ADAPTIVE ESTIMATION FOR STOCHASTIC DAMPING HAMILTONIAN
SYSTEMS UNDER PARTIAL OBSERVATION.
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ABSTRACT. The paper considers a process Z; = (X¢,Y;) where X, is the position of a particle
and Y; its velocity, driven by a hypoelliptic bi-dimensional stochastic differential equation. Un-
der adequate conditions, the process is stationary and geometrically S-mixing. In this context,
we propose an adaptive non-parametric kernel estimator of the stationary density p of Z, based
on n discrete time observations with time step 6. Two observation schemes are considered: in
the first one, Z is the observed process, in the second one, only X is measured. Estimators are
proposed in both settings and upper risk bounds of the mean integrated squared error (MISE)
are proved and discussed in each case, the second one being more difficult than the first one. We
propose a data driven bandwidth selection procedure based on the Goldenshluger and Lespki
[2011] method. In both cases of complete and partial observations, we can prove a bound on
the MISE asserting the adaptivity of the estimator. In practice, we take advantage of a very
recent improvement of the Goldenshluger and Lespki [2011] method provided by Lacour et al.
[2016], which is computationally efficient and easy to calibrate. We obtain convincing simulation
results in both observation contexts.
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1. INTRODUCTION

In this paper, we focus on a hypoelliptic bi-dimensional stochastic differential equation, called
Langevin or hypoelliptic, damping Hamiltonian system. It can be viewed as describing the
dynamic of a particle: the first coordinate represents the position of the particle and the second
its velocity. The position is defined as the (deterministic) integral of the velocity, but the dynamic
of the velocity is modeled with a stochastic noise. Thus, the noise occurs only in the second
component leading to a hypoelliptic stochastic differential equation: the diffusion coeflicient
matrix is singular. Such models appear in many domains such as random mechanics, finance,
biology, ecology. .. We refer to Pokern et al. [2009] for some examples of such models arising in
applications. There is thus a need for efficient estimation methods. But the singularity of the
diffusion coeflicient prevents to apply standard estimation methods that have been developed
for (multi-dimensional) stochastic differential equations (see more details below). The aim of
this paper is to propose a data-driven non-parametric estimator of the stationary density of the
system.

More precisely, let us denote X; the position of the particle, Y; its velocity, and Z; := (X¢, Y7).
We assume that (Z;, t > 0) is governed by the following stochastic differential equation:
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1 dX, = Yidt
(1) { dY; = o dW; — (¢(X4, Y2) Y + VD(X}))dt.

with ¢(x,y) the damping force, D the potential, ¢ > 0 the diffusion coefficient and (W;)¢>0 a
standard Brownian motion. We assume that the damping force ¢ and the potential D are regular
enough to ensure the existence and uniqueness of a non explosive solution of (1).

Our objective is to estimate the stationary density p of Z;. Except from specific choices of ¢
and D, this stationary density has no closed expression. We thus consider the non-parametric
framework.

In some applications, it is not possible to measure the two coordinates and only discrete time
observations are available. We will proceed in two steps: First we consider the case of “complete
observation” where we have at hand a sample (X5, Yis)1<i<n for a time step § of observations.
Second, we consider the ”partial observation” case where only the sample (X;5)1<i<n is available.

Estimation of such hypoelliptic systems has already been studied. In the parametric frame-
work, we refer to Gloter [2006], Samson and Thieullen [2012] who propose contrasts to estimate
parameters o, c and those appearing in D. Pokern et al. [2009] propose estimation strategies
for parameters appearing in D through a complex Gibbs algorithm in a Bayesian parametric
framework.

Non-parametric estimation in stochastic differential equations (SDE) has been widely studied
in the elliptic case, i.e. when a noise also drives the first coordinate and when the diffusion
coefficient is not singular. For elliptic SDE, we can cite among others Comte et al. [2007] for a
data-driven non-parametric estimation procedure of the drift and diffusion coefficient in a one-
dimensional stochastic differential equation discretely observed with small step. The strategy
has been extended in Comte et al. [2009] when only discrete integrated observations are available.
The method is based on projection estimators minimizing a mean-square contrast with model
selection. The problem here is different since estimation is bi-dimensional and focused on the
stationary density. Extension of adaptive non-parametric drift estimation to multidimensional
setting has been considered in Schmisser [2013a]. Especially adaptive projection estimation of
the stationary density is developed in Schmisser [2013b], see also the references on the topic
therein. However, the results in Schmisser [2013b] are first stated for one-dimensional mixing
processes, and in a second step, applied to elliptic stochastic differential equation in order to
estimate the drift when the observation step is fixed. We emphasize that the elliptic assumption
is not easy to weaken. Thus the hypoelliptic case considered in Model (1) is not considered in
the previous estimation methods for multi-dimenstional SDE. The main element that explains
why hypoellipticity is difficult to work with is the form of the transition density. The transition
density of hypoelliptic diffusion explodes when the step size § between two observations goes
to 0 at a specific rate: 1/§2. This rate directly deteriorates the variance of the estimator and
impacts the rate of convergence of the estimator.

The main references in non-parametric estimation of multi-dimensional hypoelliptic stochastic
differential equations are Cattiaux et al. [2014a,b]. In Cattiaux et al. [2014b], a kernel estimator
of the stationary density p is proposed, in both the complete observation and the partial observa-
tion cases. The authors prove the consistency and the asymptotic normality of their estimators.
But the problem of the automatic data-driven selection of the bandwidth is not studied.
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In this paper, we want to provide a non-parametric estimator of p with a fully data-driven
procedure of the bandwidth. We first study the integrated risk of the kernel estimator. We
distinguish the case of an estimation of p on a compact subset of R? or on the whole real plane,
which give two different bounds. Then, under regularity assumptions on p, we provide rates of
convergence of the estimators. Finally, we propose a non-asymptotic fully data-driven selection
procedure of the bandwidth of the kernel estimator, the procedure is inspired by the methodology
detailed in Goldenshluger and Lespki [2011]. The method has the decisive advantage of being
anisotropic: the bandwidths selected in each direction are in general different, which is coherent
with the possibly different regularities with respect to each variable. Finally, we prove oracle
results of our final estimators. However, the implementation of the Goldenshluger and Lespki
[2011] method is complex in the multi-dimensional setting: the convolution of estimators is
computationally demanding and the influence of the constant is not intuitive, thus preventing
for using automatic procedure such as the slope heuristic. We thus implement a simplified version
of the method of Goldenshluger and Lespki [2011], that has been most recently developed by
Lacour et al. [2016]. Their simplification is a decisive improvement for the implementability
of the method in the multidimensional setting: it avoids the computation of convolution of
estimators and allows to calibrate automatically the constant by slope heuristic. We illustrate
the two estimators on two hypoelliptic systems: the Harmonic Oscillator and the Van Der Pol
Oscillator.

The paper is organized as follows. We give in Section 2 assumptions on the system ensuring
that the aim is meaningful. In particular, we take advantage of previous probabilistic studies
of the system provided in Konakov et al. [2010] and Cattiaux et al. [2014b]. We study first the
estimation of p from discrete but complete observations of Z in Section 3, and then the more
realistic but difficult case of partial observations in Section 4. Simulation experiments illustrate
the methodology in the two observation contexts in Section 5.

2. PROBABILISTIC USEFUL RESULTS

2.1. Assumptions on equation (1). In this section, we recall some results proved in Cattiaux

et al. [2014b]. We first give some assumptions on the model.
In all the following, we assume that the potential D is lower bounded, smooth over R, that
D and VD have polynomial growth at infinity and that
D(x)

(2) 0<d< liminf 2Y2®)
|x| =400 ’(L“

< +oo,

the latter being often called the drift condition. We also assume that the damping coefficient
c(z,y) is smooth and bounded, and there exist ¢, L > 0 such that c(z,y) > cId > 0, V(|z| >
L,y € R).

Hypoelliptic property of the system ensures that the distribution P;(z,-) of the process Z;
starting from Zp = z has a smooth density p;(z,-). Some bounds are given in Appendix 6.1,
especially the fact that transition density p(z,-) is explosive when ¢ — 0 with a specific (hy-
poelliptic) rate of explosion 1/t? (bound (27)). Moreover, the drift condition (2) ensures that
the process is positive recurrent with a unique invariant probability measure p. This measure
has a smooth density u(dz) = p(z)dz [Cattiaux et al., 2014b], with

2
p(dz,dy) = exp (—ZH(:E, y)) dzdy
g
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where H(z,y) = 3y? 4+ D(z) is the Hamiltonian (see [Roberts and Spanos, 2003]).

Under the drift condition, it is proved in Wu [2001] (see Theorem 3.1 therein) that the Markov
chain (Z;);en, with initial condition Zy ~ p(z)dz is exponentially S-mixing. We recall hereafter
the meaning of this property as well as useful bounds and properties.

2.2. About p-mixing coefficients and processes. Let (€2,.4,P) be a probability space. Let
I" be a random variable with values in a Banach space (B, | - [|g). Let M be a o-algebra of A.
Let Prja¢ be a conditional distribution of I' given M, Pr be the distribution of I, and let B(B)
be the Borel o-algebra on (B, || - [|g). Define now

BM,a(D)) = E( sup [Prjm(4) - Pr(4)]).
AeB(B)

The coefficient B(M, o(I")) is the mixing coefficient introduced by Volkonskii and Rozanov [1960)].
Let now I" = (I';);>1 be a strictly stationary sequence of real-valued random variables. For any
k >0, the coefficients fr (k) are defined by

(3) Bra(k) = Blo(T1),0(T14k)),
Let M; = 0(Xj,1 <k <'i). The coefficients fr (k) are defined by
BF,oo(k) = Sup Sup {B(Mu U(Fi17 R Fll))72 +hk<ip<--< ’Ll} )
i>1,1>1

We recall the coupling properties of these coefficients. Assume that €2 is rich enough, which
means that there exists U uniformly distributed over [0, 1] and independent of MV ¢(T"). There
exists a M V o(U) V o(I')-measurable random variable I'} distributed as I" and independent of
M such that
(4) B(M,o () =PI #1I7)

The equality in (4) is due to Berbee [1979], and is used in our proofs for adaptive estimators.

Moreover, several covariance inequalities can be given for S-mixing variables. We state the
inequality that we apply to the S-mixing process (Z;s)ien. This result follows from the proof

p.479 in Viennet [1997]. It asserts that there exist functions gxs(.) such that, for any measurable
bounded function 1,

(5) Con(w(Z0), ¥(Zis))] <2 [ ¥2(:)gual:)dB (2
with [ grs(2)dPz,(2) = B(kd) = Bz, 1(k), the S-mixing coefficient of (Zs).

Let us remark that the S-coefficients for covariance inequality are coefficients of type Sz ; 1,
while those used for coupling in the proofs are of type fz ,; 00. As Z := (Z;;i > 1) is a Markov
chain, by the Markov property and an elementary argument, for each n > 1, fz, (k) =
Bz 5.1(k) (see e.g., Bradley et al. [2005]). They are indifferently denoted by 5(kd) in the following.

Finally, Cattiaux et al. [2014b] prove the geometric S-mixing property of the system: there
exist a coefficient p € (0,1) and a constant C' such that for all i € N:

(6) B(id) < Cp®.
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3. ESTIMATION OF THE DENSITY p IN THE COMPLETE OBSERVATION CASE.

As already mentioned, our aim is to estimate the invariant density p non parametrically in
two cases: from discrete observations of Z at discrete times id, ¢ = 1,...,n with discretization
step ¢ and from only discrete observations of the first component X.

In this section we define an estimator of the invariant density p in the complete case from
observations Z;5 = (X5, Yis). We study the integrated quadratic risk, first on R? and then on a
compact set. Then, we study the rate of convergence of the estimator and propose an adaptive

procedure to select the bandwidth. In the following, for g € L%(R?), ||gll2 = +/ [ ¢*(, y)dzdy
denotes the L?-norm with respect to Lebesgue on R?. Sometimes we omit the sub-index 2.

3.1. The estimator. The density p is estimated with a kernel estimator. Let K denote the
kernel, and assume that K is a C! function such that its partial derivatives functions 0K /0z
and 9K /0y are in L(R), [ K(z,y)dzdy =1 and [ K*(x,y)dzdy < co. For all b = (b1, b2) > 0,
for all (z,y) € R?, we denote

1 T Yy
K —K(—,=.
b(7,y) = bb (bl’ 62>
When both coordinates are observed, we propose the following estimator of p for all z =
(z,) € R%:

(7) Po(z) = ZKb Xis,y — Yie) = ZKb z— Zis)

3.2. Integrated quadratic risk. In this section we study the integrated risks of p, computed
on R? or on a compact set. We introduce py(2) = pp(z,y) = Kp * p(x,y) = Kp * p(2), which is
the function that is estimated without bias by py(2) , i.e. E(pp(2)) = pp(z). Following the proof
of Viennet [1997] for the variance bound, we can obtain the Proposition hereafter.

Proposition 1. Consider the estimator given by (7), under the drift condition (2). Then we
have

2mn
®) 5| [0t —pte1az] < o) —ptepas+ L Z o

where 3(.) denotes the S-mizing coefficient defined in Section 2.

The proof of this result, like most other results, is given in Section 6.
On the other hand, restricting the estimation of p on a compact A, we can provide more specific
computations using the coefficient p of the S-mixing property (6) and obtain the following bound.

Proposition 2. Let A be a compact subset of R%. Consider the estimator given by (7). Then
there exists a constant C > 0 such that

2 n—I1 is
(9) E UA(ﬁb(z) —p(z))de] < /A(pb(z)—p(z))2dz+(1 (nbllbg +Tll; [ (1+ %2) b/;b2:|> )

Let us emphasize that the term 1/(i%62) is a direct consequence of the hypoellipticity of model
(1) and of the bound on the transition density p:(z,-) (equation (27) in Appendix 6.1). This
term is thus explosive when § — 0. We enhance in the remark below, the difference between
the variance bounds stated in Propositions 1 and 2.
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Remark 1. Consider first the last term in the bound given by (8). We get that > , 5(id) <
C/(1 - p?). For any 0 < § < 1, we get >.i,3(i0) < C/(3p|log(p)|). As a consequence, the
variance bound in (8), for 0 < § < 1, is
4K & 4|K|?2  ©

KIE S iy < AIE]

10 .
(10) nbiby ~ pllog(p)| nb1bad

i=0
Now, consider the variance bound stated in (9). Choose i, an integer larger than 1/62. Then
we have

n—1 1 pi(; in—1 1 n—1 pi(g
1+ —=—I)I)A—| = 14+ —
g |:( + 1'262) b1b2:| ;< + i252> +Z:ZZ b1b2
1 1 1 pind
< int Y St
" 52 ; ’L2 blbg 1-— p‘S
3 1 p1/5

< -
- 62 + biby 1 — p‘s
Here, for 0 < & < 1, we have p'/?/(1 — p°) < 1/(plog?(p)). Thus

1 1 1 i 1 1 3
11 — 1+ ==)A < (1 —.
(11) nb1be + n ; [( + i2(52) blbg] - ( + p(log(p))2> nb1ba + nd?

As a consequence, we will have to compare orders O(1/(nbib2d)) and O(1/(nbibs) + 1/(né?)),
the term 1/(nd?) being due to the hypoellipticity.

3.3. Rates of convergence. To evaluate the rate of convergence of the estimator py, we need
to set regularity assumptions on p, and to make adequate choices of the bandwidths b; and bs.
This is why in this section, we consider the particular case of the Holder’s or Nikol’ski spaces
for the density p, depending on the type of risk which is considered.

Assumption 1. We assume that p is Hélder H(a, L) with index a = (a1, a2) around (z,y) that
is we assume that p admits derivatives with respect to x (resp. y) up to order |ay| (resp. |az])
in a neighborhood of (z,vy), with

2
Hlaa] ola1] o
(8:{3)L£J ($+6x’y)_(8:UT‘fJ(x’y) deL’(;x‘Q( 1= 1J)7
2
3L02Jp 8La2jp )
T (A az] (a2—|az2])
(ay)l_azj (x; Y+ 5?/) (ay) [az] (ac, y) dr < L’éy‘ .

Assumption 2. We assume that p is Nikol’ski N (v, L) with index v = (vy1,72), that is we
assume that p admits derivatives with respect to x (resp. y) up to order |v1] (resp. |v2]) on

R?, with

2
olelp olely
[ e+ o0~ g

2

ahlJp 8L’71Jp do < L|5x|2(71_hlj),

@n)0n] @+ 00 Y) = G

(z,9)

do < L‘gy’Q(’YQ*L’YzJ) )
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Remark 2. If ¢ and o2 are constants and if the potential D satisfies the conditions stated in
Section 2, then the above regularity assumptions are fulfilled, see Cattiaux et al. [2014a,b].

Following the strategy given in Tsybakov [2009], we need to specify the order of the kernel K
and recall the following definition.

Definition 1. A kernel K is of order £ = ({1, £2) if fori € {1,2},1 < k < £;—1, [ 2FK(2)dz = 0.

Examples of kernels of arbitrary order are given in Tsybakov [2009], Kerkyacharian et al.
[2001]. We can now compute the order of the integrated squared bias term [ (py(z) — p(z))?dz.

Proposition 3. We assume that p(z,y) is in H(a, L) for any (z,y) € S where S is a subset
of R?, and K is a kernel with order { = ({1,03) such that K(z,y) = Ki(z)Ka(y) with K
a kernel of order 1 > |a1] and Ko a kernel of order ¢35 > |az] and f|ZL‘|llK1(.7}) dr < +oo,
S ly|2 Ky (y) dy < 4+o00. Then,

(12) / /S (po(2) — p(2))%dz < C (bi“l + b§“2) :
The same order holds for integrated bias on Nikol’ski space N ((a1,as2), L), see Tsybakov [2009].

We can now minimize the quadratic risk of the estimator p(z) in the complete observations
case.

e Estimation on R?.
Plugging in (8) the variance bound stated in (10) and the bias bound given in Proposition 3, we
obtain the following order for the integrated quadratic risk. For 0 < § < 1, we have

E [ J(ZCE p<z>>2dz] =0 { (b1 03) + pﬁ”[g(("p)\ nbllbzé} |

Then we need to calculate the trade-off between the two terms b7"' + b3%* and Wlle. We can
choose the following (anisotropic) bandwidths b; = bj op

(13) bjopt o (n0)~¥/ U@ where  1/a=1/2(1/a1 + 1/as).

Thus we obtain the rate

2
(14) E [ / <ﬁb<z>—p<z>>2dz] < O((nd)#/@+D)

e Estimation on the compact A.
In that framework, we consider that d is small, otherwise, we apply the previous result. It follows
now by plugging (11) and the bias bound of Proposition 3 in (9). The integrated quadratic risk

on A has the order
O b2a1 + b2a2 + 1 + 1 1 _|_ i .
! ? p(log(p))? ) nbiby = nd?

*
J,opt

(15) b;,opt o n~4/(2a; (‘3‘*‘1))7

Choosing now the following bandwidths b; = b

we get

E [/A(ﬁb(z) —p(Z))de] 2 <0 <n‘a/(@“) + n;) :
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For small 6, the first term in the rate is smaller than the order obtained in (14). We study
conditions ensuring that the last term 1/(né?) is negligible w.r.t. the first one. Let us assume
d=n"Ywith0 <w < 3G +1) (note that this condition implies 0 < w < 1/2 and then 1/nd? — 0).
Then the rate of convergence is improved with respect to (14):

2

(16) E [ [ @)~ pie)paz| = ogu-e/w),

Note that the condition nd? — oo with which the rate (14) is improved is surprisingly the
opposite than the standard condition né? — 0 required in the parametric context to obtain the
asymptotic normality of the parametric estimator [see Samson and Thieullen, 2012, for example].

Note also that the rate in (16) is the optimal rate in the minimax sense, for density estimation
when n i.i.d. observations are available, see Goldenshluger and Lespki [2011].

In all cases, we emphasize that the two selected bandwidths are different, and this anisotropy
property is important in our setting: regularity in each direction can be different. The bandwidth
selection procedure has to be able to provide such different choices for b; and bs.

3.4. Adaptive procedure. It is clear from the previous section that the proposed bandwidth
choice depends on the regularity of the function p, which is unknown. This is why we study
a data driven bandwidth selection device. To select b adequately, we propose the following
method, inspired from Goldenshluger and Lespki [201 1] Let us define for all z = (z,y)

Do (2) = Doy (2, y) = Ky * pp(2, y) Z Ky * Ky(x — X5,y — Yis)

where u*v(z) = [u(z — t)v(t)dt. Note that pyy = pyp. Let By, = {(bik,bay), k.0 =1,...,By}
be a discrete set of bandwidths among which we want to make a choice. Then let

A(b) = sup (Hﬁb v — Py l|> — V(b')) with V(b)) = HKH HKH2 Zﬁ
veB, + nbiby A

where « is a numerical constant to be calibrated by simulations. Heuristically, A(b) is an estimate
of the squared bias and V' (b) of the variance bound. Thus, the selection is made by setting

b= arg min (A(b) + V(b))

Remark. We can also choose V (b) = k/(1 — p?)|| K||?|| K ||?/(nb1b2). In any case, we face the
problem which is standard for non independent data, of having an unknown quantity p in the
penalty. There are suggestions of block empirical variance estimation for such terms in Lerasle
[2011], Lerasle [2012].

Under conditions on B,,, we can prove the following result for the integrated risk on R2.

Theorem 1. Assume that B,, is such that

(17) ST e MVEIVE < C(A) < oo, YA > 0,
beBy

with 1/b=1/(b1b2) < n, and

I
(18) Og;me‘w‘s/ g card(B,,) < C(A,8) < +00, YA > 0.
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Then we have
log(n)
no

&(15; — pI?) < € jnf (Ip—polP + V() +C

for C and C' constants.
Clearly, the bound stated in Theorem 1 shows that the estimator leads to an automatic trade-
off between the bias ||[p — pp||?> and the variance V (b), up to a multiplicative constant C. The

last term C”log(n)/(nd) is indeed negligible. Moreover this procedure allows to choose different
bandwidths for the two directions x and y.

Let us give an example of set B, of bandwidths fitting our conditions. Choose b;, = 1/k for
i =1,2, and B, = [y/n]. Then 1/b = 1/(by xbae) < n and card(B,) < n, so that for any fixed
§ and X > 0, log(n)d—te=2Vnd/log(card(B,) < C(\,d) < 400 and condition (18) is fulfilled.
Moreover as for k,¢ > 1, e AV < exp(—=AMk/2) exp(—\1/2), we get

n BTL

33 Ve < (Zfe W?) < +o0

k=1 ¢=1

Thus condition (17) is satisfied. The choice b; = 27%, for i = 1,2 and B,, = log(n)/(2log?2)
would suit also. It is important to note that these sets contain the optimal bandwidth.

4. ESTIMATION OF THE DENSITY p IN THE PARTIAL OBSERVATION CASE.

For the partially observed case, where only the position process X is available at discrete time
(26)i=1,... n, we approximate the velocity Y;; by the increment

X(i+1)s — Xis

Y5 —
J 5

and define the 2-dimensional kernel estimator by:
Xirnys — Xio
(19) ZKb < Xissy — (1)51> :
We present the integrated risk of p, and an adaptive procedure to select automatically the
bandwidth b.

4.1. Integrated quadratic risk. Let us choose K(z) = K(x,y) = Ki(x)K2(y) and study the
integrated risk of the new estimator in this more difficult setting.

Proposition 4. Consider, in the partial observation case, the estimator given by (19), under
the drift condition (2). Then there exists a constant C > 0 such that

2"
@) 5| [0 P < o) - pieas - L Zﬁ +i

nb1

First, note that integrating on a compact set A would allow to replace

4K < WP
b 1+ 5=
nb1 bg ; ﬂ Y ¢ nb1 b2 T ; + 252 b1 b2

as previously.
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Second, let us discuss the rate implied by the bound (20) under the condition that p €
N((a1,az), L), and B(i6) < p*. In this case, the order of the bound of the integrated quadratic
risk becomes, for 0 < § < 1,

1 )
b2a1 b2a2 o .
O ( 1 + 2 + nb1b25 + blb?2’>

Assume that b7 and by are chosen as in the complete data case i.e. without the last error term.
In that case, bjopt < (1)~ %@+ D] Assume that § = n~%, 0 < w < 1. Then the rate is

10} <n—(1—w)z‘z/((‘z+1) + n—wn(l_“’)[2a1(%+1)+2a2?g+1>}> )

The estimator is consistent if the power of the second term is negative i.e. if w > wp(ay, az) with
1+ 4=
wol(ar,ag) = ——2—.
( ) 2+a+ 4
For instance in the isotropic case, a; = ag = a, wo(a,a) =2/(3 + a) € (0,2/3) for a € (0, +00).
Therefore, the estimator is convergent if w > 2/3. If a > 1, w > 1/2 is sufficient.
Now we can wonder when the rate of the second term is less than the first term rate, i.e.
conditions on w ensuring that

a 1 3 a
—wt (1- — 4+ 2 <= .
wt-wag [2a1 + ZaJ s -(-wziy
This yields w > wy (a1, a2) with
14 ——
wi(ar,az) = 5 (Ha) :
+ a2(1+a)

For instance in the isotropic case, a1 = as = a, wi(a,a) = (2+a)/(3 + 2a) € (1/2,2/3) for
€ (0,400). Therefore, the additional term does not degrade the optimal rate if w > 2/3.

4.2. Adaptive procedure for partial observations. We extend the Goldenshluger and
Lespki [2011] procedure to the present case as follows. Let us define, in the same spirit as
in the complete observation case, for all z = (z,y)

Do (2) = Doy (,y) = Ky * Dy, y) ZKb’ * Kp(x — Xis,y — Yis).
Now let
AP = sup (Jpny — pwll - VO W)
veB, +
with
2mn
(P) \KII K| 0 (P) (P)
VRO = s ZB T bb?" Vit () + Ve (0),

where k1 is a numerical constant to be calibrated by simulations and ko depends on K and o2,
The selection is made by setting

(21) b = arg min (A<P>(b) + V<P>(b)) .

beB,,
Then we can prove
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Theorem 2. Assume that B, satisfies conditions (17) and (18). Then we have

R . log(n)
C_ol2) < 2 (P) 1 108\n)
E([|p; — pll*) < Cblengfn (Ilp |l +V (b)) +C =

for two constants C' and C'.

The result states that the compromise between all terms involved in the risk bound is auto-
matically performed with this strategy. As for the complete observation case, this procedure
allows to select anisotropic bandwidths.

5. SIMULATIONS

The two procedures of estimation (complete and partial observation cases) are implemented
in R and evaluated on two examples: the Harmonic and the Van Der Pol Oscillators. We first
explain the implementation of the estimators and then give the numerical results obtained for
the two models.

5.1. Implementation of the estimators. The implementation of the Goldenshluger and
Lespki [2011] is not efficient numerically in the multi-dimensional setting. Indeed, the convolu-
tion estimator p,j has to be computed for a double collection of bandwidths ((b1,b2), (b7,55))
which is numerically demanding. Moreover, the penalty V(b) appears twice in the procedure,
the two constants k1, ko are then difficult to calibrate. Especially, the slope heuristic can not be
used in that case.

In practice, we therefore propose to implement a method, inspired from Goldenshluger and
Lespki [2011], as rewritten most recently by Lacour et al. [2016]. The method is proposed in their
paper for an independent sample and we naturally extend the implementation to the dependent
context.

More precisely, let us define a discrete set of admissible bandwidths

By = {(bir,b2e), k. £ =1,...,By,b1 1 > b1 min, b2¢ > b2 min}

among which we want to make a choice. We propose to select the bandwidth with the following
criterion:

(22)

SR

Heuristically, ||y — Do, ||* is an estimate of the squared bias and replaces the term A(b) =
supyeg, (8o — Bl — V(1)) .- The main advantage is that we avoid the computation of the
convolved py,;y and the constant x appears only once, and in a standard manner. This allows to
calibrate it with the slope heuristic, as explained below. The final estimator is ﬁz.

A Gaussian kernel is chosen for function K. The collection of estimators (pp)pep, is computed
for the following collection of bandwidths: B, = {(b1,b2) : b1 € {1/V4n,2/V4n,...,30/\/4n}, by €
{1/V4n,2/v/4n,...,30/v/4n}}. Note that by, = (1/v/4n,1/y/4n). Then the automatic selec-
tion of the best bandwidth with the criterion (22) is implemented: the norm ||p, — Py, || is
computed by discretization of the integral. Then we approximate V' (b). The S-mixing coeffi-
cients 3(8) are generally unknown but bounded by Cp® (equation (6)). If 0 < p < 1, we have
i, B(id) < C/(dp|logpl). As p is unknown, we let the constant x absorbs the term in p and
approximate the penalty V' (b) by .

V(b) = Hnéblbg'
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The constant x can then be calibrated numerically by the §lope heuristic [Arlot and Massart,
2009, Lacour et al., 2016] and we find x = 0.1. By plugging b into (7) we obtain ﬁ; which is our
estimator for the complete observation case.

For the partial observation case, we do not implement neither the Goldenshluger and Lespki
[2011] procedure (21) but also extend the Lacour et al. [2016]’s procedure to this case. The
bandwidth b is selected by the following criterion

1 1)
ndbiby 2 hd

with k1 = 0.1 (same than for the complete observation case) and x2 = 0.001 (obtained numer-
ically after a set of simulation experiments to calibrate it). The second term is almost always

b— arg min (||py — py.. |12 + V) ith V() =
(23) b arg min (Hpb Do+ V (b)), with V K1

neglected. By plugging b into (19) we obtain ﬁf, which is our estimator for the partial observation
case.

5.2. Numerical results for the Harmonic Oscillator. We first present the Harmonic Os-
cillator. The process (X¢,Y;) is solution of the process

dX; = Yt

Y, = —(aXi+~Yy)dt+ odWV;

with @ > 0,7 > 0. In the following, we choose o = 4,7 = 0.5, = 0.5. The potential is then
D(z) = a/2x2. The stationary distribution is Gaussian, with mean zero and explicit diagonal
variance matrix:

« 2 2va
p(w,y) = Z:;; exp(—ﬁy2 - %‘2962)
with diagonal variances equal to 1/16 and 1/4, respectively in our case.

The two estimators p; and ﬁi are applied to 100 trajectories of the process (X¢,Y;). Several
designs are compared: nd = 400 with (n = 500, = 0.8), (n = 1000,6 = 0.4)n (n = 2000,6 =
0.2); nd = 200 with (n = 500,06 = 0.4), (n = 1000, = 0.2), (n = 2000,5 = 0.1) and finally
nd = 200 with (n = 250, = 0.8), (n = 500, = 0.4), (n = 1000, = 0.2). For each n,d, each of
the 100 trajectories has been simulated with a Euler scheme with a step size equal to 4/10.

An example of the collection of estimators (py)ses, and the associated final estimator py,
obtained for a trajectory with n = 2000, = 0.2, is presented in the top line of Figure 1. The
selected bandwidth is anisotropic and equal to b = (8/v/4n,17/4/4n). On the same trajectory,
assuming that only X is observed (partial observations), we obtain the collection of estimators
(Pv)ven, and the associated final estimator ﬁg presented in the bottom line of Figure 1. The

selected bandwidth is b = (9/v/4n,19/v/4n). The densities are well estimated in both cases.
The partial observations impacts slightly the estimation of the marginal in y.

The influence of n, ¢ is then studied by comparing the Mean Integrated Squared Error (MISE)
of the two estimators. Results are presented in Table 1. As expected, the MISE are always
smaller in the complete observation case compared to the partial one. When n increases, the
MISE decreases. The influence of ¢ is more complex to analyse and depends on the evolution
of nd: when ¢ decreases and n increases (this corresponds to a fixed nd), the MISE decreases.
When ¢ is fixed and n increases (this correspond to a increased nd), the MISE decreases. When
nd is fixed and § decreases, the MISE decreases. But when n is fixed and ¢ decreases, the MISE
does not always decrease.
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FiGure 1. Harmonic Oscillator. Top line, complete observation case: marginals
in x (left) and in y (right) of the collection of estimators (pp)sep, obtained for
a sample (Xjs, Yis)i=1,..n With n = 2000, = 0.2 (green dotted lines), final es-
timator ps (red dashed line) and true density p (black plain line). Bottom line,
partial observation case: marginals in x (left) and in y (right) of the collection of
estimators (pp)pep, obtained for the same sample (X;s, Yis)i=1.... n (green dotted
lines), final estimator p; (red dashed line) and true density p (black plain line).

13
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Complete observations 0.11 0.05 0.02
nd = 400 n =500,0 = 0.8 n =1000,0 =04 n =2000,6 =0.2
Complete observations 0.090 0.013 0.011
Partial observations 0.302 0.038 0.014
nd = 200 n =>500,0 =04 n=1000,0 =0.2 n=2000,6=0.1
Complete observations 0.023 0.018 0.016
Partial observations 0.048 0.021 0.018
nd = 200 n =250, =0.8 n=>500,0=0.4 n=1000,06=0.2
Complete observations 0.187 0.023 0.018
Partial observations 0.400 0.049 0.021

TABLE 1. Simulation study, Harmonic Oscillator. MISE of the estimation of
the stationary density p(x,y) using the estimators P; (complete observations) and
ﬁé (partial observations) from 100 simulated trajectories, with different values of
n and 6.

5.3. Numerical results for the Van Der Pol Oscillator. We consider the Van der Pol
oscillator defined by

dX, = Ydt
dY; = —((a1X}? — c2)Ys + Wi X,)dt + odW;

with o, cq, cz,wg > 0. In the following, we choose 0 = ¢; = ¢o = wg = 1. The potential is then
D(z) = w3/2z%. The invariant density has no explicit expression (c¢(z) is not constant). To
compare the estimators p; and p: to the invariant density p, we approximate p by solving its
corresponding Fokker-Planck equation:

2 " T
G IR P 4 ca)plany) + elaly + VD) )

The partial differential equation (24) is approximated using a finite difference scheme [Kumar
and Narayanan, 2006].

A sample (Xjs,Yis)i=0,...n is obtained using the Euler scheme with 6 = 0.05 and n = 2000.
The trajectory and its state phase is presented in Figure 2.

The collections of estimators (py)pep, (complete observations) and (pp)pep, (partial observa-
tions) are presented in Figure 3. In the complete observation case, the two marginals are well
estimated. The influence of the partial observation is rather limited. Same results are obtained
for different values of n and ¢ (not shown).

(24) =0
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FIGURE 2. Van der Pol oscillator. Sample (X;5)i=0,...n (top left), (Yis)i=o,...n
(top right) and state phase (bottom) for 6 = 0.05 and n = 2000.

REFERENCES

S. Arlot and P. Massart. Data-driven calibration of penalties for least-squares regression. Journal
of Machine Learning Research, 10:245-279, 2009.

H. Berbee. Random walks with stationary increments and renewal theory. Mathematical Centre
Tracts 112. Amsterdam: Mathematisch Centrum, 1979.

Richard C Bradley et al. Basic properties of strong mixing conditions. a survey and some open
questions. Probability surveys, 2(2):107-144, 2005.

P. Cattiaux, J.R. Leén, and C. Prieur. Estimation for stochastic damping hamiltonian systems
under partial observation. ii. drift term. ALFA, 11:359-384, 2014a.

P. Cattiaux, J.R. Leén, and C. Prieur. Estimation for stochastic damping hamiltonian sys-
tems under partial observation. i. invariant density. Stochastic Process. Appl., 124:1236—-1260,
2014b.

F. Comte, V. Genon-Catalot, and Y. Rozenholc. Penalized nonparametric mean square estima-
tion of the coefficients of diffusion processes. Bernoulli, 13(2):514-543, 2007. ISSN 1350-7265.
doi: 10.3150/07-BEJ5173. URL http://dx.doi.org/10.3150/07-BEJ5173.

F. Comte, V. Genon-Catalot, and Y. Rozenholc. Nonparametric adaptive estimation for inte-
grated diffusions. Stochastic Process. Appl., 119:811-834, 2009.

V. Genon-Catalot, T. Jeantheau, and C. Laredo. Stochastic volatility models as hidden Markov
models and statistical applications. Bernoulli, 6:1051-1079, 2000.

A. Gloter. Parameter estimation for a discretely observed integrated diffusion process. Scand.
J. Statist., 33(1):83-104, 2006.

A. Goldenshluger and O. Lespki. Bandwidth selection in kernel density estimation: oracle
inequalities and adaptive minimax optimality. Ann. Statist., 39:1608-1632, 2011.



16

F. COMTE, C. PRIEUR, AND A. SAMSON

030
030
|

0.25

020
020
|

density
015
density

0.10
0.10
|

005

0.00
0.00
1

030
S

025
025
|

020

density
015
density
0.15

|

010

005
0.05
|

0.00
000
1

FiGurE 3. Van der Pol Oscillator. Top line, complete observation case:
marginals in z (left) and in y (right) of the collection of estimators (pp)es,
obtained for a sample (Xjs,Yis)i=1,..n with n = 2000, = 0.05 (green dotted
lines), final estimator P; (red dashed line) and true density p (black plain line).
Bottom line, partial observation case: marginals in z (left) and in y (right) of the
collection of estimators (pp)pep, obtained for the same sample (X5, Yis)i=1,..n
(green dotted lines), final estimator ﬁé (red dashed line) and true density p (black

plain line).



ADAPTIVE ESTIMATION IN STOCHASTIC DAMPING SYSTEM 17

G. Kerkyacharian, O. Lepski, and D. Picard. Nonlinear estimation in anisotropic multi-index
denoising. Probab. Theory Related Fields, 121:137-170, 2001.

T. Klein and E. Rio. mpirical processes and concentration around the mean. The Annals of
Probability, 33(3):1060-1077, 2005.

V. Konakov, S. Menozzi, and S. Molchanov. Explicit parametrix and local limit theorems for
some degenerate diffusion processes. Ann. Institut Henri Poincaré, 46:908-923, 2010.

P. Kumar and S. Narayanan. Solution of fokker-planck equation by finite element and finite
difference methods for nonlinear systems. Sadhana, 31:445-461, 2006.

C. Lacour, P. Massart, and V. Rivoirard. Estimator selection: a new method with ap-
plications to kernel density estimation. Arxiv Preprint arXiv:1607.05091v1, 2016. URL
https://arxiv.org/pdf/1607.05091v1.pdf.

M. Lerasle. Optimal model selection for density estimation of stationary data under various
mixing conditions. Ann. Statist., 39(4):1852-1877, 2011. ISSN 0090-5364. doi: 10.1214/11-
AOS888. URL http://dx.doi.org/10.1214/11-A0S888.

M. Lerasle. Optimal model selection in density estimation. Ann. Inst. Henri Poincaré
Probab. Stat., 48(3):884-908, 2012. ISSN 0246-0203. doi: 10.1214/11-AIHP425. URL
http://dx.doi.org/10.1214/11-ATHP425.

Y. Pokern, A.M. Stuart, and P. Wiberg. Parameter estimation for partially observed hypoelliptic
diffusions. J. Roy. Stat. Soc. B, 71(1):49-73, 2009.

J. B. Roberts and P. D. Spanos. Random wvibration and statistical linearization. Dover Publi-
cations, Inc., Mineola, NY, 2003. ISBN 0-486-43240-8. Revised reprint of the 1990 original
[Wiley, Chichester; MR1076193].

A. Samson and M. Thieullen. Contrast estimator for completely or partially observed hypoel-
liptic diffusion. Stochastic Processes and their Applications, 2012.

E. Schmisser. Penalized nonparametric drift estimation for a multidimensional diffusion process.
Statistics, 47(1):61-84, 2013a. ISSN 0233-1888. doi: 10.1080/02331888.2011.591931. URL
http://dx.doi.org/10.1080/02331888.2011.591931.

E. Schmisser. Nonparametric estimation of the derivatives of the stationary density for stationary
processes. ESAIM Probab. Stat., 17:33-69, 2013b. ISSN 1292-8100. doi: 10.1051/ps/2011102.
URL http://dx.doi.org/10.1051/ps/2011102.

A. B. Tsybakov. Introduction to nonparametric estimation. Springer Series in Statis-
tics. Springer, New York, 2009. ISBN 978-0-387-79051-0. doi: 10.1007/b13794. URL
http://dx.doi.org/10.1007/b13794. Revised and extended from the 2004 French origi-
nal, Translated by Vladimir Zaiats.

G. Viennet. Inequalities for absolutely regular sequences: application to density estimation.
Probab. Theory Relat. Fields, 107:467-492, 1997.

V. Volkonskii and Y. Rozanov. Some limit theorems for random functions. i. Theor. Probab.
Appl., 4:178-197, 1960.

L. Wu. Large and moderate deviations and exponential convergence for stochastic damping
hamiltonian systems. Stochastic Processes and their Applications, 91:205-238, 2001.

6. PROOFS.

In the following, for p = 1,2, ||gll, = (J ¢*(z, y)dzdy) Y denotes the L norm with respect
to Lebesgue on R2. For p = 2, we often omit the sub-index 2.
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6.1. Useful results on the transition density. We recall the following result used in the
sequel (see Theorem 2.1 in Konakov et al. [2010], Corollary 2.12 in Cattiaux et al. [2014b],
Proposition 2.14 in Cattiaux et al. [2014b]).

Proposition 5. For the system (1) under the drift condition (2), for all z and all bounded,
open neighborhood U of z, the density p(z,.) can be bounded: ¥Vt € (0,T),Vz' € U

3z ty+y') 2
N < o 1 |y_y/’2 o= _Jw
(25) pi(z,2") < C 72 eXP -C ym + 3 + c(U)e™ ¢
Moreover, for all t >0 and all pair (z,2'),
(26) pto-i-t(Z? Z/) < Sup Pt (w7 Z/) < +00.
w

Thanks to the results in Proposition 5, we can show that for any compacts A’, A”, if T > 1,
then for any ¢ € (0, 1]

sup  py(z,2) < C(ALA") (172 +1) .
z€A e A

One can indeed choose in Proposition 5 a common open neighborhood U of all z € A’ compact,
satisfying moreover A” C U. Furthermore, using (26), we get

p144(2,2") < suppr(w, 2'),
w

and thus for any ¢ € (0, 00),

(27) sup  pi(z,2) < CA A2 +1).
z€A! e A

Note that this means that the transition density is explosive when t goes to 0.

6.2. Proof of Proposition 1. We have from the standard bias variance decomposition

B ( [ ) - de) = [ =P iz +E [ () - n) de

Let us denote Ty = E [f(2) — py(2)]*. Recall that there exists a function gys such that [ grs(2)dPg, (2) =
B(kd) (see (5)). Thus, we have

/Tz(z)dz = /E[(ﬁb(z) —pp(2)?] = /Var (:L zn:Kb(:v — Xis,y — Y%a)) dzdy
i/ [/ <51152K <xb—1u y—v>> <ng§ (u,0) ) dIP’(X’Y)(u,v)] dzdy
_ % / ( / (6111)2)2 7?2 (mb—lu be > da:dy) (kzzo ks (u, m) dP(x,y)(u,v)

n—1
_AEP
_ 2
= nblbz /K (s,t)dsdt) /(g_ogkg(u,v)> dP(x yy(u,v) bibs E B(kJ) .

k=0

Gathering the terms gives the announced result. [
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6.3. Proof of Proposition 2. We have from the standard bias variance decomposition

B ([ ) - ) = [ 2) ~ ) = +E [ n(z) — (o)

Let us denote U; ,,(2) = Kp(2—Z;5). Using the definition of T5(z) from the proof of Proposition
1, we have:

(ij@w :‘AE<;JEXKM2—Z)—EKMz—Z@Dﬁdz

— /A — ZVar Ky(z — Zys)) Z Cov(Ujn(2),Ujn(2)) | dz
=1 1<z<j<n
— /A <nVar(U0n Z:: n —i)Cov(Upn(z), Um(z))> dz

First we compute Var(Up (%))

1 r—Xo y—Yp
. _ K )
Var(Upn(z)) Var (b1b2 ( by by >>
xT—s 4
6262 // ( =, be > p(s,t)dsdt

//KQu v)p(z — uby, y — vby)dudv.
blbg

K 2
/Var(Uom(z))dz < 1K .
A b1be

Then we compute the covariance terms.

r—Xo y—Yo r—Xis y—Yis
K K
W Cm}< ( b b > ( b by ))‘
_ZZ’J Z—ZO 2
<
< o (2 (552w (52| (el (52)))
We have to computeE‘K Z ZO (Z qus)‘
2~ Zo Zis
i (57 ) e (*57)
(i)
b1
:##//muvauﬂ

pis((x — uby,y — vba), (x — u'by,y — v'b2))p(x — uby, y — vby)dudvdu'dv’

We apply bound (27) to t = id and 2z = (z — uby,y — vba), 2/ = (x — u'by,y — v'by) which
is explosive when ¢ — 0. The support Ag of the kernel K is assumed to be compact and A is

IN

IN

Thus

[Cov(Uon(2), Uin(2))| =

pis((s,1), (s, ¥))p(s, t)dsdtds dt’
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(557 (7))
< CAAKb2bZ<(1 +1>//]Ku v)K (u',v')|p(x — uby,y — vby)dudvdu/dv’.

[l (57 (57)

We have also, denoting ¢4, the length of Ag:

_z 2 2
/ <IE ‘K (z 0> D dz = b%bg/ (/ | K (u,v)|p(z — uby,y — vbg)dudv> dxdy
A b A \Jag

b2b3lA, / K2(u,v)p*(x — uby,y — vby)dudvdazdy
AJAg

compact. Then

Thus

1
dz < CA7AKb%bg ((15)2 + 1> 1K |13

IN

IN

0103 A, I K113 11P113 444,
Finally

/Acovwo,n(z),m (2))dz < C <(Z;) +1)

where C' is a constant depending on Ca 4, La,, | K3, | K], ||pH%7A+AK-
We can also bound |Cov(Up,(2),U;in(2))| following Viennet [1997] and the functions gis
introduced in (5). Thus

[ (ot VDIt < 2 [ [Gar (555 ”))ng(u,v)dmo(u,v)] drdy
_ i/(/ (b1i2)2K2 (xb_l“yb_?”> da:dy) gis (u, 0) P, (1, v)

/ K?(s, t)dsdt / s (u, v)dPz, (u, v)

IN

nb1 bg

4K|? . 4K 55
n s Vin d < 0 < e
/A|COU(U0, (2), Uin(2))| dz nb1bs Blio) < C nbiby ©

Finally, we can bound [, T(2)dz:

n—1 ;
C C 1 p*
< d . £,
/ATz(z)dz <ot ;lj <<(¢5)2 + 1) A ble)

By gathering the bounds, we get the result. (I

6.4. Proof of Theorem 1.

e Preliminary results.
To prove Theorem 1, we use Berbee’s coupling method as in Viennet (1997), Proposition 5.1
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and its proof p.484. Let Z;s = (X5, Yis). We assume that n = 2p, g, with integers p,, and ¢, to
be chosen. Then there exist random variables Z75, ¢ = 1, ..., n satisfying the following properties:

e For ¢/ = 1,...,p,, the random vectors 17@’1 = (Zi2(t-1)gn 4115+ -+ Z(20-1)gns) and (72‘1 =

(Zé(ffl)anrl]é’ o Zikﬂfl)qné)/ have the same distribution, and so have the vectors Uy s =

(Z[(2€—1)qn+1]6a coes Z24q,5)" and UZQ = (ka(%l)qnﬂ}é’ B Z;ané)’.

o For { =1,...,pn, P(Up1 # Ufy) < Bz(qnd) and P(Ups # Ufy) < Bz(and).

—

e For each € € {1,2}, the random vectors (71*76, -, Uy . are independent.

(1

We denote by p; the estimator computed with the Z5 instead of the Z;5 and write p; = (ﬁz Uy

ﬁZ(Q))/2 to separate the part with Z5 with odd ¢ (super-index (1)) or even i (super-index (2)).
For Zis = (Xis, Yis), let us define the set Q* = {Z;s = Z5,i =1,...,n}. We have

(28) P() < 2pnfBz(qnd) < nBz(qnd).
Now writing that

n 2
_ - 1 «
| <n§:Kb/<z—zia>—KbI<z—zi5>> de1g-
i=1
2 n
< = K2 (2 — Zis) + K2 (2 — Z5))dz1gee
< o2 [0 2+ K- izt

4
(29) < g / K2 (w)dwlgee,
this implies, for 1/b < n, Vb € B,,
E(Sgp 1By — By 1?) < 4n|| K|PP(Q%) < 4] K|*n*B2(g:9).

Using 8z(gnd) < p?9, we choose

log(n) ]
30 Gn =3 [ :
(30) d]log(p)|
and we get
L 4| K||?
(31) B(sup iy — 1) < 210

Using Young’s Inequality ||u * v, < ||ullpllvllq, (1/p) + (1/¢) = (1/r) + 1 with r =2, p=1 and
q =2, we get for any b,V € B,
~ 2 2 S )12 215 A2 25 (2
165 = Do |7 = 1K+ (B6 = PR)II” < 1B [lil156 = 211" = KI5 115e — 23 ™
Thus
201 7|12
(32) B(sup s — 71%) < AL,

Moreover, we can prove by using Talagrand Inequality (see (37)),
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Lemma 1. Fori = 1,2, and g, chosen in (30), there exist a constant C* and a constant K§
such that, for any K > K{:

(33) E[ sup (Hﬁ;‘,(i) — Dy 2_

no

<o log(n )'
v eB,

n 2
vy Bio) 1] )
=0 +

Moreover there exist a constant C' and a constant kg such that, for any Kk > Kg:

n 2 2
o3 plioy KL | )
+

1=0

(34) E

v eBy,

~*’7: 2
sup (Hpb,b’ —Puoy || —

e Proof of Theorem 1. 3 3
The definition of b implies that A(b) + V(b) < A(b) + V(b) for any b € B,,. Thus, for any b in
By, recalling that p, = Ky *p, ppry = Kp * Ky * p, we have the decomposition

155 — pII* < 30155 — Byl + 15,5 — Bll* + 156 — pI1?)
< 3(A(B) + V(B)) +3(A®) + V(b)) + 3]s — p||”
< 6(A(D) + V(1)) + 3|7 - p|*

Therefore
(35) E[l5 — plI*] < 3E[Ips — plI*] + 6V (b) + 6E[A()].
To study A(b), we note that for any b,
. _ 2 _x(1) (2 2 (1 2 _«(2 2
lov — o> < 5 (15" =l + 1552 ool + 1535 — w1+ 1502 — por )
* ~ ~% 2
+7(lBy — B I* + 1Bowr — By I* + | — 2o ||)-

This implies that

7 (1) 2 V(V) 7 _(2) 2 V(b))

A b < _— / — / e _— / e —
0 < 7 sup (Hpb P ). +gsup 155~ — pw| ).
7 (1) 2 V(b’)> 7 ( (2) 2 V(b’))
+Sup< Ppy — DbV || — + =sup | ||[Ppy” — DPop|| — 5
4 Y H b,b H 7 N 4 b H b,b 7 N
. - - . 2

+Tsup By = By [1* + Tsup [Py = By P+ Tsup o = piy
Using Young’s Inequality again, we get for any b,0' € B,
(36) I — poylI” = 1K (0 = po)II” < 1Ky 1 Flp = poll* = 1K [Z]lp — poll*.
Now using (31), (32), and inequalities (33) and (34) in Lemma 1, implies

log
E(A®) < TIE Rl - mol? + 70 v 0280
and plugging this in (35), we get
_ 12 K|?(|K|2Vv1) 42C vV C'logn
(155 ~pl12) < (420K ) 9y~ pl*+ (o +6)v (0)+ 336 L UEIY L
k|| K1 n no
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where we use the bound of Proposition 1 which implies that E(|[p, — p||?) < Ilps — pl|*> +
(4/K)(V(b)/||K||?) . This ends the proof of Theorem 1. [J

6.5. Proof of Lemma 1.

First, we recall the following version of Talagrand inequality.

Lemma 2. Let Ti,...,T, be independent random variables and vy (r) = (1/n) > 7 [r(T}) —
E(r(T}))], for r belonging to a countable class R of measurable functions. Then, for e > 0,

2 2 U gy ent? M? —K2C(e)y/eRE
(37) E[Elelgll/n(r)\ —(1+2¢)H" ]+ SC(ne 1€, +n202(e)6 2C()VeEsT

with K1 = 1/6, Ky = 1/(21V/2), C(e) = /1 + € — 1 and C a universal constant and where

n

1
sup [|7]|ec < M, E (Sup |I/n(7”)|> < H, sup-— E Var(r(Tj)) < v.
reR reR

Inequality (37) is a straightforward consequence of the Talagrand inequality given in Klein
and Rio [2005]. Moreover, standard density arguments allow to apply it to the unit ball of spaces.

We prove inequality (33), and Inequality (33) follows the same line. We first write that

Ky l]?

E| sup <Hﬁb' —y|* - HB(;H vl > ]

b no ).

* Ky ||?
< 3| sup [y — 5y | + 38 s (152 = | = iz L) ]
b/ b/ n +
* Ky||?
+3E | sup (Hﬁb’@) —y||* - £Bs IKv] ) ]
b no ).

The first expectation is bounded by using (31), and the two others are similar, so we study only
one of them.

* Kyl ok K2
(38) E[szllp <Hﬁbf(2)—Pb’H2—”Bé” :L\ >+] < ZEKH%@)—%HQ—%B&” 7;,“ )+

beBn
Next we note that Hﬁzm) —m||? = SUDy |14 =1 <1§Z(2) — Py, t>2, and the supremum can be consid-
ered over a countable dense set of functions ¢ such that [|t|| = 1; let us denote this set by B(1).
Thus,

Pn

» 1 1 dn i i
Vn(t) = <pb(2)_pb7t> = " Z q: Z/ |:Kb(2,’ — Z[Q(f—l)qn-i-j](s) — E[Kb(z — Z[Q(é—l)Qn+j}5):|i| t(Z)dZ
=1

is a centered empirical process with independent variables

Tk 1 - * *
VUi = - Z/ [Kb(z = Za(e-1)gurgis) — BLEG(2 = Z[z(e—l)qnﬂ']é)]] Hz)dz,
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to which we apply Talagrand Inequality. We compute H%, v and M as defined in Lemma 2. As
~*(2
()] < 115, — poll[[£], we have

A

B 1 1 dn . i
E[ sup (va(8))?] < E[|5® —pl?] = /Var — " [Ky(z — Ziy) — E[Ky(2 — Z)]] | d=
teB(1) Pn dn =

4| K12 L ) (=
IKIE (K ey < SIS )
i=1

DPndnb1b2 1 ~ nbiby
Therefore H? = 8||K||2/(nbiba)(1 + S0 pif).
For v, we have to bound for ¢ € B(1), the term Var <zpt(ﬁz 1)) . We apply the variance inequality

in Viennet [1997] which yields
. 4
Var (%(UZO) < /[Kb #1(2)]°0(2)p(2)d=

where E(0%(Z)) < qCqy1 with Cr = > ,cn(0 + 1)" 72845 (see Lemma 4.2 in Viennet [1997]). By
Schwarz Inequality, we get

Var (wt@zl)) 2 (f s eonintia:) v (/ 92<z>p<z>dz)1/2

1/2
8
< ;!!p\\iéQ\le*tlli <Z(€+1)ﬂ55) :

£eN
Now, we apply Young’s Inequality [[u + vl < [ulllvllg, (1/p) + (1/g) = (1/r) + 1 with r = 4
and ¢ = 2 and thus p = 4/3. We get

1/2
.y 8
Var(%(%ﬁ) < ;!!p\\iQQIIKb!\i/a\\t\\% (Z(H 1)Bz5> :

leN

IN

Lastly,
1

3/2
2 _
I3l = ( [GRGNY ) =021,
So we get v = 8||p|| LI K2 5C5%/(aaVb) = Cy/(3uV/B) where C, = 8|[p|l5*| K[|25C3/%6 and
Cs is of order 1/82 explaining the normalization.
Lastly as | [ Kp(z — U)t(z)dz| < \/f KXz — U)dz [ #2(2)dz, we get M = ||K||/Vb. Thus we
apply Talagrand Inequality and get

(2) o Lw| K|} 2> ¢ | c, 8CH||K|2 & 1
— —=———H < = — _ex — il
<”pb I N R Y C, 1-p b

+HK’£2 exp (—03@/(%(1 - 05)1/2» } '

n

E
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Note that exp (—Cs/Pn/(qn(1 — )1/2)) is of order exp(—C+/nd/log(n)) when replacing g, by
its value as given by (30). We get the result under conditions (17) and (18) and as 1/b <n. O

6.6. Proof of Proposition 4. The difference with the complete observation case is the term
_ 2
1 N o2 Zis Zis
T35 =E K - K d
; /(nb1b2;<b> C570) s

> X+1)6—Xs
where Z;5 = (Xi(;, %) We have

2
z — Zug
- K d
/(nb152 Z} 5 )) ‘
z— s 2
S 2b2b2/ Z( ( b )) dZ
=1
1 ) r-Xo y—Y r—Xo y-Y\\
— E|lK - K d
2022 /” ( ( by by by by ‘
Then, we have
r—Xo y—Yo r—Xo y—Yo
K - K
< by b2 > < bi 7 b
r—Xo\ 1 [0, (y—Yy—M,
= K — Ky|=—F— | (Y, — Yy)d
1( by >b25/ 2( by (o = Yo)dv
where M, = 5 fo — Yy)ds. Using the compact support Ax of the kernel K, we have
10,K (a,b)| < 1|a‘<AK1,b‘§ Ay~ This yields to

_ 2
1 - Z—ZZ'(; Z—ZZ'(;
/(mle;K( TR G )) dz
1 2 b 2/ 11\2 y— Yo — M,
- g K 0" v
e | Kt B [0 [ v vy (P ) o ay
1 )
—— | K?(2)d K%)? dIE/ Y, — Yo|?dv| .
s [ K@ [y s | [, - it

Using the definition of the model, we have
Y, — Yo = o(W, — Wy) — / (cY) — VD(X,))dt
0

<

Thus, there exists a integer k£ > 0
v
Ez, Y, — Yo|? < 20%v + 2011/ By, |Z:|*dt < C(o?v + v?)
0
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Finally, we have

13

IN

C 6

6blb3/0 (02v+v2)dv
2
C

= —=i(149).

Now adding the bound of T3 to the bounds of Proposition 1 gives the result of proposition 4. [J

6.7. Proof of Theorem 2.

e Preliminaries. The preliminaries are analogous to the proof of Theorem 1. Let I';5 =
(Zis, Yis), with Zis = (X5, M) Then the following Lemma holds.

Lemma 3. The process (Iis);»1 is B-mizing with Br, (k) < Bz((k —1)J).

Proof of Lemma 3. We follow the proof of Proposition 3.2 in Genon-Catalot et al. [2000].
Since (I'is);>; is strictly stationary Markov, fr,(k) = 38 (0(T'15), 0(L(r41)s))- Hence Bry(k) <
Bz((k—1)). O

Now, as in the proof of Theorem 1, we use Berbee’s coupling method as in Viennet (1997),
Proposition 5.1 and its proof p.484. We assume that n = 2p,q, for integers p, and ¢, to be
chosen. Then there exist random variables I'’5, i = 1,...,n satisfying the following properties

(we keep the same notation U than in the proof of Theorem 1 even if they are not the same):
e For / =1, ..., p,, the random vectors (7@71 = (F[(Q(g,l)qnﬂ)g], ...,F[(Z@,l)qnlg])/ and U’Zl =

/
<F>[k(2(2—1)qn+1)5]’ ey FF(%—I)%E]) have the same distribution, and so have the vectors

7 / 7% * !
Utz = (Ti(@e-1)gu+1)8) - Dl(2tqn)a)) and Ujp = (F[((26—1)qn+1)6]= --wF[(zzqmél) :
o For £ =1,..,pn, B(Usy £ U71) < B((an — 1)6) and P(Tra # Usy) < B7((gn — 1)9).

e For each € € {1,2}, the random vectors ﬁie, -, Uy are independent.

We denote Z;% the two first coordinates of I'j;. We denote by py and py,, the estimators

computed with the Z% instead of the Z;; and write p; = (ﬁz(l) + ﬁZ(Q))/Q to separate the part
with Z5 with odd i (super-index (1)) or even i (super-index (2)).
Let us define the set Q" = {I';s =T'%,i=1,...,n}. We have

(39) P(Q*) < 2puB7((gn — 1)8) < nBz((gn — 1)d).
Now using the analogous of (29), we obtain, for 1/b < n, Vb € B,
E(SZ{P 1B — Py 11?) < 4n[|K[PP(Q) < 4| K|*n*B2((gn — 1)d).

Young Inequality also gives
E(sup nr i) < 4IKIPIK fn28z (00 ~ 1)9).

Using B7((gn — 1)0) < pl@n=1% we choose

(10) -1 =3[ st

6] log(p)|
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and we get

L 4 K|? A . 4| K |12 K2
(41) B(oup [y — 551%) < 2, Blsup [ — %) < 2 LEL

Lastly, the following result holds.

Lemma 4. For i = 1,2, there ewists a constant k1 such that for all kK1 > k1,

I (P)
(i ONT I log(n
E| sup (Hbe()_E(pb'())H 1 9( )) ] <C ng )7
L ¥ +
9
Jr

The proof of Lemma 4 follows a line similar to the proof of Lemma 1 and is omitted.

and for all b € By,:

E | sup (HﬁZ,(Z? ~E@)|° -

where C' is a positive constant.

e Proof of Theorem 2. Now we start the proof of the theorem. The definition of b implies
that AP (0) + V) (b) < A((P)b) + VP)(b) for any b € B,,. Thus, for any b in B, recalling that
= Kyxp, oy = Ky x Ky * p, we have the decomposition

15, — plI* < 3(Ilp; — ﬁb7;;||2 + 1By, — Dol + (156 — pII)
< 3(AD () + VI ) 4 3(AD)(B) + VP (1)) + 3|y — p]|°

< 6(AD(b) + VP (b)) oy — o).

Therefore
E[lIp; — pII*] < 3E[I6s — plI*] + 6V (b) + 6E[AD) (b)].
Let us study A)(b). For any b, b’

low —suwl* < 3 (15" ~E (5, )|I°)
,( - E(p bb/ A*,( ) — Dby )
~ sk N ~sk 2
+9(llpy — By 11> + 1Bue — By |2 + |lowr — por ||)
FIE(Dop) — pow |I* + |EBr) — por %)
and thus
9 . B V( ) b 9 . . V(P) Y
A(P)(b) < ZSU.p ( pb/(l) — E(pb/(l))H L 9( )> + Z sup < pb/(2) E<pb’(2))H2 - 9( )
b . b .
9 x(1) b’) 9 #(2) %(2) v )
7 5up ( pb(b’ - bb’ H - T sup By — EBpy )H : 9
b N % .

~ N ~ N 2
+9sup 1By — Byl|> +9 sup 1Pve — Dy II” + 9 sup [Py — Py

w)/9) 95w (IEGy) —pvl” V" ®)/9)

19 sup (H]E(ﬁb,b) — por I
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It follows from the proof of Proposition 4 and Schwarz inequality that, for ko large enough, the
last two terms are null.
We already noticed, using Young’s inequality, that for any b,0' € B,
Iy — poy|I” = 1Ky * (p = po)II” < 1Ky 1 Flp — poll* = 1K [E]lp — poll*.
This, together with Inequality (41) and Lemma 4, implies that
A 12 IKI2(IKIZ V1) | 54Clogn
i —plI?) < G4 K|Dpy — pl* + (= + 6)VE) () 4432 1

where we use the result of Proposition 4. [J
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