > 0 such that

P
(
sup
t∈T

∣∣X1(t)
∣∣ > x

)
≤ c exp

(
−x2/(2σ2)

)
, ∀x ≥ 0.

Then, for any α ∈ (0, 2], there exists n0 (depending on c, α) such that, for all n ≥ n0,

E
[
max
1≤i≤n

sup
t∈T

∣∣Xi(t)
∣∣α] ≤ (3σ)α{logn}α/2. (62)

Proof of Lemma 6. Define Ui(α) = supt∈T
∣∣Xi(t)

∣∣α, which are i.i.d. because the fields Xi are
i.i.d. Then, for any µ > 0,

E
[
max
1≤i≤n

Ui(α)

]
=

∫ ∞

0
P
(
max
1≤i≤n

Ui(α) > x

)
dx =

∫ ∞

0
P
(
max
1≤i≤n

Ui(α)
1/α > x1/α

)
dx

≤
∫ µ

0
P
(
max
1≤i≤n

Ui(α)
1/α > x1/α

)
︸ ︷︷ ︸

≤ 1

dx+ cn

∫ ∞

µ
exp
(
−x2/α/(2σ2)

)
dx

≤ µ+ cnασ2µ1−2/α exp
(
−µ2/α/(2σ2)

)
.

With µ = {4σ2 log n}α/2 we obtain

E
[
max
1≤i≤n

Ui(α)

]
≤ {4σ2 log n}α/2 + cnασ2 {4σ2 logn}α/2−1 exp

(
−{4σ2 log n}/(2σ2)

)
= (2σ)α logα/2n+ c

ασ2

n
{4σ2 log n}α/2−1.

Since the second term equals (2σ)α logα/2 n times cα/(4n log n)→ 0, there exists n0 (depend-
ing on c, α) such that, for all n ≥ n0, the inequality (62) holds.

6.3 Concentration Inequalities

For the sake of completeness, we recall the following deviation inequality for the extreme
eigenvalues of a sum of positive semi-definite matrices; see [35, Theorem 1.1].
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Theorem 4 (Matrix Chernoff Inequality). Consider a finite sequence {Xk} of independent,
random, self-adjoint matrices with dimension D. Assume that each random matrix satisfies

Xk ⪰ 0 and λmax(Xk) ≤ R, almost surely.

Define

µmin := λmin

(∑
k

E(Xk)

)
and µmax := λmax

(∑
k

E(Xk)

)
.

Then

P

(
λmin

(∑
k

Xk

)
≤ (1− δ)µmin

)
≤ D

[
e−δ

(1− δ)1−δ

]µmin/R

for δ ∈ [0, 1],

P

(
λmax

(∑
k

Xk

)
≥ (1 + δ)µmax

)
≤ D

[
eδ

(1 + δ)1+δ

]µmax/R

for δ ≥ 0.

Next, we recall Talagrand’s Concentration Inequality given in [28].

Theorem 5. Consider n ∈ N>0, F a class of at most countable many measurable functions,
and (Xi)i∈{1,...,n} a family of real independent random variables. Define, for f ∈ F , νn(f) =
(1/n)

∑n
i=1(f(Xi) − E[f(Xi)]), and assume that there are three positive constants M, H and

v such that

sup
f∈F
∥f∥∞ ≤M, E

[
sup
f∈F
|νn(f)|

]
≤ H and sup

f∈F

1

n

n∑
i=1

Var(f(Xi)) ≤ v.

Then for all α > 0,

E

[(
sup
f∈F
|νn(f)|2 − 2(1 + 2α)H2

)
+

]

≤ 4

b

(
v

n
exp

(
− bαnH

2

v

)
+

49M2

bC2(α)n2
exp

(
−
√
2bC(α)

√
α

7

nH
M

))
,

with C(α) = (
√
1 + α− 1) ∧ 1, and b = 1/6.

By density arguments, this result can be extended to the case where F is a unit ball of a
linear normed space, after checking that f → νn(f) is continuous and F contains a countable
dense family.
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[19] E. Giné and R. Nickl. Mathematical Foundations of Infinite-Dimensional Statistical Models. Cam-
bridge Series in Statistical and Probabilistic Mathematics. Cambridge University Press, 2016.

[20] P. Hall and J. D. Hart. Nonparametric regression with long-range dependence. Stochastic Process.
Appl., 36(2):339–351, 1990.

[21] L. Hogben, editor. Handbook of linear algebra. Discrete Mathematics and its Applications (Boca
Raton). CRC Press, Boca Raton, FL, second edition, 2014.

[22] R. A. Horn and C. R. Johnson. Matrix analysis. Cambridge University Press, Cambridge, second
edition, 2013.

[23] T. Hsing, T. Brown, and B. Thelen. Local intrinsic stationarity and its inference. Ann. Statist.,
44(5):2058 – 2088, 2016.

[24] T. Hsing and R. Eubank. Theoretical foundations of functional data analysis, with an introduc-
tion to linear operators. Wiley Series in Probability and Statistics. John Wiley & Sons, Ltd.,
Chichester, 2015.

[25] O. Kassi, N. Klutchnikoff, and V. Patilea. Learning the regularity of multivariate functional data.
Electron. J. Stat., 19(2):4174–4229, 2025.

[26] O. Kassi and V. Patilea. Optimal inference for the mean of random functions. arXiv:2504.11025,
2025.

43



[27] G. Kerkyacharian, O. Lepski, and D. Picard. Nonlinear estimation in anisotropic multi-index
denoising. Probab. Theory Related Fields, 121(2):137–170, 2001.

[28] T. Klein and E. Rio. Concentration around the mean for maxima of empirical processes. Ann.
Probab., 33(3):1060–1077, 2005.

[29] S. Koner and A.-M. Staicu. Second-generation functional data. Annu. Rev. Stat. Appl., 10:547–
572, 2023.

[30] A. Lederer, J. Umlauft, and S. Hirche. Uniform error bounds for Gaussian process regression with
application to safe control. In Advances in Neural Information Processing Systems 32 (NeurIPS
2019), 2019.

[31] L. Lim. Singular values and eigenvalues of tensors: A variational approach. arXiv:math/0607648,
2006. SCCM Technical Report 05-10.

[32] P. Massart. Concentration inequalities and model selection, volume 1896 of Lecture Notes in
Mathematics. Springer, Berlin, 2007. Lectures from the 33rd Summer School on Probability
Theory held in Saint-Flour, July 6–23, 2003, With a foreword by Jean Picard.

[33] D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of Grundlehren
Math. Wiss. Berlin: Springer, 3rd ed. edition, 2005.

[34] F. Schürzinger. Nonparametric estimation of the transition density in dependence of time. Preprint
HAL-05441227, Jan. 2026.

[35] J. A. Tropp. User-friendly tail bounds for sums of random matrices. Found. Comput. Math.,
12(4):389–434, 2012.

[36] A. B. Tsybakov. Introduction to nonparametric estimation. Springer Series in Statistics. Springer,
New York, 2009.

[37] A. W. van der Vaart and J. H. van Zanten. Rates of contraction of posterior distributions based
on Gaussian process priors. Ann. Statist., 36(3):1435–1463, 2008.

[38] A. W. van der Vaart and J. A. Wellner. Weak convergence and empirical processes—with appli-
cations to statistics. Springer Series in Statistics. Springer, Cham, second edition, 2023.

[39] M. Vladimirova, S. Girard, H. Nguyen, and J. Arbel. Sub-Weibull distributions: Generalizing
sub-Gaussian and sub-exponential to heavier tails. Stat, 9(1):e318, 2020.

[40] J.-L. Wang, J.-M. Chiou, and H.-G. Müller. Functional data analysis. Annu. Rev. Stat. Appl.,
3:257–295, 2016.

[41] L. Xiao. Asymptotic properties of penalized splines for functional data. Bernoulli, 26(4):2847–
2875, 2020.

[42] D. Yarger, S. Stoev, and T. Hsing. A functional-data approach to the Argo data. Ann. Appl.
Stat., 16(1):216 – 246, 2022.

[43] X. Zhang and J.-L. Wang. From sparse to dense functional data and beyond. Ann. Statist.,
44(5):2281–2321, 2016.

44


	Introduction
	Common fixed design
	Model and assumptions
	Least-squares estimator
	Risk bound on a fixed projection space
	Discussion of the rate of convergence
	Model selection for common design on isotropic spaces
	Procedure and adaptive bound
	Error variance estimator


	Independent random design
	Model and projection estimator
	Risk bound on a fixed model
	Discussion about rates and optimality
	Isotropic model selection for independent random design

	Numerical illustrations
	Data-driven selection of 
	Simulation results

	Proofs
	Proofs for the common design case
	Proofs for the random design case
	Risk bound for model selection with independent design


	Appendix
	Complements on the error variance estimation
	Proofs of technical lemmas
	Concentration Inequalities


