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ABSTRACT. In this paper we consider the convolution model Z = X 4+ Y with X of unknown
density f, independent of Y, when both random variables are nonnegative. Our goal is to estimate
the unknown density f of X from n independent, identically, distributed observations of Z, when
the law of the additive process Y is unknown. When the density of Y is known, a solution to
the problem has been proposed in Mabon (2017). To make the problem identifiable for unknown
density of Y, we assume that we have access to a preliminary sample of the nuisance process Y.
The question is to propose a solution to an inverse problem with unknown operator. To that aim,
we build a family of projection estimators of f on the Laguerre basis, well-suited for non-negativene
random variables. The dimension of the projection space is chosen thanks to a model selection
procedure by penalization. At last we prove that the final estimator satisfies an oracle inequality.
It can be noted that the study of the mean integrated square risk is based on Bernstein’s type
concentration inequalities developed for random matrices in Tropp (2015).
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1. INTRODUCTION

We consider in this work the following convolution model: Z; = X; +Y;, for i = 1,...,n
where the observation is the sequence (Z;)1<i<, while the X;’s are the independent and identically
distributed variables (i.i.d.) of interest, with common density denoted by f. The random variables
Y;, i = 1,...,n represent a nuisance process, they are also i.i.d. with common density g. The
sequences (X;)i1<i<pn and (Y;)i<i<n are assumed to be independent.

Our aim is to perform nonparametric estimation of f. The specificity of our framework is that
all random variables are nonnegative. Moreover, we do not suppose that the density g of the
nuisance variables is known. Nevertheless, to make the problem identifiable, we assume that we
have at hand an auxiliary nuisance sample (Y;)i<i<n,, independent of (X;,Y;)1<i<pn. To sum up,
we have to solve an inverse problem with unknown operator.

The literature studies the convolution model for real-valued random variables and for centered
Y;’s, which are then understood as a noise or a measurement error. Most solutions are based on
Fourier methods, relying on the fact that the characteristic function of the observations is the
product of the Fourier transforms of f and g: then, cautious Fourier inversion of a quotient should
allow one to recover f.

In the first works, g is assumed to be known, see Meister (2009) and references therein. However
this assumption is not realistic in most fields of application. To make the problem feasible, some
information on the error distribution is always required. For instance, in a physical context, a
preliminary sample of the noise can be obtained. Neumann (1997) first proposed an estimation
strategy still based on Fourier inversion; for the study of convergence rates, see Neumann (1997),
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Johannes (2009) or Meister (2009). The rigorous study of adaptive procedures in a deconvolution
model with unknown errors has only recently been addressed. We are aware of the work by Comte
and Lacour (2011) and Kappus and Mabon (2014) who extended it to the adaptive strategy, by
Johannes and Schwarz (2013) who consider a model of circular deconvolution and by Dattner et al.
(2016), who deal with adaptive quantile estimation via Lespki’s method.

In this paper, all random variables are nonnegative. Such modelization is encountered in survival
analysis or reliability models. For instance, X can be the time of infection of a disease and Y
the incubation time, a model used in so called back calculation problems in AIDS research. In
reliability, the lifetime of interest for a component can be hidden by another one, systematically
added to it. More broadly the problem of nonnegative variables appears in actuarial or insurance
models.

Groeneboom and Wellner (1992) have first introduced the problem of one-sided error in the
convolution model under monotonicity of the cumulative distribution function (c.d.f.). They derive
nonparametric maximum likelihood estimators (NPMLE) of the c.d.f. Some particular cases have
been tackled as Uniform or Exponential deconvolution by Groeneboom and Jongbloed (2003). van
Es (2011), in the Uniform deconvolution problem, proposes a density estimator and an estimator
of the c.d.f. using kernel estimators and inversion formula. The work of Mabon (2017) subsumes
the existing ones and in this way unifies the approach to tackle the problem of density estimation
for nonnegative variables in the convolution model with any known error density.

The method relies on a a projection strategy in a specific RT-supported orthonormal functional
basis, namely the Laguerre basis. This basis has been used for nonnegative variables in other
settings: e.g. in Comte et al. (2015) and Vareschi (2015) in a regression setting, or in Belomestny
et al. (2016) for a multiplicative censoring model.

Here, we extend the procedure proposed in Mabon (2017) for known g, to the case where g
is no longer known: instead, all quantities related to g are estimated thanks to the independent
(Y/)-ng-sample. This means that we estimate all coefficients of the linear system which was solved
in a deterministic way when g was known. Therefore the main difficulty is to measure the distance
between the inverse of a random matrix and the inverse of its expectation. This is what makes the
problem challenging, and the solution interesting. The strategy is inspired by the one initiated by
Neumann (1997) and developed by Kappus and Mabon (2014) in the Fourier context, with help
of tools related to matrix perturbation theory (see Stewart and Sun (1990)) and random matrices
taken in Tropp (2015). A result of matrix perturbation theory (see Th. 8.1) is the key result
to enable us to prove a lemma similar to Lemma 2.1 in Neumann (1997). Besides, Bernstein’s
inequality for random matrices provides useful moment inequalities. We discuss the influence of
the two sample sizes n and ng and compare our results with the Fourier strategy outcomes, which
still can be applied to nonnegative random variables.

Let us now explain the plan of the paper. In Section 2, we give notations, we define the model,
the Laguerre basis and the density estimator computed on a m-dimensional projection space. We
develop in Section 3 a study of the mean integrated squared error (MISE) of the estimators,
based on Bernstein’s type concentration inequalities developed for random matrices (see Tropp
(2015)). Then, we discuss the resulting rates of convergence on specific subspaces of L2(RT),
called Laguerre-Sobolev spaces with index s > 0, defined in Bongioanni and Torrea (2009). Our
strategy is especially well fitted for estimating functions belonging to a collection of mixed Gamma
densities. In Section 4, we define a data driven choice of the projection space by using a contrast
penalization criterion and we prove an oracle inequality for the final data driven estimator. In
Section 5, we study of the adaptive estimators through simulation experiments. Numerical results
are presented and compared to the performances of the direct case (direct observation of the
X;’s) and to the case of known g. The results show that our procedure works well and that the
cutoff introduced for the estimation of g plays an interesting role. In the concluding Section 6 we
give further possible developments or extensions of the method. All the proofs are postponed to
Section 7.
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2. ESTIMATION PROCEDURE

2.1. Model, assumptions and notations. We consider the model
Z;=X;+Y;, i1=1,...,n, (21)

where the X;’s are i.i.d. nonnegative variables with unknown density f. The Y;’s are also i.i.d.
nonnegative variables with unknown density g. We denote by h the density of the Z;’s. The X;’s
and the Y;’s are assumed to be independent. Moreover, we assume in all the following that we
have at hand an auxiliary sample of the noise distribution

(Y{,..., Y,ZO) and  (Y)1<i<n, independent of (X;,Y;)1<i<n, (2.2)

where the Y/’s are also i.i.d. nonnegative variables with unknown density g. Our target is the
estimation of the density f when the Z;’s and Y;’s are observed.

Now we fix some notations. For two real numbers a and b, we denote a V b = max(a,b) and
a A'b = min(a,b). For two functions ¢, ¥ : RT — R belonging to L2(R"), we denote ||¢|| the L?
norm of ¢ defined by ||¢||? = [5+ [¢(x)[*dz, (p,v) the scalar product between ¢ and 1 defined by
(0, 9) = Jp o)y (x)dz.

Let d be an integer, for two vectors i and ¥ belonging to R%, we denote |24 the Euclidean
norm defined by ||@ H% 4 = ‘@@ where "4 is the transpose of @. The scalar product between % and
Uis (U, 0)gq = v = 'vd.

We introduce the operator norm of a matrix A defined by [[Allop = max|g,—1 [|Atllz =
V/Amax (PAA) where A\pax (tAA) is the largest eigenvalue of A A in absolute value, along with
2

g

the Frobenius norm defined by ||Al|r = i

2.2. Laguerre basis and spaces. We define the Laguerre basis as

k- .
kN 2d
Vk € N,Vo >0, op(z) = V2Lp(2x)e™™ with Ly(z) = z:(—l)J ( >a:' (2.3)
, i) g
7=0
The Laguerre polynomials Ly defined by Equation (2.3) are orthonormal with respect to the
weight function x — e~ on R*. In other words, [py Li(x)Ly (x)e" dz = 0k where 0y is the
Kronecker symbol. Thus (px)g>0 is an orthonormal basis of L?(RT). We can also notice that the
Laguerre basis verifies the following inequality for any integer k

sup [or(7)] = [[@rlloo < V2. (2.4)
zERT

Lemma 2.1. Let Dy be a random variable with density 7. Assume that T € L2(R") and E(Dl_l/Q) <
4o00. Form > 1,

m—1 1
)21 (z)dz < ¢*/m
kz_o/o (or@)Pr(a)da < ¢*v/im,

where ¢* is a constant depending on E(Dl_l/Q) and ||T]|.

This result is a particular case of a Lemma proved in a work in progress by Comte and
Genon-Catalot; for sake of completeness, the proof is recalled in the Section 7. The condition

E(D; Y 2) < o0 is rather weak and is satisfied by all classical densities. In particular, it holds if 7

takes a finite value in 0. Note that if one uses (2.4), one bounds > 7' E(p3(D1)) by 2m while with

Lemma 2.1, the bound becomes ¢*y/m, which is an improvement provided that E(Di/ 2) < 400

and ¢* is not too large.
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We also introduce the space S,, = Span{¢y, ..., @m_1}. For a function p in L?(R™), we note
pa) = 3 alplonta) where acp) = [ p(pn(du
k>0

According to formula 22.13.14 in Abramowitz and Stegun (1964), what makes the Laguerre basis
relevant in our deconvolution setting is the relation

or * pj(z) = /O“’ er(w)ej(z —u) du =272 (g () — rpjpi(@)) (2.5)

where x stands for the convolution product.

Classically, to derive the rates of convergence of estimators, we need to evaluate the order of
the bias term, which depends on the smoothness of the signal. To that aim, we consider Laguerre-
Sobolev regularity spaces associated to the basis, and defined by

WHRY,L)={p:R" 5 R, peL’(R"), Y kai(p) <L <+oo, with s>0 (2.6)
k>0

where ay(p) = (p, pr). Bongioanni and Torrea (2009) have introduced Laguerre-Sobolev space but
the link with the coefficients of a function on a Laguerre basis was done by Comte and Genon-
Catalot (2015). Indeed, let s be an integer, for p : R* — R and f € L%(R"), we have that
Zkzo ksai(p) < 400 is equivalent to the fact that p admits derivatives up to order s — 1 with
p(*~1) absolutely continuous and for 0 < k < s, 2*/2(p(z)e®)Fe=® € L2(RT). For more details we
refer to section 7 of Comte and Genon-Catalot (2015). Thus, for f € W*$(R™, L) defined by (2.6),
and f,, its orthogonal projection

o o

If = Full® =D ak(f) = D ai(/)k°k™ < Lm™>. (2.7)

k=m k=m

2.3. Projection estimator of the density when ¢ is known. Here we briefly recall the pro-
jection estimator of f when g is known established in Mabon (2017). The principle of a projection
method for estimation is to reduce the question of estimating f to the one of estimating f,, the
projection of f on S,,. We write

m—1

Fn(@) =Y ar(f)er().
k=0

Model (2.1) implies that h = f x g. If all the functions f, g, h belong to L?(R*), then we have
>_ai(h)e; =Y > an(facg)en * or.
7>0 k>0 £>0

Thus, applying Equation (2.5) with convention a_1(g) = 0, implies that

k
> ai(h)e; =Y > 27 (ar—i(g) — ak—e-1(9))ae(f)pr.

7>0 k>0 (=0

This yields the following infinite linear triangular system Eoo = G4 f;o, with ﬁm = Yao(h),...,am—1(h)),

Fon = Hao(f), - .. am—1(f)) and

2—1/2%(9) if i = 7,
[Ginlij = 3272 (aij(9) —aija(g) ifj <4, (2.8)
0 otherwise.

We can notice that G, is a lower triangular an Toeplitz matrix.
Thus for any m we can write hy,, = G, fn. Moreover

ao(9) = (g, %0) = V2 - g(ue " du = V2E[e"] > 0.
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So G, is invertible and G Ay, = frn. Finally for any k > 0 az(h) = E[pr(Z1)] can be estimated
from the observations and we obtain the projection of f on S, can be estimated by

—_

m— n

2, 5 1
p@) with fo =Gplhy and ax(2) = - o(Z) (2.9)
k=0 =1

with Ry, = Lao(2), ..., am-1(Z)) and fr, = Y(ag, . .., am_1).

2.4. Projection estimator of the density when g is unknown. Thanks to (2.2) we can easily
derive an estimate of G,,, by replacing its coefficients by their empirical version,

,1/2A (Y/) ifi— ],
(Ginlij = Q2712 (@i (Y') = 4y (Y)) i j <, (2.10)
0 otherwise,

where a,(Y') = (1/n0) >-;°, ve(Y/). It is clear that E[Gm] = Gp. It is worth noting that G, is
still a lower triangular Toeplitz matrix and that, as ao(Y’) = ng -1 > exp( Y/!) > 0 it is also
invertible. However, in order to bound the distance between the inverse of Gm and G,,", we have
to introduce a cutoff. Thus we define an inverse of Gm as follows

~_1 . nQ

~ G 1 if

Gl = i IGs o llop < mlogm (2.11)
0 otherwise.

Under this definition of G ! if we denote by spr(A) the spectral radius (largest eigenvalue in
absolute value) of A, we have

V2/lao(Y")] = spr(G) < Gt lop (2.12)

(see Theorem 5.6.9 in Horn and Johnson (1990)). Note that, for any threshold ¢ > 0, |G} op < t
implies 271/2ag(g) > t~1 and ||G;;!||op < t implies 271/2|ag(Y")| > t.
Finally, we estimate the projection f,,, of f on the space S,, as

= Z arpr(r) with fm =G hm (2.13)
k=0

with ﬁm be defined by(2.9), G;;! by (2.11) and j;m = Yag,...,0m-1)

3. STUDY OF THE LL? RISK

In this section, we want to derive upper bounds on the MISE of f,,, defined by Equation (2.13).
Using the isomorphism between the Euclidean norm and the L?-norm, we show that

EHfm - mez - Hf - me2 +E”fm - J?mH2 = Hf - me2 + EHfm - fm”%,m (3-1)
= Hf - me2 + E”G;mlﬁm - Grinlﬁm + G;nlﬁm - é;LlﬁmH%,m (3-2)
<f = fl® 4 2BIG (o = )13 1, + 2EI[(Gryt = G B3 1 (3.3)

The first two terms correspond to the squared bias term and the variance term appearing in Mabon
(2017) when the density g is assumed to be known. The difficulty in this problem lies in bounding
the second variance term. We need to study how large the average squared error is when we
estimate G,;' by G_!. For that we use some tools of random matrix theory and particularly
matrix concentration inequalities (see Tropp (2015)), and Paulsen dilatation trick (see the proof
of Corollary 7.3).
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3.1. Upper bounds on the MISE. First we state a lemma useful to bound the L? risk of f,,
along with an important corollary.

Lemma 3.1. For é;nl defined by Equation (2.11), ||g]lcc < 00 and mlogm < ng, then for any
integer p there exists a positive constant €qp,, such that

p
_ ~ _ _ _ m
B [IGa! Gl 5] < €y (1G5 12, MlogmllG 5, ) (3.4

Corollary 3.2. Under the Assumptions of Lemma 3.1, there exists a positive constant Cg such
that

_ ~_1\T m _
B (IG5~ Gl inlBn] < e (10 10gm 1G5 2, ). (35)

Clearly, the first bound is very general and used at several steps of the proof. It is also worth
noting that Corollary 3.2 provides a better result than a rough application of Lemma 3.1 relying
on ||(G,! — G;ll)}_imH%’m <G = GLHIZ A, Relying on these key results, we can prove the
main result of this subsection:

Proposition 3.3. If f and g belong to L2(R), ||g|lec < 00, for fm defined by (2.13) the following
result holds
¢

~ _ _ m _
E|f — ful® < IIf = fml* + - (Tl G 125 A PNl lIG 1) + 4€E longTOIIG‘rmlllgp (3.6)

with € = 4 + &4 1. Moreover, here and in all the sequel, T,, = 2m in the general case and
Tm = c/m if E(1/v/Z1) < +00 and ¢ is a constant depending on E(1/v/Z1).

Let us comment the terms in the right hand side of Equation (3.6).

e The first two terms correspond to the upper bound on the mean integrated risk when the
matrix G,! is known (see Proposition 3.1 in Mabon (2017), where 7, = 2m).

— The first term, ||f — f,u|?, one is the squared bias term which gets smaller when m
increases.

— The second term n™ ! (7, [|G;,;H 12, A |h]loo|| Gt I7) has the order of the variance term
when g is known, see Mabon (2017) where 7,,, = 2m. Thanks to Lemma 3.4 in Mabon
(2017), we know that the spectral norm of G,,} grows with the dimension m, and thus
that this term is increasing with m.

e The third term, of order m log(m)||G;,} ng/no is due to the estimation of the matrix G, !.
This last term seems to deteriorate the rate compared to known noise case in particular if
n = ng. However the factor m, which can not be reduced to y/m, corresponds to the fact

that the number of estimated terms in G, is of order m? (while there are only m in Hm)
This term is also increasing in m.

We illustrate hereafter that the bound in Proposition 3.3 implies upper rates of estimation.

3.2. Rates of convergence and examples. We have stated the bias order under regularity
assumptions in (2.7). Now we have to evaluate the variance terms of Equations (3.6) which means
assess the order of ||G;11||(2)p and ||G,,'||2. First we define an integer r > 1 such that r = 1 if
g(0) = By # 0 and for r > 2,
dj o dr—l
@g(x) lg=o=0 if 7 =0,1,...,r —2 and Wg(m) le=0= By # 0.

Comte et al. (2015) give conditions on the density g giving the exact order of the Frobenius and
spectral norms of G,!.

Lemma 3.4 (Comte et al. (2015)). Let r be defined as above. If Assumptions
(C1) g € L"(R") is r times differentiable and g™ € L'(R").

(C2) The Laplace transform of g, G(s) = E(e™*¥1), has no zero with non negative real parts
except for the zeros of the form s = oo + ib.



LAGUERRE DECONVOLUTION WITH UNKNOWN MATRIX OPERATOR 7

are satisfied, then
ClmQT < HG;LI

where c1 < co are constants independent of m.

I8y < NG I < cam®”.

We can check that, if ¢ is a I'(q, 1) density, then g satisfies (C1) and (C2) with r = ¢ and thus
the variance term (7, [|G;.H 12 A |hlloo |Gt IE) /7 has order m??/n.
Optimizing the squared bias and the variance terms in the upper bounds stated in Propositions
3.3 imply the following result.

Proposition 3.5. If f belongs to W(R™, L) and g satisfies (C1)-(C2) for r > 1, then f’mopt
defined by (2.13) with mep o< N2 A (ng/log ng) /st +1 satisfies

no

B —s/s+2r+1
sup B~ Fll? < Culo Dy v (1)
FEWs(RH,L)

3.7
log ng (37)

where C1(s, L) is a positive constant.

In n and ng have the same order, the rate is given by the term (ng/logmng)~%/5t2r+1. If ng is
much larger than ng, we can recover the rate corresponding to the known noise case: more precisely,
if ng > n®?, then choosing mepy: oc n'/*T2" yields sup peyys g+ 1) Ell f — Frmope |2 < Co(s, Lyn=s/s+2
where Ca(s, L) is a positive constant.

Remark. Note that if there is no noise, then the second variance term disappears and we should
have in the first variance term Gy, equal to I, the m x m identity matrix, so that, 7, [|G;'[[2, A
|GLHE = 7 Am = O(yvm) if E(1/y/X1) < +oo. This order allows to recover a classical rate of
order O(n~2%/(2st1)) on Sobolev balls W*(R™*, L).

3.3. Comparison with Fourier rates on some examples. In this section we denote by ¥*(z) =
[ e7 ™% (u) du the Fourier transform of an integrable function 1. The Fourier estimator of f in
the model defined by (2.1)-(2.2) is in fact an estimator of fnpo(z) = (2m)~! [T f*(u) du, the
orthogonal projection of f on the space &,, = {1 € LY(R) NLL?(R), support(¢*) C [-7m,wm]}. It

is given by
R 1 o zuxh*(u)
fmpo() 27 /wme g* (u) du
with
= I, - 1 <X iy 1L 1{lg w)] = ne
h*(U):fZe zuZJ, g*(u):fZewj, _ _ 1= %0 )
n < no &= () 7 (w)

The risk bound obtained in Neumann (1997) can be written as follows,

A L ey 4+ 220 (3.8)

EHf - JEm,FOH2 < ||f - fm,FOH2 +Ch
n no

with C7 a constant and

1 ™m 1 1 ™m * 2
A(m) = 2ﬂ_/ 7|2du, A¢(m) = 277/ |f(u)|’2du.

—rm 19" (1) —m |97 (u)
The structure of the Fourier and Laguerre estimators are similar, with here a cutoff required for
safe inversion of the noise characteristic function. The structure of the upper bound (3.8) is also
similar to (3.6) and involves a squared bias term ||f — f,.;0||%, a variance term corresponding to
known g, A(m)/n and the price for estimating g, A¢(m)/no.

There are also several differences. The bias term does not refer to the same regularity. It
is known (see Mabon (2017)) that, if f is a Gamma density v(p, ), then the bias is of order
| £ = frm.Foll?> = O(m~2PT1) in the Fourier setting while it is exponentially decreasing in the Laguerre
setting, namely of order ||f — fi||?> = O(m>®~Y exp(—pm)), with p = p(f) > 0). Thus, most
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reasonably, our method, dedicated to R*-supported function estimation, performs at best for
Gamma and all types of mixed Gamma densities (see Section 2.3.3 in Mabon (2017)).

The first variance term is simpler in the Fourier setting than in the Laguerre setting in the sense
that there is no choice between two quantities, and the characteristic function of the noise is better
known than the trace and operator norms of G;.!. However, for g following a Gamma or a beta
distribution, it is checked in Mabon (2017) that both variance terms A(m)/n and ||G;;!{|%/n have
the same order with respect to m in Laguerre and Fourier settings: if g follows a (g, ) density,
both upper bounds have order less than m??/n; if g follows a 3(a,b) density with b > a > 1, both
variance upper bounds have order less than m?®/n.

For the variance term due to unknown noise density, it is straightforward, in the Fourier setting,
that Ay(m) < A(m) and thus the estimation of g does not change the Fourier risk as soon as
ng > n. This is simpler than in the Laguerre setting.

As a consequence, the Laguerre estimator has smaller upper bounds on the rates than the Fourier
methods when the function f under estimation belongs to a class of mixed Gamma densities: the
exponential decrease of the Laguerre bias, implies that choice of small m’s (namely m = clog(n)
for large enough constant c) are possible, and make also the variance small. In this case, the rates
are of order (logn)®/n with a > 0. However, the Fourier method remains more general and can
be used for both R- or RT-supported functions.

Now, as we are about to deal with model selection, we can mention that in the Laguerre method,
the quantity m to be selected is a dimension and is therefore searched among a set of integers, while
in the Fourier method, fractional m’s are often considered and it is a real difficulty to determine
which set of values is wise to be visited in the selection procedure.

4. MODEL SELECTION AND ADAPTATION

The aim of this section is to select an integer m that enables us to compute an estimator of the
unknown density f with the IL? risk as close as possible to the oracle risk inf,, E|f — fm||2 We
follow the model selection paradigm (see Massart (2003)) and choose the dimension of projection
spaces m as the minimizer of a penalized criterion.

First, we consider the following sets of integers:

M= {1 <m < C|n/logn| A |no/logno|, mlogml||Gpl|2, < n/\no},
M={1<m<C[n/logn] A |[ng/logng], 4m10gm||G;ll||gp <nAng},

with C a positive constant. Next, we define the two parts of the random penalty

o logn ~ ~
By (m) = 26 € ([l V 1) =2 (7l G2, A G R
— m, ~_

e (m) = 8 ((lgoc V 1) og o G2

where we recall that 7,, = 2m or ¢*/m if E(Z, Y %) < 400. Then we set the random penalty as
5T(m) = PR, (m) + Pefiy(m). (4.1)

We also define the deterministic counterparts

logn
pen, (m) == 2k1€(||hl|oe V 1) i

(2m||GH 5 MG IR
m _
peny(m) := 8ra([|gllec V 1) 10gnon*0||Gm1||§p
and set the deterministic penalty as

pen(m) = pen; (m) + peny(m) (4.2)

where k1 and k9 are numerical constants, see our comment in Illustration Section of Supplementary
Material. Then we can prove the following result.
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Theorem 4.1. Assume that f and g € L2(R") with ||g|lsc < 0o. Let fr be defined by (2.13) and

i = arg min { || full? + pen(m) |

me
with pen defined by (4.1), then there exists a positive numerical constant k1 such that

C

nAng

Ellf = fal* < €™ il {|If = fml® + pen(m)} +

where C% is a numerical constant and C depends on || f|| and ||g||, pen is defined by (4.2).

This Theorem gives an oracle inequality which establishes a non asymptotic oracle bound. It shows
that the squared bias variance trade-off is automatically made up to a loss of logarithmic factor
and a multiplicative constant. Theorem 4.1 is derived under mild assumptions.

Some comments for practical use are in order. Indeed in the penalty terms pen; and pen,, there
are four quantities which deserve some explanations: k1, k2, ||g||co and ||Al|s. It follows from the
proof that k1 = 196 and ko = 5/2 would suit. But in practice, values obtained from the theory are
generally too large and constants are calibrated by simulations. Once chosen, they remain fixed
for all simulation experiments. There are still two unknown terms in the penalty, ||g|loo and ||A|so,
that must be estimated. We have to check that we can derive an oracle inequality when those
terms are estimated, which is done in the following Corollary.

Beforehand let us define projection estimators of h and ¢

Di—-1

hp (@) = Y ar(Z)er(x) with ar(2) = (1/n) > er(Z), (4.3)
k=0 =
Dy-1

D, () = Y ax(Y)pr(z) with ax(Y') = (1/no) ngk (4.4)

k=0

We can see that hp, and §p, are respectively unbiased estimators of hp, (z) = sz10—1 ax(h)er(x)
Dy—1
and gp, () = 320" ar(9)pr(z)-

Corollary 4.2. Assume that f and g € L>(Rt) with ||g|leo < co. Let fs be defined by (2.13) and

i = arg min { || f|2 + pen(m) |

me

with pen defined by pen(m) := pen;(m) + peny(m) with

peny (m) = 41 log ([, lloo V' 1) (nll G112, A G IE) /
peny(m) := 16k2(]|3, oo V 1) log nom|| G, 13,/m0,

where hp, and §p, are given by (4.3) and (4.4), D1 and Dy satisfylogn < Dy < ||hllson/(128+v/210g® n)
and logng < Dy < ||glleen0/(128+v/210g3 ng). Then there exist positive numerical constants r, and

Ko such that

C

nAng

E|lf — f=|2 < C% inf — fml?
15 = Fall? < € int {If ~ funl + pen(m)} +
where C* is a positive constant.

Note that the constraint on D and Dy are fulfilled respectively for n and ng large enough as soon
as D1 ~ /n and Dy ~ ,/ng for instance. In this sense Corollary 4.2 has rather an asymptotic
flavor.
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5. NUMERICAL ILLUSTRATION

The whole implementation is conducted using Matlab software. The integrated squared error
|f — fml? is computed via a standard approximation and discretization (over 100 points) of the
integral on an interval of R™ denoted by I;. Then the mean integrated squared error (MISE)

E|lf — fm||2 is computed as the empirical mean of the approximated ISE over 200 simulation
samples.

5.1. Simulation setting. We consider the following six densities with unit variance.
> An exponential density £(1) with parameter 1, on Iy = [0, 5]
> A Gamma density X = 2vy(4,1/4), on Iy = [0, 10]
> A mixed Gamma X/c with X ~ 0.47(2,1/2) + 0.6v(16, 1/4), with ¢ = v/2.96,
> A Weibull density, X/c with f(z) = ka*le " 1+ (z) with ¢ = VI(7/3) —T(5/3)% on

Iy =10,5],
> A Rayleigh density X ~ f with f(z) = (2/0?)exp(—2?/(20%)) with 02 = 2/(4 — 7) on
Iy =10,5],

> A beta density X/c with X ~ 3(4,5), c=+/2/9 on I; = [0,1/c].
We also consider two types of noises Y with same variance, namely an exponential density £())

with A = 2, and a gamma density v(2,1/)) with A’ = 21/2. In both cases, the variance is equal

to 1/4.
In the case where the noise density is assumed to be known, we can compute analytically the
matrix G,, and use the exact formulae:

> For Y ~ E(N)

(A— 1)i=i-1

(Gmlij =M (1+ M)z — QAW]IJ'Q’

(5.1)

> For Y ~ ~(2, u)

(= 1)

[Gonlig = (1) (L + p))*Lia—j — 4 /(1 4 1)) Dimy + 4(i — j — M)Mzm

Tjt1i<i (5.2)

5.2. Practical estimation procedure. Asin Mabon (2017), to illustrate the loss implied by the
noise, we apply the density estimation method on the true X;’s, for comparison, with a specific
Ko = 0.25 in the penalty; more precisely, the case called "direct” hereafter relies on the estimator

fég) with f(o) = ZT:_Ol dg-o)cpj, d,(co) =n 13" or(X;) and

m—1 ~
Mo = arg  min {— Z (&l(;)))2 + 2/@0m} .

me{0,1,...,n} =0 n

We chose the general 7,,, = 2m instead of its improvement, to allow comparison with the results
obtained by Mabon (2017).

To study if the estimation of G, implies a loss, we implement the "known noise” case. We
compute Gy, as given by (5.1) and (5.2) and we apply the procedure described in Mabon (2017).
We compute the estimator as given by (2.6) and select

N ) - K1 _ _
anmag i SR @G, Aol v DIGR) -
m| Gy, |2, <n/ log(n) n

We set k1 = 0.03 in the penalty for known noise density, this is the value calibrated in Mabon
(2017), and ||g|/cc is known in this setting.

For the case of estimated G, which is specifically studied in the present work, we compute
f with f,, given by (2.9) and m given by m = argmin, {—Hme2 + f)%ﬁ(m)}, with pen(m)
defined as in Corollary 4.2 with 7,,, = 2m. The constant calibrations were done with intensive
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Y Exponential Y Gamma
direct | Known  Noise Noise Known  Noise Noise
noise  sample sample noise  sample  sample

f ng = 50 ng = 200 nog = 50 ng = 200
Exp(1) MISE 0.5 8.2 2.1 3.3 4.2 1.9 2.2
(std) | (0.9) (33) (3.1) (6.4) (23) (3.3) (4.1)
Oracles | 0.10 0.13 0.25 0.15 0.13 0.29 0.16
(std) (0.1) (0.2) (0.3) (0.2) (0.2) (0.5) (0.2)
Gamma  MISE | 0.37 1.0 1.6 0.8 2.2 1.2 1.7
(std) (0.4) (0.7) (0.7) (0.6) (0.3) (0.3) (0.7)
Oracles | 0.2 0.3 0.5 0.4 0.4 1.5 0.4
(std) (0.2) (0.3) (0.4) (0.4) (0.4) (0.7) (0.3)
Mixed MISE 1.0 4.0 6.7 2.7 7.3 7.5 7.2
Gamma  (std) (0.4) (2.6) (1.9) (2.1) (0.8) (1.1) (0.8)
Oracles | 0.7 1.6 5.1 2.0 2.4 7.0 6.1
(std) (0.4) (1.1) (1.8) (1.3) (1.5) (1.0) (1.0)
Weibull MISE 0.4 0.8 1.1 0.9 1.0 1.1 0.9
(std) | (0.4) | (0.8) (1.1) (1.1) (0.9) (0.7) (0.8)
Oracles | 0.3 0.4 0.6 0.5 0.5 0.8 0.5
(std) (0.2) (0.4) (0.6) (0.5) (0.5) (0.9) (0.5)
Rayleigh MISE 0.4 0.8 1.0 0.6 1.1 1.1 1.0
(std) (0.4) (0.4) (0.3) (0.5) (0.2) (0.2) (0.3)
Oracles | 0.2 0.3 0.4 0.4 0.3 0.4 0.3
(std) | (1.2) | (1.5) (1.6) (0.3) (0.3) (0.3) (0.3)
Beta MISE 0.3 1.4 1.7 0.8 1.7 1.8 1.7
(std) | (0.2) | (0.6) (0.3) (0.6) (0.1) (0.2) (0.1)
Oracles | 0.2 0.3 0.5 0.3 0.4 1.7 0.6
(std) (0.2) (0.2) (0.3) (0.2) (0.3) (0.2) (0.3)

TABLE 1. Results after 200 iterations of simulations of the six considered densities,
for sample sizes n = 200 and ng = 50, ng = 200. For each density : first two lines,
MISEx 100 with (std x 100) in parenthesis; third and fourth lines, mean with std
in parenthesis of oracles. First column, direct observations of the X;’s. Columns 2,
3 and 4, noise is £(A\) with A = 2 (mean 1/2). Columns 5, 6 and 7, noise is (2, \')
with ) = 2v/2 (mean 1/(2v/2)).

preliminary simulations, including other densities than the ones mentioned above (to avoid over-
fitting): the selected values are k1 = 0.01 and ko = 0.01/4. It can be noted that the values of
k1 and ko are much smaller than what comes in theory. The infinite norms ||h||s and ||g||c are
estimated by taking the maximum of a projection estimator in the Laguerre basis of the density
of Z (resp. of Y') with dimension taken as the integral part of \/n/3.

5.3. Simulation results. As in Mabon (2017), we consider two sample sizes n = 200 and n =
2000. For each distribution, we present in Tables 1 and 2 the MISE computed over 200 repetitions,
together with the standard deviation, both being multiplied by 100 for small sample size 200 (Table
1) and by 1000 for larger sample size (Table 2). For simplicity, the dimension is selected in all
cases among 30 values. We also provide “oracles”, with mean values and standard deviations also
multiplied by the same factor as the MISE: we compute over 200 repetitions the MISE which would
be obtained if we were choosing the best proposal in our family of thirty estimators. These oracles
use the knowledge of the true, that we do not have in practice, and they are computed on other
samples than the MISE of model selection.

We can see by comparing Tables 1 and 2 (recall that the multiplying factor is 100 for the first
table and 1000 for the second), that the results are improved when n increases. Estimating the
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Y Exponential Y Gamma
direct | Known Noise Noise Known Noise Noise
noise sample sample noise sample sample

f no = 400 ng = 2000 ng = 400 ng = 2000
Exp(1) MISE 0.6 3.8 2.3 3.4 1.2 1.8 2.1
(std) (1.2) | (14.2) (8.1) (8.8) (3.8) (3.8) (5.2)
Oracles | 0.10 0.14 0.36 0.17 0.15 0.30 0.17
(std) (0.1) (0.2) (0.6) (0.2) (0.2) (0.4) (0.2)
Gamma  MISE 0.6 0.8 1.6 0.8 3.4 4.6 2.3
(std) | (0.3) | (0.3) (1.6) (0.4) (1.4) (2.1) (1.7)
Oracles | 0.3 0.6 0.7 0.6 0.7 1.1 0.8
(std) | (0.3) | (0.4) (0.4) (0.4) (0.5) (0.9) (0.6)
Mixed MISE 1.6 7.2 8.4 7.0 9.0 38.2 9.1
Gamma, (std) (0.8) (1.6) (1.7) (1.6) (3.7) (20.8) (3.8)
Oracles | 1.0 2.9 4.8 3.5 4.8 24.5 7.6
(std) | (0.6) (1.9) (2.0) (1.9) (2.4) (8.0) (2.6)
Weibull MISE 0.9 1.2 1.2 1.3 1.1 1.5 1.1
(std) (0.4) (0.9) (0.8) (0.6) (5.0) (1.3) (0.6)
Oracles | 0.7 1.0 1.2 1.0 1.1 1.3 1.5
(std) (0.3) (0.5) (0.8) (0.5) (0.6) (0.8) (1.1)
Rayleigh MISE 0.5 0.9 0.9 0.3 1.1 1.5 1.1
(std) (0.3) (0.4) (0.8) (0.4) (0.6) (1.3) (0.6)
Oracles | 0.3 0.5 0.6 0.5 0.6 0.8 0.6
(std) (0.2) (0.3) (0.4) (0.3) (0.4) (0.5) (0.4)
Beta MISE 0.5 1.9 3.0 1.9 3.0 10.0 3.0
(std) | (0.2) | (0.2) (0.5) (0.3) (0.4) (6.6) (0.4)
Oracles | 0.3 0.5 0.5 0.5 0.5 2.1 0.6
(std) (0.2) (0.3) (0.3) (0.3) (0.3) (0.4) (0.3)

TABLE 2. Results after 200 iterations of simulations of the six considered densities,
for sample sizes n = 2000 and ng = 400, ng = 2000. For each density : first two
lines, MISEx 1000 with (std x 1000) in parenthesis; third and fourth lines, mean
with std in parenthesis of oracles. First column, direct observations of the X;’s.
Columns 2, 3 and 4, noise is £(\) with A = 2 (mean 1/2). Columns 5, 6 and 7,
noise is (2, ') with \' = 2v/2 (mean 1/(2v/2)).

matrix G,, does not seem to really increase the error when we compare with the case where it is
known; it even sometimes happens that the estimation of G, improves the MISE. In deconvolution
setting, the same remark had been made by Comte and Lacour (2011), it seems that the cutoff in
the estimation procedure is often safe. For fixed n and estimated G,,, increasing ng systematically
improves the results, except in the case where f is exponential with parameter 1. But this case
corresponds to a best estimation proportional to (g, a simplicity which seems to be difficult for
the estimation algorithm. We can also see that the mixed Gamma distribution has the highest
errors and is clearly more difficult to estimate: n = 200 seems too small to get a good account of
the bimodality. We can also see that increasing the degree of the inverse problem when going from
Exponential to Gamma distribution for Y always increases the errors, even if the signal-to-noise
ratio is unchanged.

6. CONCLUDING REMARKS

In this work, we have defined a projection estimator of the density f of unobserved i.i.d. random
variables X;, i = 1,...,n, when data (Z;)1<i<n from model (2.1) are available, together with an
independent sample (Y/)1<i<n, of the nuisance process Y. All quantities related to the common
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density g of the (Y;)1<i<n, and the (Y;)i<i<n, are estimated thanks to the independent (Y;)-ng-
sample. This means that we estimate a matrix whose inverse is involved in the definition of the
coefficients of the estimator. Therefore the main difficulty is to measure the distance between the
inverse of a random matrix and the inverse of its expectation. Our strategy is inspired by the one
initiated by Neumann (1997) and developed by Kappus and Mabon (2014) in the Fourier context,
with help of tools related to random matrices taken in Tropp (2015); its relies on the use of a
relevant cutoff for the inversion of the estimated matrix. We obtain risk bounds generalizing the
case where ¢ is known and showing that, if both sample sizes n and ng have the same order, it is
possible that no loss in the order of the upper bound occurs. We also provide a model selection
procedure for which a risk bound states that the bias-variance compromise is adequately performed,
in a non-asymptotic setting.

There remains additional questions that may be worth answering. First, in Mabon (2017), the
problem of survival function estimation for known g is also studied: the question is left open here,
to determine if the strategy developed in the present work could be extended to this context.
Moreover, our framework is mainly nonasymptotic, but if we are interested in asymptotics, the
question of lower bounds may be studied.

7. PROOFS

7.1. Preliminary results.

7.2. Proof of Lemma 2.1. The proof is a particular case of a Lemma proved in Comte and
Genon-Catalot (2017). From Askey and Wainger (1965), we have for v = 4k + 2, and k large
enough

a) 1 if0<z<1/v

b)  (zv)” VA ifl/v<z<v/2

¢) v V4w —ax)"1/4 ifv/2<z<v-—uvl/3
lpr(z/2)] < C ~1/3 ‘ 1/3 < 1/3

d) v / ifv—vB3<z<v+4+V

) v VA(x — ) Ve @l )18 < g < 302

f) e if x > 3v/2

where 1 and 9 are positive and fixed constants. From these estimates, we can prove

Lemma 7.1. Assume that a random variable R has density fr square-integrable on R™, and that
E(R/?) < +o0. For k large enough,

“+oo 5 c
/0 [eu(e) fnla)de < <=

where ¢ > 0 is a constant depending on E(R*1/2).

The result of Lemma 2.1 follows from Lemma 7.1. O

Proof of Lemma 7.1. Hereafter, we denote by x < y when there exist a constant C' such that
x < Cy and recall that v = 4k + 2. We have six terms to compute to find the order of

400 +00 6
| @tz = 1/2) [ lontu/2)P ntu/2)dui= 3"
0 0 =1

1 1/v

a) 155 ; fr(w/2)du S || frllv™"2 S | frllk™2.

v/2
b) I Sv /2 Frlu/2)u=2du < K-Y2E(R™V2).
1/v
/ Lo 1/3
) Iz < V1/21/1/6/ Fr(u/2)du = o(1/VE), as v — u > 113,
v/2
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v4ut/3
DIy [ fatu/dn = o1/ V).
v/
U ) a2 < v = o1 V)

e) Iy < 1/1/2/

v4vl/3
(exp is bounded by 1, u — v > v1/3).

f) I < e 22 = o(1/VE).

The result of Lemma 2.1 follows from these orders.

7.2.1. Bounds on the spectral norm.
Proposition 7.2. For G, defined by Equation (2.10) and ||g||es < 00 , no € N\ {0}, then for all

not? /4 > _

t>0
P ||Gm — Gmllop = t| < 2mexp <—
[” ’ } lgllcom + (v/2/3)mt

Corollary 7.3. Under the Assumptions of Proposition 7.2, for all ¢ > 2, it holds that
a/2 q

G q/2™ qm

E[IGm ~ Gullty] < €(1logm) a7z v losm)" g

with €, = 2971e0/2||g| 4% (q + 2)9/2 4 224-1+4/2(q 4 2)9/2

Proof of Proposition 7.2. To get the announced result, we apply a Bernstein matrix inequality (see
Theorem 8.2). Thus we write G, as a sum of a sequence of independent matrices

L 2120 (Y,) iti=j,
G = o D Kn(Y). Kn(¥) = £ 272 (0 () = iy (4)) 65 <
i=1 0 otherwise.

We put
0
Si= > K (¥)) ~ E [Kn (V)]
0=

e Bound on L(Kp) = [[Kn(Y]) — E K (Y])] llop/70-
First using the equivalence between the spectral and trace norms

1
A e R™, ﬁHAHF < [|Aflop < [|Allr (7.1)

we have by Equation (7.1) that L(K,,) < (1/n0)||Km(Y{)—E K (Y{)] |lr, and using Equation (2.4)

K (Y]) —E[Kn(Y)] = Y [Kn()ij—E [Kn(¥)],; 1

1<i,j<m
1 1
<5 D leoM) —EleoMDIP + 5 D leii(V) = @injr () = Elgii(Y)) — i ja (V)]
1<i<m 1<j<i<m
1y _yrg 1 s _m  om(m—1) 16m? —16m+m 9
< gmle —Ele)P + 5 Z (4v/2) <5 4 = 5 < 8m?.
1<j<i<m
2\/§m

So we get that L(K,,) < .
1o
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o Bound on v(Sp) = || 232 E [*(Kin(Y)) — E [Kin (Y))])) (K (Y/) = E [Kin(Y])])] lop/n3-
By definition of the operator norm we have

V() = Tjon s xZE — E [Kn (V)] (K (Y)) — E [Kn(0))])] 7
1

= — sup 'FE["(Kn(Y]) - E [Kn(Y])])(Kn(Y!) - E [Kn(Y])])] 7

10 1Z]l2,m=1

:i sup EH( (Y]) — E[Km(yll)])mz

H2m
10 (|1Z]|2,m =1 ’

It yields that, for ‘% = (zo,...,Zm_1), and convention ¢_; = 0,
Er =E | (Kn(¥]) - E Kn(¥])]) 75,
1 m—1 7 2
=3 STED (@i (V) = i1 (Y]) = Elpi; (YY) = pij 1 (Y])]) 2
i=0 §=0

i

Var (i (Y]) = pimj1(¥])) z

3
L

Il
N =
i
i)
[e=)

§=0
. 2
1 m—1 A
<5 2 ED (v — ey (V) @
i=0  |j=0
2
1 m—1 %
—5 2 [ X i) — i) gl d
=0 7=0
Therefore
2
HgHoo (S :
Ey < Z (pij(u) — pi—j1(u)) ;| du
m 1
2 N S A SRR YR AR AT S AR
1<4,5' <1 1<4,5' <1 1<5,5'<i
< 2H9HoomeH§,m-
- 2gllosm . .
en we get that v(S,,) < ————. In the end applying Theorem 8.2 yields that for all £ > 0
no
. t2/2
IP[G ~G Zt}§2mexp<— )
(G = Gl 2lgllocm 0+ (2/2/3)mt o

from which we get the result of Proposition 7.2. U

Proof of Corollary 7.3. Before proving the announced result, let us explain how Theorem 8.3 for
Hermitian matrices can be extended to non-Hermitian matrices. This is due to the so-called
Paulsen dilation which corresponds to the following isomorphism trick for a rectangular matrix A

Ai—>’H(A):<£T ‘g)

where AT denotes the conjugate transpose of A. Obviously #(A) is an Hermitian matrix. We can
also notice that

H(A)? = (A(‘?T A?A)



16 COMTE AND MABON
So we get Amax (’H(A)Q) = |]A||glD and Amax (H(A)) = [|Alop-
Under the Assumptions of Proposition 7.2, we can apply Theorem A.1 in Chen et al. (2012) (see

Theorem 8.3) stated for Hermitian matrices, using the above Paulsen dilation as follows. Let Y;
be rectangular matrices and set A = >".Y; it yields that, for ¢ > 2 and r > max(q, 2logm),

Ha= (g )=y V) -Eee

Thus we get that
1
[EllAllg] " =

1 1/q
EAmax (H(Z YZ»)> ]

1/q
< VerAl/2 (Z IEH(Y,Y) + 2er [E mMax Amax (H(Yi))q}

1/q
< \/er max (Amax (EAAT) , Apax (EATA)) + 2er [E max |Yi||gp] .
Now we apply this result for
1 &
A =Gy = G = S = - Z;Km(Y/) —E[Kn(Y/)].

Using the notations of the proof of Proposition 7.2, we get for ¢ > 2, m > 2 and r = 2logm

E |G — ém||gp} < 297 (erv(S;n)?? + 2971 (er LK) )
a/2 4
< 21 (engHoom) + 201 (erQ\/gm>

no no

q/2 q
< 207164/2| |9/ (2 log mZé) + 924 1+a/2 (2 log mm>

no
q/2 q
<, <logmm> \% (logmm> ,
no no

with €, = 297 169/2||g|| %% (g + 2)¥/2 + 22a-1+9/2(q 4 2)9/2, 0
7.3. Proofs of results of Section 3.

7.3.1. Proof of Lemma 3.1. First let us define the set

A =G lon < "0 7.2
{180 < /o (72)

and notice that

~

Gl — Gl =1ac Gl 4+ 14, (Gl — Gob) = 1ac Gl — 1A, G NGy — Gin)GL
Then we can write that
E |G - Gll%] =B 1G5 a;, + 16 (G — Gon) Gl %1, |
= |G ZPIAL] + B (|G (G — G)Grl %1, (73)

This proof is inspired of the proof of Lemma 2.1 in Neumann (1997), in the sense that we divide
the proof in two cases according to the comparison of ||G;}||op with the threshold.
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Let us prove that E [HG 1 7;1|y?,{?,} < |IGHHIZ
Starting from Equation (7.3) and using the set A,,, we have that

e First case: |G} |op > % Tlosm -

EIG.! = Gul %] < 163 1% + 1G L IZE (16 12 Gon — Gonl21,, ]

p ~
<161+ 16513 (o) B [1Gm ~ Gnl].
Besides applying Corollary 7.3 for ¢ = 2p yields
. p 1 p
E[lIG, - G.l%] < 162 + 1165 1% &y (o
m mHop m mlogm ng

< 1+ )G 13

p
e Second case: |G lop < % mlosm - We prove E [HG 1 7‘,}”%@] s <logm||G o [ m>
ng

Starting from (7.3) again, we get
E[IG! = Gl %] < 1G IZPIAL] + G I G — Gl 221G 12000, | (74)
i) Upper bound on E [HGm — émHggHé#HggﬂAm]
First let us notice that
IG 2 < 27 YG,t — G I + 271G s
Moreover applying Corollary 7.3 for ¢ = 2p and ¢ = 4p with the set A,,, we get
E |G — Gul2IG 121,

< 227G BE (G — G218, | + 277 [IG — Gl %Gy — G2,

m

< 227G ZE (|G — Gl 21, | + 277 G ZE |G — G5 1G 121 s, |

_ mlogm\P? _ P mlogm 2
S A e e e e R

1 P
< 2P (Cy + €G22 (m Ogm). (7.5)
no

ii) Upper bound on P[A¢ ] =P [HémlHop > mlz(;m].

The upper bound is given by the following Lemma proved afterwards.

Lemma 7.4. For A, defined by Equation (7.2) and |G, op < &,/ , it holds that

m log

~ 1
PAG] = B[ 16 o > [ <2, (M) (7.6
0

mlogm

Finally starting from Equation (7.4) and gathering Equations (7.5) with (7.6), we get that

1 = mlogm\? . _ _ _ mlogm\?
B (16! - GnllEg] < 277y (M) Gt + 2 e + )Gl ()

p
m
< (211, + 27T, <10gm||an1||§pn()>

In conclusion, Lemma 3.1 is proved with €gp , = 22p+1€2p + 22p€4p + 1. O
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Proof of Lemma 7.4. First invoke the triangular inequality
1G5 lop < 1G5 = Gtllop + G op
which implies that

nQ no

- \G;Hop} |

P |1Gs o > R

<P||G;! -G}
et [T e

—1 1 no
Moreover we assume that |G, [lop < 3/ 770e7m> SO

)

P |1Gs o > <P[IG5 ~ Gty > 1G5 o]

mlogm

Now let us rewrite this probability, as
-1 -1 -1
PlIG5" — Gulllop > 1G5 o]
1

=2 {165~ Gllon > G o } 1 {16 (@ = Gl < 5]
~—1 -1 -1 1A 1
2 {1600 - Gl > 163 o} 0 {160 @~ Gl > 5 ]
o1 -1 -1 “1/A 1
<P| {185 - Galllr > 16 lor} 1 { 1G5 Gr — Gonlor < 5]
~ 1
2 [1G,! (@ = Gl 2 5] @)

To control the second term of the right hand side of Equation (7.7), we apply Markov inequality
and Corollary 7.3 for ¢ = 2p

1A 1 _ ~ 1
|16 (G = Gl = 5| < P16 upl G~ Gl = 5

1 p
< o, (MY e, (7.9
0

Next to control the first term on the right hand side of Equation (7.7), we apply Theorem 8.1
(with A = G, and B = G,;, — G,;,), it yields

= _ _ _ 1A 1
P {16!~ Gl > 16 o} 0 {161 G = Gl < 5}

G — G lop G2 - i
<P T L G b0 L 1G (@ Gl < 5
{1 - HG;%l(Gm - Gm)”Op 2
~ 1 o
<P[1Gn - Gulln > 3160l (7.9

again applying Markov inequality along with Corollary 7.3 gets

~_ _ _ 1A 1 mlogm\? . _
P {16 = Gl > 162 r} 0 {1601 G = Gl < 3} < 200, (P2 )

So starting from Equation (7.7) and gathering Equations (7.8) and (7.9) gives

p
-1 o 2p+1 mlogm 12
P (1G> [ | <2t (TR ) e
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7.3.2. Useful corollary for the Frobenius norm.
Corollary 7.5. Under the Assumptions of Lemma 3.1, we have
E |G - G| <216, IR

Proof of Corollary 7.5. The proof mainly follows the lines of the proof of of Lemma 3.1. A,, is
defined by Equation (7.2), then we write

E[IG, — GLlIR] =[G, B, + 16 (G — Gu) G R4,
= G RPIAS) + B G (G — G) G R, (7.10)
Let us recall that for two matrices A and B

|AB[[r < [[Al[¢[Bllop and [ABr < [[Allop[Bl|- (7.11)
Then Equations (7.10), (7.11), the definition of A,, and Lemma 3.1 for ¢ = 2 give

E|IG:" — G| < 16 R + IGH IBE (IG5 121G — G20,
no

rTogE 1Gm = Gl

leogm ng

< IGHME + G2 IE

< IGHME + 1G2IE

=2||G,,
mlogm | HF
O

7.3.3. Proof of Corollary 3.2. The proof follows the lines of the proof of of Lemma 3.1. The only
difference lies in the following equation

E|(Gr — G = G5 B, BIAG] + E 1G5 (Gon — o) G Bl
= [|fm

with A, defined by Equation (7.2). It yields the following upper bound
E (G = GVl m] < 17l mPIAG) + 1 Fonl3 i 1G22l Gin = Gl ]

And following the proof of of Lemma 3.1, we get

b < 171 (1A 10gm G 1B, ).

3 PIAG] + B (G (G — GG B30, |

E (G5! = Gl

7.3.4. Proof of Propositions 3.3.
Proof. By Pythagoras theorem, we have
1f = Full® = 1f = fnll® + 1 frn = 1.
Let us rewrite the second term of the above equality:
1o = Fonll® = 1Fon = Fonl3 s = Gl om = G i3,
< 2G . im — Gl i B+ 201Gt i — G 3 (7.12)

i) Then according to Proposition 3.1 in Mabon (2017) (7, = 2m), and Lemma 2.1 (7, = ¢*v/m
under E(1/1/Z;) < +00), we get

N h o
EIGr (i B3 < ™Gl 2, 1 1loe

< Hop A

IG5 % (7.13)

where 7, is defined in Proposition 3.3.
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ii) Now we turn to the second term on the right-hand-side of Equation (7.12). Let us notice that

~

HGq;zlﬁm - égmlﬁm”%,m = ||(G;11 - éilxﬁm - ﬁm) + (Ggml - éil)ﬁm 5

< 2[(Go! = G (b = hun) [3m + 201Gt = G B3 - (7.14)

a) The first term of (7.14) can be bounded in two ways: since (Y7,...,Y] ) is independent of
(Z1,...,%Zy), we get that

~

(G = G ) (A = ) 3, < EIG' = G 20E i = o3 (7.15)

m

Again according to Proposition 3.1 in Mabon (2017) and Lemma 2.1,

El|Am — m||2m— Z (Pj (Z1)]

7
Applying Lemma 3.1 gives that
1 AL 7 Tm
E[(G7' = G ) (i — )13, < o Cop 1[Gy Hizs (7.16)

b) Under the assumption that (Y{,...,Y, ) is independent of (Z1, ..., Z,) and Proposition 3.1
in Mabon (2017), we obtain

T N 1 &-1g2] IR
£ [1(Gr! — G — )] < E[IG7! — G5 2] Plee
And applying Corollary 7.5
~ 2, h .
E[1(Gr! — G )i — F)3,] < 2G5 3 120 (7.17)
For the second term of (7.14), we have according to Corollary 3.2
B _ m
H:?‘H((;m1 - Gml)hm”g,m <dg logmHGmlH?)pnio (718)

Finally starting from Equation (7.12) and gathering Equations (7.13), (7.15), (7.16), (7.17) and
(7.18) yields

HhHoo “12 ™
Ell fm — fll* < (44 €op1) <||G [ IGLHIF ) + 4€glogm||G; 2, —
To conclude

x Tm — I
Bl ol <17 = Sl + € (220165112 A G2 ) + destogmiiGy!

e

Il
7.3.5. Proof of Proposition 3.5. For f € W*(R™, L) defined by (2.6), we have
If = fl® =D aR(F) = Y ak())Ek™ < Lm™>,
k=m k=m

and according to Lemma 3.4 |G} |2 < [|G,,} ||(2)p = m?". It yields that the MISE is upper bounded
as follows

Fo2 —s Tm o HhHOO 2r 2l
E\lf = fmll < Lm™° +2C [ —m*" A ——m*" | 4+ 2CClog(m) (7.19)
n n o
Now we have to counterbalance the bias and the variance terms as follows

2r

L™ +20(2 4 [|hll) e = mopey o/
n

2r+1
Lm™* 4+ 2C¢€log(m) = Mopt, X (ng/ log(ng))Y/s+2r+1

no
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For mp: o< n/*+27 A (ng/ log(ng)) /521 we get

no

_ —s/s+2r+1
E|Lf — Fr P S n?/52ry ( ) .

which ends the proof of Proposition 3.5. O

log ng

7.4. Proof of Theorem 4.1. First for m € M, let us define the associated subspaces ng C R4

St = {;m cRY /T, — t(ao(t),al(t),...,am,l(t),o,...,o)}.

This space is defined to give nested models. When we increase the dimension from m to m + 1 we
only compute one more coefficient. Then for any ¢ € R%, we define the following contrast for the
density estimation

2 pS-17
fyn(f) = Hﬂb,dl - 2<t7 Gdl hd1>2,d1'
Let us notice that for ¢, € ng, thanks to the null coordinates of #,, and the lower triangular form

of édl and ém, we have

~ =

<Fma Ggllhd1>2,d1 = <{ma Gr_nlhm>2,m = <Fma fm>2,m-
So we clearly have that

Jm = argmin ’Yn({m)
tm€S]

Now let m, m' € M, t,, € Syt and 5,y € 85’1". Notice that

—

- . - . > . - -
Yaltm) = W0 (Gmr) = lom = 3.0, = 150 = Fl3a, — 2(tm — 5w G (hay — hay))2.0
and due to orthonormality of Laguerre basis, for any m we have the following relations between
the L2 norm and the Euclidean norms,

1o = FI2 = = Py + 3 (a5 and [l fon— fI2 = o — P, + 3 (a;(F))? (7.20)

j=di Jj=di
We set v, (t) = (1, é;ll(ﬁdl - Ed1)>2,d1 for t € R,
According to the definition of m € M\, for any m in the model collection M, we have the
following inequality
Yo fi) + Den() < yn(fn) + Deni(m).
It yields that
1fa = F3.0, = 1 fm = Fll5.0, = 2vn(fi — fm) < Pen(m) — pen(m)
which implies
1 f7 = FlI3.a, < o = FU3 0, + 2vn(fi = fin) + DeTi(m) — pen(m).
Let us notice that I/n(fm — fm) = Hfm — fm”ldﬂ/n (M) and due to the relation
I fa — fmll2.d

2ab < a?/4 + 4b%, we have the following inequalities

1 f7 = FB.ay < 1= fl3a, + 2S5 — fullzay  sup  vn() + pen(m) — pen(im)
TeB(m,m)

- - 1, =z - _ R
<fm = Flza + 717 = fnlZa, + 4 sup vi(F) + pen(m) — pen(in)
teB(m,m)
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2.0, = 1}. Now notice that

1 f7 = fml3a, < 2005 = 3.4, + 21 Fm — fli3a,

we then have

-

5 - - - 1. >
1= F13y < 1o = FI3 a4 517 — ]

which implies

teB(m,m)

1= 2 A S
Sy + 51 f = fml3a, +4  sup  vi(F)+pen(m) — pen(im)

15 = Fl3a <31 = fmll3a, +2Pe0(m) +8 sup v (F) — 2pen(im).
teB(m,m)
Using Equation (7.20), we have
fa = FIP =D (@M <3 [ If = fnll® = D (a5(f))* | + 2peni(m) (7.21)
Jj=di Jj=di
+8 sup v2(f) — 2pen(m). (7.22)
TeB(m,m)

(7.23)

Now let p be a function such that for any m, m’, we have : 4p(m,m’) < pen(m) + pen(m’).

15— fIP < 3If = finll? +4Pen(m) +8 | sup vy(f) — plm, i)

teB(m,im)

Let us define m* = m vV m and

&) = [{tm=, Gz (hay — hay))2.a, 2 pi(m,m’) = 2peti; (m vV m’) (7.24)
&, = [{tm=, (G — G hay )24, 2 Pa(m,m’) = 2petiy(m v m') (7.25)
(7.26)

Let us notice that

o 20-sins)
FeB(m, i) .
< [ sup  [(fme, Gy (hay — hay) + (G = Gy ha)2.a, > — Br(m, i) — ﬁ2(m7m)]
FeB(m.) .
2 1. ~ 2 1. ~
<2 sup gl,n(ﬂ - ipl(mv m) +2 Sup gQ,n(ﬂ - §p2(m7m) ’
FeB(m.) N FeB(m. ) .

it yields that

~ o [ 1.
1f7 = £ < 3I1f = fmll® +4De0(m) +16 3 | sup &7, (F) - 2p1<m,m’>]
i | teB(m,m/) "
e
+ 16 sup E%,n(a — 5b2 (m7 m)
teB(m,m) 2 1y

We now use the three following results which ensure the validity of Theorem 4.1.

Proposition 7.6. For m € M, it holds that
E [pen(m)] < Cpen(m), with C = (24 2(€op V 2)).
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Proposition 7.7. Under the assumptions of Theorem 4.1, there exists a constant C1 > 0 depending
on ||h||s such that for p1(m,m’) = 2pen, (m VvV m’)
Cq
E Z sup §1nf> fplmm) S?'
m'eM +

teB(m,m’)

Proposition 7.8. Under the assumptions of Theorem 4.1, there exists a constant Co > 0 depending
on ||h|lso such that for pa(m,m’) = Qﬁg(m v m')

1
E sup €2n ﬂ 2(m, ffl) < (Cy < + pen2(m)> .
teB(m,m) n no
In the end: . .
E|lf — fm]? <4C inf — fmll? ; &2
If = fml* <4C inf {IIf = full> + pen(m)} + — + o
as soon as k1 > 196 and kg > 5/2. O

7.4.1. Proof of Proposition 7.6. Let m be in the model collection M. By definition we have

E [pen(m)] = E [pen; (m) + peny(m)]

(Al v 1)
g A

m hOO
:2€/€110gnE{ 17l HG HG ‘2]

+ 8 (e V 1) " log noE |Gy 3,
Applying Lemma 3.1 for p = 1, we get that
E[IGL12] < 216512, + 2B 1G5 - GLH 2, < 2165 13, + 2€apaIGL 2,

Similarly, applying now Corollary 7.5, we get that E [Hé;}H%} <2||GHIE + 4G, Finally

E [pei(m)] < (2 + 2(€op1 V 2))pen(m).

7.4.2. Proof of Proposition 7.7. First let us notice

- 45 = 1 R
{ sup |<tm*’ Gdll(hth - hd1)>2,d1 |2 - §p1 (mv m/)}
teB(m,m’) n

- ~

1> - 1,
= sup |<tm*7 Gdll(hCh - hd1)>2,d1 |2 - §p1 (mv m/) Ln>m
teB(m,m’)

o 5 - 1.
+ { sup |<tm*7 Gdll (hdl - hd1)>27d1 ’2 - ipl(ma ml)

]lm’gm]lAm
teB(m,m’)

—_—— —— t
+

= _ 1,
+4 sup (e, Gyl (hay — hay))oa,* — Sbi(m, m') o Lp<mlac
teB(m,m’) +
e 1.
= sup ’<tm*7 Gdll(hch - hd1)>2,d1 ‘2 - §p1 (m7 m/) ]lm’>m
teB(m,m’)

+
T W o 1. /
+ sup ‘(tm*v Gdl (hdl - hd1)>2,d1’ - ipl(mu m ) ]lm'Sm]lAm
teB(m,m’)
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Since A,y € M and A,,, C M for m,m’ € M, it yields that

- 15 - 1,
{ sup  [(Eme, Gyl (hay — hay))o.an|* — SPhi(m, m')}
teB(m,m’) +

—

~ 13 - 1.
= { sup ‘(tm*v Gd11 (hdl - hd1)>2,d1 ’2 - ipl(mv m/)} ]lAm*'
teB(m,m’) +

Since Ay« C M for m' € M , it yields that

~ 5 - 1.
{ sup  |(tme, G (hay = hay))2.a, ] — 2P1(mam')}
teB(m,m’) +

- - 1.
=0 s |, G (ome = o)) e [* = 1 (m,m')
teB(m,m’) +

Now, if we define E;

E,=E { sup  |(tr, G;ﬁ(ﬁm* — i_im*)>27m*]2 — %ﬁl(m, m/)} ’Y’ , (7.27)

teB(m,m’) 4
then, conditionally on Y, the bound follows from the proof of Proposition 7.1 in Mabon (2017) with
G- replaced by G-, M by M and €2 = 1/2 in the first case i) increased as £2 = al|h||oo/ K1 logn
with K7 = 1/6 (to avoid Assumption (A2)). Note also that the proof remains valid for 2m replaced
by 7,,. Then, as all bounds are independent of the random terms, the conditional expectation can
be integrated with respect to the law of the sample (Y})1<i<pn, without change. O

7.4.3. Proof of Proposition 7.8. Let us define

FEy =

1. A
sup 3,0~ ypam. m>]
teB(m,m) +

with iﬁg(m, m) = peny(m V m).

e First case : m > m. Since m € ./\//\l, (N}T%l = é%l, it yields that

_ o o L
Eylgsm = | sup [t (G5! — GZha)|* — 2pen2(m)] 1s>m
| FeB(m. ) N
[~ o 1_ ~ ~ e 1
< (165 - &zl — grona(i)]| < (165 (G — Ga)G il — oo
L + +
_ o ~ L
< 11185 Byl1Gr ~ Gl — 5o ()]
L +
Let us define the set M.« such that
Mupax = {m € [1,n],m < C|n/logn| A [ng/logng]}. (7.28)
We now introduce the favorable set
~ m
Em = {||Gm — Gpllop < \//-;24(Hg||oo V1) lognono} , Ko > 0. (7.29)
and set
E= N Em (7.30)

MEMmax
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Thus we can notice that for m € M\ C Mupax. It yields that

~

m 1__
Eolelssm < [Ifl IG 12524/l gllos V 1)10gn0*n0 - 2pen2(m)] Le
+

~_ m 1__
— (185 el v D108 0™ — gy 2 =o.

_l’_
On the complementary set we have that

m

E [Balsnler] < E[IG! - G70inlate] <B| su
me max

s (G G;hﬁmrr%,mnec]
< ) 2E <||G B3 + 1GR3 ) Lee

3
m
<
B8
5

< D 2B UGBl o + 1 Fonll3 ) e

IN

S 2B [(Fimln + 1 Fonl ) molse] < Criol Mumas P €7

mGMmax
and applying the following Lemma for p = 3

Cp
Lemma 7.9. For all p > 1, there exists ky > (p+2)/2 and Cp, > 1 such that P [£¢] < —p
L

gives that E [Eyllge] < %

10
e Second case: m < m. We have that

Exlcm = [ sup  |(Fu(Gry = G B — 176712(’m)] (Ta, +1ag,)
teB(m,m)

=[ sup \<tm(@;~f—G;1)5m>|2—5<3712(m)] La, +  sup |(fm, fin)*Lag, -
teB(m,m) n X

It implies that for &, defined by (7.29)

E[Erlcm] <E [ sup  [(Fn(Gt = G B [* — 176712(m)] Ia,le, | + IFIPPAT,).
teB(m,m) +

According to Lemma 6.3,

_ m _ m
I fIIPP[AS,] < Hsz&‘izlog??”LI!GmlI!gp;0 < HfH28(’izlognoHGmlngnf0 < peny(m)
and

— ~

E|| suw [(Bn(GL' = Gu)hm)l* - ﬁz(m)] Le, | < G

teB(m,m) n
On &, we have

E[Exlpemles] B [1(G) = GulViml3nles, | < 2B [(1G ol + Gl ol s |

< 2B (IG5 2, 3 + 1 Fnl13 ) e, | < 2B | (1B l3 o + 1 Foal13 m)mote, |

< CngP [gc ]
Besides £ C &, which implies that P[ES] < P[£¢]. Then applying Lemma 7.9, we get that
E [Eolm<cmle: ] < %
1o

25
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Proof of Lemma 7.9. We apply Proposition 6.1 for t = \/4@(”9]00 Vv 1)log noE
no

PE] =P [Elm € Muax, [|Gim — Gnllop > \/452(”9”00 V1) 1ogn0;“J
0

-~ m
< % |16~ Gl > | f4ma(lllc v 1) oo |

m<ng
<23 mexp _% 455 (|lgllso v 1) log ngm _
= ol + (2v2/3)m/ T V D)ok, [
<2 Z mexp _4’{2(H9H00\/1) log ng 1 A 3 no
T 2 2 lgllee " 2v/2+/2r2(gllee V 1) log g V m
<C Z mexp <—4H2(H9HOO v 1) logn0> < Z me—leogno < Cn%e_%z logng‘
e 2(|gl oo o

Finally we get P [£¢] < Cn exp (—r22logng) = C/ng™ 2 = C/nf with p > 1if ko > (p+2)/2. O

7.5. Proof of Corollary 4.2. The beginning of the proof follows exactly the same lines as in
Theoremn 4.1 except that pen and m are respectively replaced by pen and m.
Starting from Equation (7.22), we get

1 = fIIP < 3If — fnll +2D60(m) +8 sup v, (8) — 2pen(in)

teB(m,m)
< 3||f = fnll® + 2(pen(m) — pen(m)) + 2pen(m) +8 sup vy (t) — 2pen(m)
teB(m,m)
+ 2(pen(m) — pen(m))
We now apply Proposition 7.10 hereafter and we get the final result. O

Proposition 7.10. (i) E[pen(m) — pen(m)| < pen(m) + 1/ng + 1/n,
(i) E(pen(m) — pen(m)) < 1/n0 + 1/n.

Proof of Proposition 7.10. The proof relies on the introduction of the set so that the estimators of
the sup-norms of h and g are under control around their true values. As it works exactly the same
for both functions, we only detail the proof for g.

Let us define the set A(g) = {]HQDHOO —lgllo] < ||9£|oo} .

(i) It yields that
— — A m.~_
E[periy(m) — peny(m)[La(g) = 8k [\(2||9D\oo V1) = ([lgllo v 1)[log nomHGmlH(Q)p]lA(g)]

m o~ _
< 8roE [4<Hg|oo V1) lognomnGmIH?,pnA(g)]

Moreover applying Proposition 7.6, we get that
E|peny(m) — peny(m)[1yg) < Cpeny(m)
On the set A°(g) with the definition of M, we have

_ —_ R m o~
E[peny(m) — peny(m)[Te(g) = 8k [I(2||9D\Ioo V1) = (llgllee v 1)[ log nonOIIGmlllgp]

< 8mE[|(2[9plse V1) = (9l V 1)]
< 8#2E [(2]|gplloc V 1)Lac(g)] +E [([lglloo V 1)L pe(q)]
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Yet [|gplloo < [| 22k Prlloc < 2D < 2ng, then

E[peny(m) — peny(m)[L ey < CP[A(g)]
Now applying Lemma 5.2 in Mabon (2016), it holds that for all p > 0 and logny < D <
l9lloc /(128v/2)no/ (log no)?, we get P[A°(g)] < 2D/ng.

The proof follows exactly the same lines for controlling E|pen; (m) — pen; (m)| by defining A(h)
and replacing ng by n.

(ii) On A(g), we have ||g]lco — 2]|dD|co < 0 which yields that (||g|lcc V1) —2(]|gD|co V 1) < 0, thus
(peng(m) — peny (1)) 154 < 0. Moreover
E[(peny(m) — peng(m))Lae(g)] < E[|peny(m) — peny(m)|Lae(y)] < CPIA(g)], (7.31)

as above since m € M. This gives the result for pen,. The same reasoning holds for pen, () —
B3, (1) .

8. USEFUL RESULTS
A proof of the following theorem can be found in Stewart and Sun (1990).
Theorem 8.1. Let A, B be (m x m) matrices. If A is invertible and |A™'Bllop < 1, then
A = A + B s invertible and it holds

IBlopl A3,

Ao A, < BlolA T
| low < 1A Bl

Theorem 8.2 (Bernstein Matrix inequality). Consider a finite sequence {Sp} of independent,
random matrices with common dimension dy X do. Assume that
ES; =0 and |Sillop <L for each index k.

Introduce the random matriz Z =y, Sy. Let v(Z) be the the variance statistic of the sum: v(Z) =
max{Amax (E[Z'Z]), Amax (E['ZZ])}. Then

1
E||Z|lop < v/2v(Z)log(dy + d2) + ngog(dl + dy).

Furthermore, for all t > 0

2
P12l > 1 < (d + d)exp (— 7 )

A proof can be found in Tropp (2012) or Tropp (2015).

Theorem 8.3 (Matrix moment inequality, Theorem A.1 in Chen et al. (2012)). Suppose that ¢ > 2
and fix r > max(q,2logp). Consider a finite sequence {Y;} of independent, symmetric, random,
self-adjoint matrices with dimension p X p. Then

a1 1/q 1/q
[IE)\maX (Z Yi> ] < | erAmax (Z IEYZ?) + 2er [Emax A o (Yi)] :

A proof can be found in Chen et al. (2012).
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