ADAPTIVE ESTIMATION OF HAZARD RATE WITH CENSORED
DATA.
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ABSTRACT. This paper studies hazard rate estimation for right-censored data
by projection estimator methods. We consider projection spaces generated by
trigonometric or piecewise polynomials, splines or wavelet bases. We prove that
the estimator reaches the standard optimal rate associated with the regularity
of the hazard function, provided that the dimension of the projection space is
relevantly chosen. Then we provide an adaptive procedure leading to an auto-
matic choice of this dimension via a penalized minimum contrast estimator and
automatically reaching the optimal rate. Our procedure is based on a random
penalty function and is completely data driven. A small simulation experiment is
provided, that compares our result with some others.
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1. INTRODUCTION

In medical trials, reliability and many other fields, the occurrence of the event
of interest called lifetime (or time to failure) forms the modelling basis, although
often these times are not completely observed. The best known example of such
incomplete observation is right-censoring. Not all of a set of lifetimes are observed,
so that for some individual under study, it is only known that his lifetime is larger
than some given value. In these settings, hazard rate estimation for the lifetime
event is a basic tool for processing survival analysis.

Many methods for hazard estimation have been considered in the literature, and
in particular nonparametric ones have kwown an important recent development. Let
us be more precise with this nonparametric setting. Patil (1997) considers a wavelet
estimator for uncensored data but his approach can not be easily extended to cen-
sored data. Dyadic linear wavelets for incomplete data are used by Antoniadis et
al. (1999). They propose a two-step procedure to estimate the density function of
the lifetime and then define the hazard estimator by taking the ratio with some esti-
mator of the survival function. The estimator is proved to achieve the best possible
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convergence rate in the MISE sense; nevertheless their estimator is not adaptive and
the optimal resolution of the wavelet basis depends on the regularity of the function
to be estimated. Most recently, Wu and Wells (2003) consider another wavelet-type
estimator for left-truncated and right-censored data. Their estimator is directly
based on the wavelet transform of the Nelson-Aalen cumulative hazard estimator
rather than a two-step estimator. They provide an asymptotic formula for the MISE
and also study asymptotic normality of the estimator. Their results are not adaptive
with respect to the smoothness of the hazard function to be estimated either. Let
us mention also Kooperberg et al. (1995) who study the L? convergence rate of an
hazard rate estimator in a context of tensor product splines. An adaptive sieved
maximum-likelihood method is proposed by Déhler and Riischendorf (2002), who
consider an original A-distance (which is equivalent to the L?-norm): the resulting
estimator reaches the optimal rates, up to logarithmic factors only. The consistency
results are derived from Vapnik-Cervonenkis techniques. Moreover, as in Kooper-
berg et al. (1995), their work takes place in a multivariate framework conditionally
to a vector of covariates. A very general study is done by Reynaud-Bouret (2002)
in a general context embedding adaptive hazard rate estimation. Indeed, adaptive
results are obtained for penalized projection estimators of the Aalen multiplicative
intensity for counting processes. However, the only projection basis considered is a
basis of piecewise constant functions. An analogous method was used by Castellan
and Letué (2001) for the Cox model with right censorship.

Our method is related to model selection methods introduced by Barron and
Cover (1991), Birgé and Massart (1997) and Barron et al. (1999). Those technics
aim to an automatic (and data-driven) squared bias/variance compromise via some
relevant penalization of a contrast function. They generally involve the study of
some supremum of an empirical process and an important tool is provided by Ta-
lagrand’s (1996) inequality. Indeed, this inequality gives precisely some bounds for
the deviations of the supremum of some empirical centered process with respect to
its expectation. Another technical key in the present work is the strong representa-
tion of the Kaplan-Meier estimator via the original influence curves decomposition
initiated first by Reid (1981), and further used by Mielniczuk (1985), Delecroix and
Yazourh (1991) and independently, Lo et al. (1989). Once the decomposition is
available for a large variety of projection spaces, all proofs become very simple (con-
trary to Dohler and Riischendorf’s (2002)). Consequently, our approach provides a
very general method allowing a wide range of models.

The plan of the paper is as follows. After the description in Section 2 of the
notations and assumptions, we present in Section 3 the study of one estimator
which is based on a projection contrast function. We describe the projection spaces
(namely the spaces generated by trigonometric polynomials, piecewise polynomials
or wavelets; the splines are considered apart from the others). We give the key
decomposition and some non asymptotic and asymptotic results, illustrating the
squared-bias-variance decomposition and the minimax rates that can be reached
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by the estimator. Section 4 describes the adaptive procedure and its non asymp-
totic and asymptotic performances. The results of some simulation experiments are
provided in Section 5. Lastly, most proofs are deferred to Section 6.

2. NOTATIONS AND ASSUMPTIONS

(2
the n subjects under study) with common continuous distribution function F°, and

C1,...,C, ii.d. nonnegative random variables (“censoring sequence”) with common
distribution function G, both sequences being independent. One classical problem
when processing with lifetime data is the estimation of the hazard rate function or
failure rate function h defined, if F° has a density f° by

We consider nonnegative i.i.d. random variables X?, fori = 1,...,n (lifetimes for

d fO(x) 0
h(z) = %H(w) = () for F*(z) < 1.
where H = —log(F°) is called the cumulative hazard rate and F° = 1 — F is
the survival function. In the setting of survival analysis data with random right
censorship, one observes the bivariate sample (X1, 4d1),...,(X,,d,), where

In other words, ¢; = 1 indicates that the ith subject’s time is uncensored. We de-
note by F' the common distribution function of the X;’s and note that F =1— F =
(1-F%(1-@q).

Since h is not square integrable on RT for standard survival laws (like exponen-
tials), the estimator of h is standardly built on some interval [0, b] (see e.g. Ddolher
and Riischendorf (2002)). As mentioned in Delecroix and Yazourh (1992), this does
not imply any practical restriction since, for estimation purpose, we can choose b
greater than the largest of the uncensored X;’s. For sake of simplicity and without
loss of generality, we set b = 1 in all the following.

A standard estimate of the survival function F° is due to Kaplan and Meier (1958)
and is defined in function of the X(;)’s, where X, is the j™ order statistic for the
sample (X1,...,X,,), by:

n —i \%o
11 (L) if < X
KM, (z) = n—1i+1

i=1,X )<z

0 ifZL'>X(n).

Here, d(;) is the induced order statistic corresponding to X(;). Note that this defi-
nition induces that the largest observation is supposed to be uncensored, whether
or not it is. Now, in order to avoid the possibility that KM, (z) = 0, since our
purpose is to build an empirical estimator of the cumulative hazard rate function,
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the Kaplan-Meier estimator is modified as in Lo et al. (1989). The survival function
FY is estimated by F? defined by

n o 1 5(1‘)
(2 1) FO( _ H (n_—H_Q) if < X(n)
. . gj) = n—1i+

FO(X(n)) if x >X(n).

n

Useful properties are the following: F)(z) > (n+1)~" for all # and supg<, <y |K M, (z)—
FO(z)| = O(n™1) as. forany 0 < T <inf{t >0: F(t) =1}.
3. STUDY OF ONE ESTIMATOR

3.1. Definition of the estimator. We consider the following contrast function
1
(3.1) w®) = I =2 [ty )
0

where ¢t is a function of L2([0,1]), ||t||* = fo t?(z)dx and H, = —In(F?), with F?
defined by (2.1) and therefore

/Olt() - ) (X ln(l—n_;w).

Z/X )<1

We consider a collection of models (S,,)menm, wWhere each S, is a finite dimensional
sub-space of IL?([0, 1]) with dimension D,,, generated by a basis (©x)ea,, of functions
where card(A,,) = D,,. Let then

~

hn = axg min 7,(t).

An explicit expression of the estimator follows from this definition if the functions
(©x)ren,, are a collection of orthonormal functions:

1
(3.2) hun = ) dxpa with ay = / ox(2)dH, (z).
0

AEAM

Note that one can easily write that

1
m( X, o) In (1 — ————
- T dokuna(1-1=z)

Z/X( )<1

with ICpp (X (i), ) = > _sen,, ©2(X(@))@a(x). This expression shows that our estimator
presents some analogy with a generalized kernel estimator by replacing IC,,( ., x)
with a kernel function.

Let also h,, denote the orthogonal projection of h on S,,. We can write
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(3.3) By = Z a ey with ay :/0 oa(z)dH (x).

AEAm
It follows from (3.2), (3.3) and Pythagoras theorem that

W=l = 11 = Bl + [ — o
bl S 0y — )’
AEAm
1 1 2
TS ( [ ey - | m@dmx)) .
€A, WO 0

Let us define for a general ¢ function and a real number a € [0, 1],

(3.4) C(t,a) = /Oa t(x)dH,(x) — /Oa t(z)dH (z).

Then we have

(3.5) 1h = T |> = [P = Bl + D C*(ipa, 1).
AEA,

The main difficulty related to a non-orthogonal basis (like splines that will be
described in the next section) is that the explicit formula given for the coefficients
ay in formula (3.2) is no longer true. As a consequence, formula (3.5) which can be
seen as a kind of bias-variance decomposition does not hold anymore. In the case
of a non-orthogonal basis, the definition (3.1) of the contrast remains valid and is
used directly

u(t) = () = It — B> — s — B2 — 2 / (t — $)d(H, — H)(z).

Then if h,, still denotes the projection of A on S,,, %(izm) < Yp(hy) implies

1w — B|2 < A — B))? +2C (A — him, 1)
< b = Bl + 2] — hl| - sup  |C(2, 1))
tESm,||t]|=1
1 -
< | — B|>+ ZHhm — hml*+4 sup |C(t, 1),

t€Sumlt]=1

and since || — honl|* < 2|/ = b* + 2|l — h||?, we have

(3.6) o — h||? < 3|7 — B> + 8 < sup  |C(¢, 1)12> .

teSmlt=1



6 E. BRUNEL AND F. COMTE

It appears that (3.6) can replace (3.5) when non orthogonal bases are considered.

3.2. Description of the spaces of approximation. In this section, we describe
the spaces (S, )men, considered in the sequel and we point out the key properties
that they satisfy. They are all considered as subspaces of L?([0, 1]).

3.2.1. Orthonormal basis.

[T] Trigonometric spaces: S, is generated by { 1, v/2 cos(2mjz), v/2sin(2mjx)
forj=1,...,m}, Dy =2m+1and M, ={1,...,[n/2] — 1}.

[P] Regular piecewise polynomial spaces: S,, is generated by m(r+1) polynomi-
als, 7+1 polynomials of degree 0, 1, ..., r on each subinterval [(j—1)/m, j/m)],
forj=1,...m, Dy, = (r+1)m,m e M,, = {1,2,...,[n/(r+1)]}. For exam-
ple, consider the orthogonal collection in L?([—1, 1]) of Legendre polynomials
Qk, where the degree of Qi is equal to k, |Qx(z)| < 1,Vz € [-1,1], Qr(1) =1
and f_ll Qi(u)du = 2/(2k + 1). Then the orthonormal basis is given by
ik(r) = /m2k + 1)Qr(2ma — 25 4+ 1)1 -1y /mj/m((z) for j = 1,...,m and
k=0,...,r, with D,, = (r + 1)m. In particular, the histogram basis cor-
responds to r = 0 and is simply defined by ¢;(x) = v/Di, Lij—1)/D,,.5/ D) (T)
and D,, = m. We call dyadic collection of piecewise polynomials, and denote
by [DP], the collection corresponding to dyadic subdivisions with m = 27 and
D,, = (r+1)2%

[W] Dyadic wavelet generated spaces with regularity r and compact support,
as described e.g. in Donoho and Johnstone (1994): S, is generated by
{Pjoks Yjr; k € Z,m > 5 > jo} for any fixed resolution j, and with
Gjok(T) = V200 ¢(2° & — k) and 1p;x(2) = V21 (2) & — k) where ¢ and 1
denote respectively the scaling function and the mother wavelet on [0, 1] and
are elements of the Holder space C™,r > 0. In this case, the multi-resolution
analysis is said to be r regular. Moreover, the wavelet ¢) has vanishing mo-
ments up to order r (see for example Daubechies, (1992)). Since ¢ and
are compactly supported on [0, 1], for any fixed j the sum over k is finite in
the wavelet serie, more precisely for a function ¢t € .S,,,

2701 m 271
Ha) = Y ajok Gjon(®) + D > binthin(a).
k=0 7j=jo0 k=0

Therefore, one can see that the generating basis is of cardinality D,,, = 2m*!
and m € M,, ={1,2,...,[In(n)/2] — 1}.

Note that all those collections of models satisfy the following properties: in addition
of being finite dimensional linear spaces of dimension D,,, they are such that:

(3.7) Do > 0,1 € S, [It]lee < Por/ Dot
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and
300> 0,11 Y Rl < 82D,
AeAm

In fact, it follows from Birgé and Massart (1997) that both properties above are
equivalent. For instance ®; = v/2 for collection [T] and ®; = v/2r + 1 for collection
PJ.

| ]Our description of the bases enhances their similarity, but they must be distin-
guished in the proofs: collection [T] is different from collections [P] and [W] because
the former is built with functions defined globally on the whole interval [0, 1] whereas
the latter are built with functions localized on small sub-intervals of [0, 1].

3.2.2. B-Splines. The splines projection space leads to the same kind of results,
but we choose to describe it separately because its generating basis is not or-
thonormal, even if it has also some very similar properties as compared to the
bases already described. More specifically, we consider dyadic B-splines on the unit
interval [0,1]. Let N, be the B-spline of order r which has knots at the points
0,1,...,7, ie. Ny(z)=7r[0,1,...,7](. —2) " with the usual difference notation
(see de Boor (1978), or DeVore and Lorentz (1993)). Let m be a positive integer
and define, for D,,, = 2™ +r — 1,

Boi(z) = No(2™z — k), Bmx = /DBy, k€ Z.

For approximation on [0, 1], we only consider the B-splines B,, » which do not vanish
identically on [0,1]. Let K, denote the set of integers k for which this holds and
let S, be the linear span of the B-splines (B, ) (or Bmk) for k € K,,,. The linear
space S,, is referred to as the space of dyadic splines, its dimension is D,,, and any
element of S, can be represented as ZkGKm am,kém,k for a D,,-dimensional vector
A = (mk)kek,,- The following properties of the splines are useful and illustrate
their similarity with the previously described bases:

(S1) Vo € R,0 < Bui < /D,

S2) Vo € R, 34y Bui(2) = /D

S3) By, has only non zero values on |k/2™, (k +r)/2™],
)
)

(

(

(S4) [ Bog = VD27,
(S5

There exists some constant ®q such that

2
2 2
< d; E A ko

k€Km

<1>62 Z a%n,k <

k€Km

(S6) For any t € Sy, |[t]lee < Pov/Dinl|t]]-

Let us denote @y, = (Gmk)rek,, the vector of the coefficients of h,, in the spline
basis. As already mentioned, the explicit formula given for the coefficients in for-
mula (3.2) is no longer true with spline estimation. Indeed the inversion of a
matrix (which is nevertheless block-diagonal with blocks of size r from (S3)) is

§ am,kBm,k

keK,,
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required to derive the expression of the coefficients a,,;’s. Consider G,,(B) =
((Bmk,Bmg>)HeKm and A ( ) = diag(|| Bum|/*)rex,, two Dy, x D,, matrices and

Eam(B,H) = (2 fo mk(T)dH, (%)) kek,, & D % 1 vector, it is straightforward from
(3. 1) that

(A (B) + G(B))am = Zpm(B, H).
In the following, we denote by [B] the collection of models associated with the splines
spaces S,, for m > 0.

3.3. Decomposition of the variance term. By using a result of Lo and al. (1989)
and also Reid (1981) and Delecroix and Yazourh (1992), we prove a decomposition
result which is the main technical key of the proofs. This decomposition is described
by the following Lemma:

Lemma 3.1. Consider collections [T|, [P], [W] and [B]. Then Vm € M,,Vt € S,
Va € [0,1],

n

1
. = — Z;i(t *
(3.8) C(t, a) nz;z(ﬂ%+RA@@
where
Aiha h(u) t(X5)
(3.9) ZZ(t,a)-—-jg t(U)i—:jigzajdu'—’I{&=ﬂ}m{xyga}i‘:7};cg§37
and

D2 1n%(n)

(3.10) E  sup [R:(t,a)]** < k(k, @, a) T

1€SmJltl=1

for any integer k,
where k(k, ®g,a) denotes a constant depending on k,a and ®y.

Remark 3.1. More generally, Lemma 3.1 holds true for any finite dimensional
space generated by an orthonormal basis satisfying (3.7) and sup,cg N(t) < KoD,,
if ¢ is continuous and differentiable on [0,1] or 37 ., N?*(px) < KiDZ, if the py’s
are continuous and differentiable except on the boundary of their support with
N(t) = 2|tlloe + fy It'(2)] da.

Note that it follows from the definition of R (t,a) = C(t,a) —n~' """ | Zi(t,a) that

since t — C(t,a) and t — Z;(t,a) are linear with respect to t, then R’ (t,a) has the
same linearity property. Then

sup [R:(t,a)]* < sup Za,\R ox,a)] < ZR:f(cpA,a)

LESm,||t]|=1 > a3<1 xeqp,, AEAm

and that the supremum is attained for a) = R} (¢x,a)/v/>y R:2(¢x, a). Therefore

sup  [Ri(t,a)]* = Y Ri*(paa).

t€Sm, |It]|=1 AEAm
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In the sequel, the abbreviated notation Z;(t,1) = Z;(t) will be used (respectively
Ry(t) = Ry(t,1)).

3.4. Convergence results. The key point is that Lemma 3.1 gives a decomposi-
tion of C'(¢x,1) into an empirical mean of i.i.d. centered random variables and a
negligible term. Then we can easily prove:

Proposition 3.1. Consider the model described in section 2 and the estimator By =
arg minges,, vn(t) where v, (t) is defined by (3.1) and Sy, is a Dy,-dimensional linear
space in collection [T], [P], [W] or [B]. Then

\ 202D,, (' h(x) D? 1n*(n)
A1) E — hy, < — A 2 0 m/ Zm Y
(3.11) E(llA = ") < Collh = hn||” + C2 — - i 1—F(x)dx+/i :

n2

where K is a constant depending on the basis, Cy = Cy =1 for collection [T], [P] or

(W] and Cy = 3, Cy = 8 for collection [B].
Proof. Applying (3.8) in decomposition (3.5) for an orthonormal basis leads to

2
. 1 & .
7= hoal® = b=l + (5221-(90A)+Rn(w)>

AEA, =1
2
1< i
SNURAEED S 5 9ET00) IRED oo
AEA =1 AEA,

Then, by using that the variables Z;(p,) are i.i.d. centered with variance

/ @i(ﬂﬁ)lf(—;)()dx
and the bound (3.10) for [T], [P] and [W], we have

B(lh = fnll?) < b= h?+ Z/ e

AGAm

+2E< su”pui [Ri(t)])

202D, [t h(x)
< b = b o—m
< b+ 20 [

For collection [B], the proof requires specific but straightforward properties of the
spline basis and is deferred to the last section. O]

D2 1n?(n)

dl‘+2K(1,q)(),]_) D)
n

Inequality (3.11) gives the asymptotic rate for one estimator, provided that we
know that for a function h with regularity «, |h — hp,||* < KD, ?>* and provided
that D,, is well chosen in function of n. More precisely, if D,, is of order n'/(?e+1),
the resulting rate is of order n~—2¢/(2a+1),
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More formally, let us recall that a function f belongs to the Besov space B, ¢ ([0, 1])
if it satisfies
[ floe = supy™walf,y)e < oo, d=[a]+1,
y>
where wq( f,y)e denotes the modulus of smoothness. For a precise definition of those
notions we refer to DeVore and Lorentz (1993) Chapter 2, Section 7, where it is also
proved that Bapo([0,1]) C Ba2([0,1]) for p > 2. This justifies that we now
restrict our attention to By 2,00([0, 1]).
Then the following (standard) rate is obtained:

Corollary 3.1. Consider the model described in section 2 and the estimator By =
arg minges, Vn(t) where v,(t) is defined by (3.1) and Sy, is a D,,-dimensional lin-
ear space in collection [T], [P], [W] or [B]. Assume moreover that h belongs to
B 2.00([0,1]) with r > o > 0 and choose a model with m = m,, such that D,,, =
O(n*/ e+ then

(3.12) E(||h — fun, |I?) = O (7757

Remark 3.2. The bound r stands for the regularity of the basis functions for
collections [P], [W] and [B]. For the trigonometric collection [T], no upper bound
for the unknown regularity « is required.

Proof. The result is a straightforward consequence of the results of DeVore and
Lorentz (1993) and of Lemma 12 of Barron, Birgé and Massart (1999), which imply
that ||h — hy,|| is of order D, in the three collections [T], [P] and [W], for any
positive a. In the same way, it follows from Theorem 3.3 in Chapter 12 of DeVore
and Lorentz (1993) that ||h— h,,||*> = O(D;,**) in collection [B], if i belongs to some
Besov space By 2.00([0,1]) with |Ale2 < L for some fixed L. Thus the minimum
order in (3.11) is reached for a model S,,, with D,,, = O([n'/(+2]) which is less
than n for @ > 0. Then, if h € B, 24([0,1]) for some a > 0, we find the standard

nonparametric rate of convergence n~2¢/(1+2a) 0

Lastly, let us mention that we can obtain a ponctual central limit theorem, but
for the histogram basis only. This result is analogous to those given for wavelet
bases in Antoniadis et al. (1999) or Wu and Wells (2003) who need to choose some
“dyadic points” in a very particular way for providing their central limit theorem
to hold. The particular feature of the histogram basis avoids this problem. More
precisely we have the following result:

Theorem 3.1. Consider h,, = arg mingeg, Vn(t) where v, (t) is defined by (3.1) and
Sm 18 a Dp,-dimensional linear space in collection [P] with r = 0. Assume moreover
that hY) is bounded, then for D,, = D,,, such that D,,, = o(\/n) and n/D3 = o(1),
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we have

(3.13) o (hmn () — h(@) i N (o, 1f(—;j)($)) .

4. THE ADAPTIVE ESTIMATOR

4.1. Adaptation with a theoretical penalty. The penalized estimator is defined
in order to ensure an automatic choice of the dimension. Indeed, it follows from
Corollary 3.1 that the optimal dimension depends on the unknown regularity a of
the function to be estimated. Then we define

~

i = arg i [a(hm) + pen(m)]

where the penalty function pen is determined in order to lead to the choice of a
“good” model. First, by applying some Talagrand’s (1996) type inequality to the
empirical process defined by

(4.1 o) =+ 20 = 5 D Xy
where

(4.2) gi(x) = /095 t(u)lf(—;)(u)du — I{aizl}m{x<1}1_t(—]w;»)(x),

so that ¢;(X;) = Z;(t), we can prove the following lemma:
Lemma 4.1. Let v,(g;) be defined by (4.1) and (4.2), then for e >0

—K3€ / n
43) E sup  vi(gr) — p(m,m’) | < L I 3 22\[ ;
teB C(e)

n

with p(m,m') = 2(1 + 2¢)C3 (Dy, + Dy)/n, C(e) = (V1+€—1) A1 and where
B (0,1) = {t € Sy + Spr / |It]| < 1}. The constants k; fori = 1,2,3 and Cs
depend on ®y, h and F.

Then, by using the decomposition of the contrast given by
2 « \
(44) W) = wmls) == hl* = lls —Al* =~ > Zilt —s) = 2R;(t — s),
i=1

we easily derive the following result:

Theorem 4.1. Consider the model described in section 2 and the estimator iLm =
arg minges,, ¥n(t) where v, (t) is defined by (3.1) and Sy, is a Dy,-dimensional linear
space in collection [T], [DP], [B] or [W], |IM,| < n and D,, < v/n,Ym € M,,. Then
the estimator hy; with m defined by

i = arg min [7,(h,) + pen(m)]

me
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penir) =3 |1 2500) 2

where k is a uniwersal constant satisfies

and

N Kl 2
(05) Bl b < inf (31— h? + apengm) + S

n

where K is a constant depending on h, F' and ®,.

Therefore, the adaptive estimator automatically makes the squared-bias/variance
compromise and from an asymptotic point of view, reaches the optimal rate, pro-
vided that the constant in the penalty is known. Note that Inequality (4.5) is
nevertheless non-asymptotic.

Remark 4.1. Note that again, the result holds true for any collection of models
(S )mem, such that S, is a linear subspace of LLy(]0, 1]) with dimension D,, satis-
fying condition (3.7), for which (3.10) holds and |M,| < n, D,, < /n, Vm € M,,.

Proof. It follows from the definition of ﬁm that: Vm e M,,,

~

(4.6) Y (hin) + pen(mm) < n(hm) + pen(m).

Then by using decomposition (4.4), it follows from (4.6) and from the definition of
the process v,(g;) given in lemma 4.1 that:

R 2 X . R
ha —h|I*> < by —=hl?+2> Zi(hs — hy) + 2R (hysy — By
| = < | | +ni21 ( )+ 2R ( )

+pen(m) — pen(1m)
1 -
< b = AP+ Ll — b +8  sup  17(gr) +8  sup Rt
4 t€ By (0,1) t€Bum.in (0,1)
(4.7) +pen(m) — pen(m).
Note that the norm connection as described by (3.7) still holds for elements ¢ of
S+ Sy as follows ||t|ee < Posup(Dy, Do) ||E|| since we restricted our attention to
nested collections of models. We denote by D(m') the dimension of S, + S, for the

fixed m considered in the following. Note that D(m') = sup(D,,, Dyp) < Dy + Dy
Let p(m,m’) such that

(4.8) 8p(m, m') < pen(m) + pen(m’)  for all m, m’' in M,,.
Then Vm € M,,,
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1. 3 A
§||hm—h||2 < §||h—hm||2+2pen(m)+8< sup Vﬁ(gt)—p(m,m)>

t€Bm, 7 (0,1)

+8  sup  RZ(1).

teB’m,fn(Orl)
Then if we prove
(4.9)
2 - 2 ’ ¢
E{ sw  vi(g)—plmm)| < Y sup — v,(g) —p(m,m’) | < —
t€Bpm m(0,1) miem, \FEBm mr (0,1) 1L
and
1 2
(4.10) B swp m2) <o
t€ By 1 (0,1) n

we have the following result: Vm € M,,,

. K In*(n
Bl — Al1?) < 3l — A+ dpen(m) + 22,

and this proves the theorem.

Therefore by using equation (4.8) and the definition of p(m,m’) in Lemma 4.1, we

choose
b h(x) D,,
=16(1+4+2
pen(m) = 16(1 + e)/o 1_F($)d:ﬁ -

Inequality (4.9) is a straightforward consequence of Lemma 4.1 since

—koeD

/ € n| _
> ( sup  vp(g1) —p(m,m’)> < ki (Z’” e + Mal, HBES/QVE).
te

meM, B,y (0,1) n

Then by taking e = 1/2 and assuming that |M,,| < n and since for [T], [DP], [B] and
(W], 3 e, €“Pm <3 0n_ e7™ < X(a) < +00,Va > 0, this leads to the bound

> ( sup Vi(gt)—p(m,m’)>§%

mEM,, tEBmﬂn/(O,l)

and this ensures (4.9).
Lastly, let us verify that inequality (4.10) holds for all collections of model. For
[T] and [B], we have

sup  (Ry(t)* < sup  N?(t)R% < C(Dy, + Dp)’R}.
t€B i (0,1) t€ B 1 (0,1)
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On the other hand, for [DP] and [W], we have already seen (in the proof of Lemma
3.1, see Inequality (6.6)) that

sup  (Ri(1))*= ) RiX(ea) < C'(Dy+ Di)* Ry,

tEBm’m(O,l) AEA, 5

with the natural notation A,, s = A,, UAy. In addition E(R?) < In*(n)/n?, then it
is enough to conclude that for all collections [T], [B], [DP] and [W]

In(n)?

as soon as D,, <+v/n,Vm € M,,.

E(sw mmw>gK

m,rﬁ(ozl)

O

4.2. Random penalization. The penalty given in Theorem 4.1 can not be used
in practice since it depends on the unknown quantity

A}g%am

Therefore we replace this quantity by an estimator and prove that the estimator of
h built with this random penalty keeps the adaptation property of the theoretical
estimator.

Theorem 4.2. Consider the model described in section 2 and the estimator iLm =
arg mingegs, Vo (t) where v,(t) is defined by (3.1) and S, is a D,,-dimensional linear
space in collection [T], [DP], [B] or [W], IM,| < n and D,, < /n,Ym € M,,.
Consider the estimator hy, with m defined by

~
~

i = arg min [y, (hy) + pen(m))

m

—= — P2 ' ]Aln(x) " D
Pw%%—%(él_mwd>n

where K is a universal constant, ]Aln = an where m,, € M,, is one estimator in
the collection and Fn(x) = HLH >oiii Lix,<ay stands for the standard empirical dis-
tribution function of the X;’s. Then if the orthogonal projection h,,, of h on S, ,
satisfies

and

1 U h(w)
(4.11) i, — Bl < 71~ F(1))/0 e

then hy, satisfies

(4.12)
. U oh(2) D K 1n*(n)
C_hl2Y < inf _h ez | Y w2
E(||hs — h| )_mlel}vang (Hh hn||* + 0/0 1—F(x)dx o >+

where Ky is a universal constant and K depends on h, F, ®.

Y

n
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We can see that the constraint given in (4.11) is not very strong since as already
mentioned with Corollary 3.1, we know that for collection [T],[P] or [W] and h be-
longing to some Besov space Ba2,([0,1]), [[h — hm, > = O(D,;>*) and therefore
| — Ry, ||* tends to zero when D, tends to infinity. This condition implies that
D,,,, is not only bounded by above but also by below and must be great enough, as
it is natural.

Note that another substitution can be done since fol h(z)/(1 — F(x))dx can also be
seen as the second order moment of the independent random variables Iy5,—1 x,<13/(1—

F(X;)) and therefore can be estimated by

n

. 1 Iix,<nls=1y - 1 <
413 gy = =5 =D o=l p gy P
) Tl oy O T2 e

i=1

The following result holds:
Corollary 4.1. Under the assumptions of Theorem 4.2 but with

— . Dn,
pen(m) = H@gSQT

where 3o 1s defined by (4.13) and k is a universal constant, the estimator R, satisfies

(4.12).

In particular, we can derive quite straightforwardly from results as Theorem 4.2
some adaptation results to unknown smoothness:

Proposition 4.1. Consider the collection of models [T], [P] or [W], with r > o >
1/2. Assume that an estimator h of h satisfies inequality (4.12). Let L > 0. Then

1

3

(4.14) < sup E|h— ]~1H2> < C(a, L)n ™ 2art
h€Ba, 2,00 (L)

where By o oo(L) = {t € Ba2([0,1]), [t|a2 < L} where C(a, L) is a constant de-

pending on o, L and also on h, .

4.3. Adaptive estimation with a general collection of models. It is some-
times useful for estimation purpose to use non regular models, in order to take into
account some variability in the regularity of the function to be estimated. This
extension is possible under some restrictions. For instance Reynaud-Bouret (2003)
proves some adaptation results for non regular histograms provided that knots are
chosen in a set of cardinality less than n/In*(n). Our restriction here is stronger
since the largest cardinality we can consider is of order /n. On the other hand, we
consider the more general collection of piecewise polynomials, than histograms.

We assume in the following for the sake of simplicity (and without loss of gener-
ality), that \/n is an integer. We consider the set of knots
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r:{%, (=1, -1}

A general piecewise polynomial model, non necessarily regular, is then defined by
the maximal degree r of the polynomials and a set of knots

{a'O = O7a17"'7a€7a€+1 = 1}

where {ay, ...as} is any subset of I' : its dimension is D,,, = (¢+1) (r+1). This means

Vn—1
)
associated models corresponding to the possible choices of the subset {ai,...as}
with £ = 1,...,y/n — 1. Therefore, the cardinality of the set M,, of all possible m
is:

that with non regular collection for any fixed dimension D,,, there is

V-1
— 1
Z ( \/ﬁg L ) =Vl _ 1= §exp(\/ﬁln(2)) —1.
=1

It is exponentially great and in particular greater than the order n obtained in
the regular case, when we consider only one model per dimension. The ¢,’s for
A = (aj,a;41; k) € Ay, are given by

2k + 1 2 Q. _|_ a'—l
. Qx ( ., Tt J _ J > Lo 0,0 ((%)
Q; aj—1 a; aj—1 Q; aj—1

for k=0,1,...,7and 7 =0,...,¢+ 1, where J; denotes the kth Legendre polyno-
mial.

The main difficulty is that the connection between the supremum norm |||« and
the L?-norm, ||.|| as given by (3.7) and its equivalent formulation is no longer true.
We only have

Vm € My, ¥t € Sy, [t < 4/ (2r + 1)V/nlt]]

and this inequality is clearly less powerful than (3.7) since we assumed that ¥m €
M,,, D,, < +/n. In particular, the result in Lemma 3.1 must be re-examined in this
light, as well as most bounds. We can prove the following result:

Theorem 4.3. Consider the model described in section 2 and the estimator fLm =
arg minges,, Yn(t) where v,(t) is defined by (3.1) and S, is a D,,-dimensional linear
space in the general collection of piecewise polynomials described above. Then the
estimator hy, with M defined by

S . a ;Lm
iy = arg min [y,(hm) + pen(m)]

and

pen(m) = k(2r +1) sup
z€[0,1

()
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where k is a uniwersal constant satisfies

) K In®
(4.15)  E(lhs —h|* < inf (3]lh = hun]]* + 4pen(m)) + —r; ),

where K is a constant depending on h, F' and r.

Two remarks about the penalty are in order. First, the ln2(n) factor implies a
In?(n) factor loss in the resulting rates. This is the price to pay for considering
such a huge collection of models. Second, the unknown term in the penalty is
now sup,ep,1)(7(r)/(1 — F(z)) and must be replaced by an estimator as in the

previous subsection. For instance sup,c [hn(2)/(1 — F,(x))] where h, is a given

estimator of h on a well chosen regular space of piecewise polynomials and E, is
the empirical distribution of the data as defined above, would suit (but may lead to
over penalization).

5. SIMULATIONS

In this section, we present the results of a short simulation experiment that aims
to compare the performances of our estimator with two other ones that have been
studied in the literature: Antoniadis et al. (1999)’s and Reynaud-Bouret (2003)’s.
More precisely, Antoniadis et al. (1999) study a wavelet estimator with selection of
the coefficients to keep by cross-validation. They present some simulation results in
two cases:

e The first set of simulations is called in the following the “Gamma case”. In
this case, the X?’s are generated from a Gamma distribution with shape
parameter 5 and scale 1 and the independent C’s from an exponential dis-
tribution with mean 6.

e The second set is called “the bimodal case”. In this case, the X?’s have a
bimodal density defined by

fO=0.8u+0.2v
where w is the density of exp(Z/2) with Z ~ N(0,1) and v = 0.17Z + 2.
The C!s are generated from an exponential distribution with mean 2.5.

The authors give the mean squared errors of their estimator computed over 7" = 200
replications of samples of size n = 200 and n = 500. The error is computed over
K regularly spaced points t;, & = 1,..., K, of the interval in which the X,’s fall
([0, max X;]), in the following standard way: the mean over the replications ¢ of

1 PN
MSE, = = > (h(te) — hu(tr)

k=1

where h; is the estimate of h for the sample number t, t=1,...,T.
In order to take into account the sparsity of the observations at the end of the in-
terval, (P(X° > 6) = 0.25 in the Gamma case and P(X° > 2) = 0.16 in the bimodal
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case), they also compute an error MSE2 defined by the same kind of mean squared
error but only for the t;’s less than 6 in the Gamma case and 2 in the bimodal case.
For K = 64, they obtain the following result:

Distribution Gamma Bimodal
200 500 200 | 500

MSE 0.112 | 0.0995 || 2.080 | 1.970

MSE2 0.0025 | 0.0016 || 0.048 | 0.032

TABLE 1. Results of Antoniadis et al. (1999, Table 2), T' = 200 replications.

Reynaud-Bouret (2003) studies an histogram adaptive estimator based on a con-
trast different from ours and for the same kind of data, when using what she calls a
“regular histogram strategy”. She finds the results recalled in Table 2.

Distribution Gamma Bimodal
200 500 200 | 500

MSE 0.0333 | 0.0376 || 0.894 | 0.789

MSE2 0.0086 | 0.0048 || 0.255 | 0.321

TABLE 2. Results of Reynaud-Bouret (2003, Table 10), 7' = 200 replications.

Note that Reynaud-Bouret (2003) studies also some other strategies that may
be studied in our case also, but this is beyond the scope of the present paper.
Analogously, some more ambitious simulation study may lead to a better and more
complicated choice of the penalty function (see Comte and Rozenholc (2001) for a
study of this type for penalized regression and volatility functions estimation). Here
we considered a penalized estimator with penalty

== == . D 1
pen(m) = pen(D,r) = HSQM,
n

and kK = 1,1.5,2,2.5,3. A dimension D is selected by contrast penalization among
the dyadic set of values 2°,2!,22 23 2% and we compare the results for » = 0,1, 2.
Here again a more ambitious simulation study may select empirically the best degree
(see some strategies in order to do so in Comte and Rozenholc (2001)).
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Distribution Gamma
n = 200 n = 500
degrees | r=0|r=1[r=2[r=0[r=1]r=2
MSE | 0.1184 | 0.1012 | 0.0986 || 0.0487 | 0.0150 | 0.0151
MSE2 || 0.0099 | 0.0068 | 0.0045 || 0.0180 | 0.0032 | 0.0006
Distribution Bimodal
n = 200 n = 500
degrees [ r=0|r=1]r=2[r=0]r=1]r=2
MSE | 1.3397 | 1.0906 | 1.0429 || 1.0687 | 0.8712 | 0.9990
MSE2 || 0.2881 | 0.1826 | 0.1907 || 0.4513 | 0.1165 | 0.1112

TABLE 3. Results of our penalized estimator, T' = 200 replications, k = 2.5.

We can see that in both cases the best choice seems to be r = 2. Globally, our
results are of the same order as the one obtained with the other methods, and it is
most likely that a precise calibration of the penalty function may lead to globally
better results.

Distribution Gamma Bimodal
200 500 200 500
MSE 0.0172 0.0029 0.8131 0.7761
(r=1,rk=3)| r=2,k=3) | (r=2,k=2)|(r=1,xk=3)
MSE2 0.0011 0.0006 0.0625 0.0782
(r=1Lrk=1)|(r=2,k=25)|(r=2,k=2) | (r=1,k=3)

TABLE 4. Best results when selecting the degree (among r = 0, 1,2) and the
constant x in the penalty (among k = 1,1.5,2,2.5,3), T' = 200 replications.

This is suggested by the results gathered in Table 4 that gives the best performance
that is obtained when we select a posteriori both the degree and the constant in the
penalty, for each set of simulations. The first line gives the error and the second in
parenthesis the corresponding degree and value of k. Under such unfair conditions,
we obtain results that are almost always (except for the MSE2 corresponding to the
bimodal sample) better results than our competitors.

6. PROOFS

6.1. Proof of Lemma 3.1. In all the sequel, we consider that 0 < a < 1. Fort =1,
the decomposition (3.8) above follows from the decomposition of H,,(x)— H (z) given
in Lemma A.1. of Lo et al. (1989). It can be written

H,(z) — H(z) =n"" Z Gi(x) + ()
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where

i(x) = ————du — Iy enn———— (= Z;(1,

Glo) = [ e = Tenninsn T (= 4(01)
and

P ( sup |rp(x)| > 91n(n)/n) = 0(n™")
0<z<1

for any 8 > 0 and some constant 6 depending on 3. Note that the ¢;’s are uniformly
bounded on [0, 7], and as we have already mentioned (n + 1)~' < FY(z) < 1 for all

z in [0,1], it follows that supy,; [rn(z)] = O(In(n)). From this, we easily deduce
that, for any g > 1,

E( sup |ro(z)]”) = E(Sup ()| 1{supo<z<1|rn<x>|>eln(n>/n}>

0<z<1 0<z<1

+E ( sup |7 (2)|" Lsupo, o, |rn(a:>smn<n>/n})

0<z<1
1 B
< k()P ( sup |r,(z)] > an(n)/n) + (9 n(n)>
0<z<1 n
8 B
< kIn”(n) N <01n(n))
an n
so that, since § = 0(5),
B
(6.1) E( sup |7”n(x)|6) < CBL/B(”) for any 8 > 1.
0<z<1 n

Next the global decomposition (3.8) follows by integration by part, if the function
is continuous and differentiable on the considered interval. Indeed in that case,
it is shown in Delecroix and Yazourh (1992) that for a function ¢ continuous and
differentiable on [0, a], then

/0 C()d(H, — H)(2) = t(a)(Hy — H)(a) + /0 (@) (Hy — H)(2)do

The above decomposition of H,, — H implies then
/Oat(;c)d(Hn — H)(z) = t(a)% ggi(a) B /0“ t’(gj‘)% g Gi(x)dx
(6.2) +H(a)ra(a) — / () v (2)da
0

From Delecroix and Yazourh (1992), we know that

(6.3) t(a)% > Gl - /0 t/(x)% > Gl = % 3" Zift.a)
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Next setting R (t,a) = t(a — i (@)t (x)da gives, for
(64) Rn = Ssup |rn($)|

0<z<1
the bound:

(6.5) Rita)l < o (@) + [ Wolds).

Among the collections we described, the functions in [T] are continuous and differen-
tiable functions. Then consider t(x) = ao—i-zgn ) aj\/ﬁcos(ijx)—i-Z?:l b;v/2sin(27jz),
4P = Jy #(@)dr = af + Ty af + S50 0, D= 2m + 1, [[Hloe < @0 /Dy for
|t]| = 1 and ®y = v/2, and

) . 1/2
/0 ¥()dz < Valt| = va (Z 2mj)* (a5 “’?)1)
< Va[@rDy)]|ltl] = 27v/aDyt)-

It follows that Inequality (3.10) is fulfilled for the trigonometric basis with x(k, ®g, a) =
Cop 2271 DZF + (2m(/a) ).

Analogously, the collection [B] for » > 1 allows to use the bound (6.4)-(6.5). Next
|t(a)| < ®ov/Dy, for ||t]| = 1 with (S1). On the other hand, for t =, . Gk Bon e

a (k+r)/2™
/]t'(a:)\dx < Y JamilV/D / 2" |N(273 — k)|dz, with (S3)
0 k€K
= Y lamslV/D /|N’ )|du
keK,

< CDy | Y a2, < C®oD,, with (S5),
keKm

where we set C, = [ |N/(u)|du. Inequality (3.10) is therefore fulfilled for the dyadic
splines with k(k, @, a) = 22F®ZFC2F.

Now we must consider the case where t is only piecewise continuous and differ-
entiable on the interval [0, 1] with knots at the points j/m, j = 1,...,m as are the
functions in collection [P], and denote by #; a continuous and differentiable extension
of tI[(j_1)/m7j/m[ to the whole interval [O, 1]. Then

j/m j/m (j—1)/m
x)d(H,—H)(x) = ~jal:dHn—H T)— ~jacalHn—H x).
/( () d( ><>/0 () ><>/O 7, (x)d(H, — H)(x)

j=1/m
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Applying the decomposition resulting from (6.2) and (6.3) above to both terms gives

i/m
lqvumwa—m@>=—§j {0,3/m) = e, (G = 1)/m)]

"w
v

|
~
—~
.—|

(L)L

j/m
+/ o (w)t' (u)du.
(J-1)/m

Therefore, by taking a = jo/m (jo < m), for simplicity, gives

a Jo j/m
[ i~ @ = S [T i, — m

+jzl [t([j/m])rn<%> —t([(j - 1)/m]+)rn<‘%)} -

Therefore the first part of the previous decomposition remains valid but the rest is
now

a

R:(t,a) = i::{(jm )rn<j>—t([( 1)/m]* ) (‘7;61)%/0 r (W)t () du.

Then a bound is valid for functions ¢ chosen as a basis function with support in
[((j —1)/m, j/m][, that is if t = ¢ when considering collection [P]:

1
R (@x,a)] < R(2flpalloo +/ o5 (@)]dx) = RnN(p2),
0
with R, defined by (6.4).

Let us be now more precise on the piecewise Legendre polynomial basis. Since
ik() = /m(2k + 1)Qr(2ma — 2j + 1)Xjj_1)/m j/m((x) for j = 1,...,m and k =

O,...,r, with D,,, = (r + 1)m, we have ||¢;illc = vm2k+1) < /2m(r+1) <
v/2D,,. Moreover,

1
/ |¢;k(x)|d$ = /m(2k +1) / 2m|Q}.(2max — 25 + 1)|dx
0
— \/m(2k:+1)/ Q). (u)|du < Crn/2D,,
-1
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-----

N(pjx) < (14 Cr)v/2Dy,.
The same type of proof obviously holds for wavelets with ¢, = ¢;, it is clear that

||<l0j7k‘||00 < 20/2 ||¢||oo < ||¢||oo V Dy, /2 and

1 (k+1)/29 ‘
/ (@) dz = \/27/ 26 (2 — k)| da
0 k

/2

- \/? / 0w .

The same holds with ¢ replaced by ¢ and it follows that

N(gjr) < C(9, )y %

with C(6, ) = ( max((|6uc: [l ¢llo) + max(fy 16/ (w)] dus [y |/ (w)|du)).

As a consequence, for collections [P] and [W], we find
(6.6) sup  [Ri(t,a)P= Y [Ri(e < R, Y [IN(pa)]® < CR.D}.
t€Sm, It =1 vyl el

And more generally, we have
k
sup  [R:(t,a)]* < sup [Ri(t,a)]* | < CFR*D2
LESm,||t||=1 tESm,|t]|=1
By using (6.1) for § = 2k, this implies (3.10). O

6.2. Proof of Proposition 3.1. It remains to prove the result for the spline basis.
By starting from (3.6), we find that

E(|lhm = h))*) < 3|l — B|P +8E | sup [C(t,1)]* ).
LESm,||t]|=1
By using the standard decomposition, we find

" 2
E ( sup  C*(t, 1)) <2E sup (% ZZZ-(t, 1)) +2E ( sup  R2(t, 1)) .
i=1

teSm,||t]|=1 teESm,||t]|=1 teSm,|t]|=1

Obviously from Lemma (3.1),
D2 In*(n)

n2

£ o me) <o

teSm,||t]=1
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and
1< ’
E sup — Zi(t, 1
t€Sm, Itl|=1 (n ; ( )>
— 1 n 2
< E sup Z Ak <_ZZi(Bmka 1))
t=3"kck,, @m.kBm k=1 | keK,, L
— 1 n 2
< E sup Z a?n k’] Z (_ ZZZ(B’N’L k> 1))
1= kst @k B i l1H1=1 [ Kk, AN
E| sup (=Y Z{t,1)] | <OE | D> =D Zi(Bus 1) with (S5)
t€Sm,ltll=1 \ " 727 kel \V st
P2 P2 L B2, (w)h(x)
< 0 Var(Z,(B,, =2 e od
~ n Z ar(Z1 (B, 1)) = n Z/O 1— F(x) ‘
kEKm kEKm
< —\/ Z Boi(z (z) T p oy with (S1),
< —\/ ZBM ) T
<

2D, h(z) :
d th (52).
. /0 = F@) x with (S2)

6.3. Proof of Theorem 3.1. We have to prove the two following results

(6.7) hm(x) — h(z) =0 ( &>

and that

~

n
(6.8) 2 (h(2) = hun(@)) — N0, h() /(1 = F(x))).
To prove (6.7), we prove that hy,(x) — h(x) = O(1/D,,) and the result follows from
the assumption n/D3 — 0 as n — oo. Since histograms are particular piecewise
polynomials, we can see that D, = (r + 1)m = m with r = 0. Let « € [0, 1], then
for any fixed n and associated D,, = m,, there exists some integer j, such that
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x € [(Jn — 1)/ D, jn/Dum[. Therefore
Jn/Dm
h(l’) - hm<£L‘) = h([L’) — Dm / h(u)du I[(jnfl)/Dm,jn/Dm} (IB)
(jn—1)/Dm
Then, by writing that h(u) = h(z) + (z — u)hV(u,) for some u, € [u, ], we find
Jn/Dm .
h(z) — hp(x) = Dy, / (2 — w)hY (uz)du | Tig, 1)/ Do jn /D] (T)
(jn—1)/Dm
and consequently,

) Jn/Dm Hh(l)”<><>
) = )| < Dol b ([ o= aldu ) < B — oy /D).

(jn—=1)/Dm. m

Let us turn to (6.8). First h, — = > y(ax —ax)pr = >, Clen, 1) @, and
following decomposition (3.8) in Lemma 3.1, we get

P () — P (2 Z (Z oA(T) Zi(oa, 1 ) + ZRZ(SOA, 1) pa()

Now, if the remainder term ), R} (¢, 1) pa(z) = op <‘ /Dim), it suffices to prove

that
/——Z (z% (on >) —s N0, 7(2))

Since the Y; () = >, pa(x) Zi(px, 1) are centered i.i.d. variables, a Lyapounov
central limit theorem applies.

1 n
So, let us compute the asymptotic variance of Z Yin(z). Now remember

nD
moi=1
that E(Z;(px, 1))* = fol o3 (x)h(x)/(1 — F(z))dz. Let j, and D,, be defined as
previously and let A(u) = h(u)/(1 — F(u)).

2
DLmE(YlQ,n( <ZSOA ) Z1(pa, ))
D ' 2
= D / ( D iGu 1)/ Do/ D (©) LG 1)/ Dy Do) (1 )> h(u) du
wiom
= Dp h(u)du.

(Jn—=1)/Dm,
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By applying a Taylor expansion, we find

Ru) = h(@) + (2 — WEO@), o e [nt I

o %=UD, D,
which implies
1 - ]n/Dm -
DLEORE) = )+ [ A
m ]n_l m
Since as previously
gn/Dm JAeS;
Dm/ B @ — wdu| < Wl
(jn—1)/Dm D,

we get

: 1 5 o
lim D—E(Yln(x)) = h(x).

n—-+00 m

Then Lyapounov’s Theorem applies if in addition

Wév S BV (@) 0,

This follows from the following obvious bound, provided that D,,, = o(y/n):

z€[0,1]

(—vnlD)4 ZE(an(l‘)) - %E(Zf(@jnv 1)) < %(/0 B(u)du—{— sup <1 _F(x))_1)4'

Lastly, to make the proof complete, we have to prove that the remainder term

> Bn(ea 1) pa(z) is op <\/ n/Dm>
E (Z R (ox) w(fﬁ)) < D,E (Z R;(w)?)

< DmE< sup [R;;(t,1)]2)

1S l|=1
3 7.2
D3 In*(n)
n2

IN

by applying Lemma 3.1.

This last inequality gives

P (\/ % > Rilpa 1) oa(x) > 6) < %gsn)

which tends to 0 since D,, < y/n. O



ADAPTIVE ESTIMATION OF HAZARD RATE 27

6.4. Proof of Lemma 4.1. In order to control

E < sup  v2(ge) —p(m,m’)) :
teB,

0,1)

m,m/(
we use the following version of Talagrand’s Inequality (see Talagrand (1996)):

Lemma 6.1. Let Xy,..., X, be i.i.d. random variables and v,(g) be defined by
vn(g) = (1/n) >0 [9(X:) — E(9(X3))] for f belonging to a countable class G of

uniformly bounded measurable functions. Then for e > 0

(6.9)
6 o
E |sup |va(g)]* —2(1 + 2€)H2:| <2 (Ee—zqe{f N
+

V2 My

8ME  _KiCvenn
— ¢
9€6 K, \n K1n2C2(e) ’

with C(e) = (V1+e—1)A1, Ky is a universal constant, and where
sup |glloc < My, E <sup |Vn(g)|) < H, supVar(g(X7)) <w.
9€g 9€g 9€g

We apply Talagrand’s inequality by taking

o) =) = [t M= T oo s

Usual density arguments show that this result can be applied to the class of functions
G = {g,t € Byw(0,1)}. Then we find for the present empirical process the
following bounds:

sup||gllc =  sup ) [gtlloc < PoCry/ D(m) := M,

geg teB /(0

m,m ’

with D(m') denoting the dimension of S,,, + S, and

b ()
6.10 C, = ——d 1—-F -1
(6.10) 1 /0 = F(0) u+o§i§1( (2))
Then
h(x)
sup Var(g(X;)) = sup  Var(g:(X;)) < sup | —=— | = Cy :=v.
geG t€B,,, 1 (0,1) zefo,] \1 — F(x)
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Lastly,

E<supl/§(g)) = E( sup 2(q)
9eg tGBm77n/(0,l)

< Y varlzie)

)\EAm’m/
2 / 1 !
D) [ Mol g 20 _ i
n o 1—F(x) n

Then it follows from (6.9) that

]_ _ ’ ]_ _ 3/2
E 2 o / < = —kaeD(m’) + k3e3/?\/n
(te sup Vn(Qt) p(m7 m )> = A1 < € TLCQ(E) € ’

By (0,1) n

where k; for i = 1,2, 3 are constant depending on K7y, Cy, Cy and C3 and p(m,m’) =
2(1+ 2¢)C5(Dyy, + Dyr) /1. O

6.5. Proof of Theorem 4.2. Let

Q,,:{</Oll_hn_gg@dx)/</;lf<_]%dm)_l

Then on €2, the proof is quite similar to the proof of theorem 4.1. The following
inequalities hold

U ha(2) L h(a) L oh(a) 1 (Y hy(a)
——dr < (b+1 / ——dx, / ——=dr < / o —dr .
/ol—Fn(x) (b+1) o 1= F(x) o 1= F(x) L=0Jy 1—F,(x)
Then we can mimick the proof of (4.7) with pen(m) replaced now by pen(m) =

m@%(fol ho(x)/(1 — Ey(2))dz) (D, /n) and by defining

[ 25 ) 5

<b}, 0<b<1.

we have

1 o~ 3 A 3
Sl =P < Sl —hIP+8  sup  (R(g) —plmi) +8  sup  RE()
tEBm, »(0,1) t€Bp, 7 (0,1)

+8p(m, ) + pen(m) — pen(rn).

By taking x = 892 /(1 — b), we find that on €,
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8 p(m, 1) — pen(im) + pen(m) < 8d2 (/0 1 h<“"z

IN
= =
|2
S~ |ow
N\
c\}i
—

] >
Sl
g\_/

&
N———
s |

It follows that Vm € M,,,

E (Hﬁm _ hy|21m> < 3 —hl2+16 S (tEBsup (v2(gs) — p(m, m/)))

m/'eM,, m,m’(o’l)

3202 ( (1 h(x) D
+ 16E su R2(t) | + . (/ dx) -
(tEBmJ;IL)(O,l) ( )> 1— b 0 1-— F(:C) n

3202 / [ h(x) D, K
< 2 0 m_
< 3lhm = hl +1—19(/0 1—F(a:)dx> 0

Next we need to prove that

!/

(6.11) E (|lhs — hll*la; ) < —.
It follows from (3.5) and (3.6) that

lhs = BIP < Cillh = hal> +2C; sup  vi(gr) +2C;  sup  [Ry(1))

teSmltl=1 te S ltI=1
(6.12) < Ci|lhl?+2C,  sup  vi(g) +2C,  sup  [Ry (1))
teSmlltl=1 t€ S 1tI=1

with (Cy,Cy) = (1,1) for [T], [P] and [W] and (C}, Cs) = (3,8) for [B]. Then

sup  v2(g) = ( sup Vﬁ(gt)—pen(m)>+pen(m)
t€Sp ltl=1 teS,lltl=1

IN

> | sup v2(g) —pen(m) | + pen(in).
e \tesimlltl=1 .
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Then we know by Lemma 4.1 that, for some well-known « in pen(m),

E( Z ( sup (Vg(gt)—pen(m))lﬂg> )
meM, \€5mltl=1 X

K
< E( ) sup  (v2(t) —pen(m)) | | < —.

mem,, \tESm[[t[=1 N n
On the other hand, Ym € M,,, pen(m) < K’, with K’ = x®§ fo /(1—F(x))dx,
so that

E (pen(im)Ig:) < K'P(€).
Therefore
2 K / c

(6.13) E sup  Vn(g:) Ioe | < — + K'P(€2).

t€Sym,|It]|=1 n

In all cases of basis [T], [P], [W], [B] we have as soon as D,, < /n Vm € M,,
sup [Ri(H)]? < KD%3R2 < KnR2,

tESm,”tH:l
so that we find,
(6.14) ]E( sup [RZ(t)PIgg) < KnIEl/2(R4)IP’1/2(QC) < Kln (n )I[DI/Z(QC)
te€Sy,|Iltll=1 n

so that, by gathering (6.12), (6.13) and (6.14), the result (6.11) holds provided that

(6.15) P($Y) < L

We recall first that By = iLmn is one particular estimator of our collection of models.
Let B = bfo /(1 — F(x))dx.

/Olim"—%dm—/ollf(—j%dm

Y, () — h(x)| ! 1 1
/0 1—F d:c—l—/o h(x) 1—Fn(;1:)_1—F(m) dr
Jo Vi (2) = B(@)ldz [ B — F(2)|de
= s Fn<1> e F <1>><1 —F(1)
and since |F,,(1) — F(1)| < (1 — F(1))/2 is equivalent to
0 < 1 2

< = <
31-F(@1) 1-F,1) 1-F(1)
it follows that
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1—

/1 Jo V() = h(z)|da

oy 2)

< P

+ P

' P< A
(1= F.(1)(
(
(

) /0 h(z)|F,(x) — F(x)|dz > B/2>

|, () — h(z)|dz > B/z)

/O 1 hz)|E,y(z) — F(z)|de > B/Q)

+ 2P(|E,(1) = F(1)| > (1= F(1))/2).

We bound successively the three above terms. First,

o 4 ~ 9
P(|F.(1) = F()| > (1-F(1))/2 )< WE(FAU - F(1))
_ 4 F(1)(1 - F(1)) F(1)
(1-F1)) nt 1 +(n—|—1
4F(1)/(1 = F(1))?
- n+1 '
Secondly,
P </O h(z)|Fy(z) — F(x)|dz > Ba 4F(1))2)
< (3(1 _4F(1))2> E (/0 B2 () (F(z) — F(a:))2dx)
4 Lt | F@) - Fx) F(z)\*
= (B(l—F(l))2> ) nrl (n+1> de
. 24 [V B (x)dx/ (B*(1 — F(1)))"
Lastly as

[ ) = 2

IN

~

[P,y = P, | + B(1 = F(1))/8

31

:
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under condition (4.11),
(/ i, (2)|dz > B(1 — (1))/4) < P (Hﬁmn — || > B(1 — F(1))/8)

8 o 4
< (gary) Ellm. = ol

Then we need to study the condition on D,,, that ensures E(||hm, — A, ||*) < 1/n.

E | (Wi, = o)’
< 4AES | > (%i%%)) +4 [ D B

ANEAm,, NEAm,,

(6.16) < 4D,, Y E (%iz&m) +4E< sup yR;(t),4).

>\€Amn tESmnvlltHZI
For the last term, the bound in (3.10) gives

D} In* In*
E( sup [RE@O] < K2, 1)M < K(2,®,1) ﬁf)
LESma,,|It]|=1 n n
For the first term, we apply Rosenthal’s Inequality (see Petrov (1995)). Let Uy, ..., U,
be independent centered random variables with values in R. For any p > 2, we have

ZE U;|7] + (ZE U2) .

This yields

E (3 > Zim)) < SO Bz (o) + P EZ)P).

n

Since
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> BEHeE = 3 (/01@(@%@)2

AEA, AEAm,
1 1 ) ; h2(x) y
: ,\eAmn/o Paw) do /o 2 >(1 — F(x))? !
} : 2 ' hQ(x)
2 ! hQ(l’)
= 0P ) T F@E

On the other hand

4 ! 4 hg(x) h(x)
> maon < 3 [ (141555 ) Gy

AeAm, AE€Am,

we find, by using that Z ox (@) < [loallA Z @3 lloe < @D, , and from (6.16)
ACAm, AEAm,

N 2 D3 D? K"
E[(Hhmn—hmnw)]sw( 5t ”;")S—
n n n

which gives the announced order 1/n as soon as D,,, < /n. OJ

6.6. Proof of Corollary 4.1. The first part of the proof is the same as the proof
of theorem 4.2 with now
. b} |

~ 1 TixenIis,= ' h
=Ly fensnloen ), ( / (z) dx) .
n < (1- F,(X,))? o 1—F(z)
The result holds if we can prove that P(€) < 1/n. Let B = b fol h(z)/(1— F(z))dz,

i=1
then by writing that




34 E. BRUNEL AND F. COMTE

lzn: Lix < L= _/1 hz)
nH (1= F(X)? Jo 1-Fl2)

1 & 1 1
< E;I(Xiﬁl)l(&;:l) ((1 — F,(X))? (1 F(Xi))z)‘
1~ (Ixi<nlo=ny [' h(z)
! ﬁ;(u—F(X@-))f/o 1—F<x)dx)‘
2 1 — .
< : =5 e Loy | Ba(Xs) — F(X;
< TTRORA—FOP (nz (e L= | P (X2) — F( >1>
1~ (Ix<nlp= [' h(z)
! n & ((1—F(Xz-))2 _/0 1—F(w)dx) ’

we find

2

(ﬁ (% Z Lo, < L= [ B (XG) — F(XZ-)|> > B/2>

nz((l—F(Xi))Q /ol—F(x)d> >B/2>

p@) < (IR0 - Fol> )
P

+P

=1
- 4 FOA=-FQ)  (FO) ’
- (1-F(1))? n+1 n+1
1 ’
+HKE (5 D Ty L= [Fa(X) - F(Xi)!>
=1
2
Lo~ (T Te-n /1 h(z)
GE | = Zish) 7=l g
i (né(@—m@-))? 0o 1-F(@)"
| <1 1 =
< ————— + KE F F(2)?) + K. Var< (él_FzXSl)Ql))
- on(l-F(1))? o (0221| n(@) = F@)l") + K n ’

where K; = 64(1 — F(1))*/B? and Ky = 4/B%. Therefore, since it follows from
Massart (1990) that YA > 0,P(y/nsup,eg |Fa(t) — F(t)] > A) < 2e72| where
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Fu() = (1/n) 3202 Tix,<x) we have
E[ sup (Fu(2) = F(2))’] < 2E[sup (Fy(z) = Fu(2))’] + 2E[ sup (Fu(z) — F(x))?]

0<z<1 0<z<1 0<z<1

<
and finally
O
6.7. Proof of Theorem 4.3. Lemma 3.1 still holds but with since now N(p,) <
(2r +1)y/n and

> N2(py) < (2r + )Dpv/n < (27 + 1)n

AEAm,

so that we simply replace ®2D,, by \/(2r + 1)n. Therefore Inequality (4.7) still
holds with
2r + 1) In®
E( sup R:Q(t)> < Gr+Dhn (n)
t€ By, (0,1) n

Moreover, we keep applying Lemma 6.1 but now

sup  |gilloo < C1 sup  ||t]]eo < C1/(2r + 1)n1/4 = M,
t€B,, 1 (0,1) teB

m,m! (0,1

where (] is given by (6.10). The bound giving v = C5 is unchanged. Lastly

E sup (g / ——dzx
(teBmm/(O,l) ' )\E; x)

IN

1
< = sup /903

w TP Z

D D,y h
m + L sup (m) = H?

n zef0,1] 1 — F(z)
We denote by
h(z)
C3 = sup
’ zejo) 1 — F(x)

Then it follows from (6.9) that

1 no 1 -
teB ,m/(O,l) n n
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where k; for i = 1,2, 3 are constant depending on K, Cy,Cy and C3 and p(m, m’) =
2(1+ 26)03% with ¢ > 1 since we need ¢ = aIn*(n). Therefore we choose

hz)  Dm
pen(m) = 16(1 + 2aIn*(n)) sup —————
) ( () wefon] 1 = F(x) n

and we find

> sup  v,(gi) — p(m,m)

m'eM,, tEBm’m/(O,l)

< ol Z (e_ﬁwln(n)Dm’ + e rsvaln(n)n!/ty Dm/)

m/'eEMy,

<=y (e‘”‘”“‘”)Dm'+e""3ﬁln(n)Dm/>
m/GMn

by using that v/D,, <n'/* and In*(n) > In(n), for n > 3. Now we note that

vn—1
Z e—ﬁln(n)Dm/ — Z ( \/ﬁ -1 ) e—ﬂln(n)f — (1 4 n—ﬁ)\/ﬁ—l —1

l
m/EMn, /=1

by using that there are ( V-1 ) models of dimension ¢. The resulting term

14

is bounded as soon as 8 > 1/2 since it has the order of exp(y/nIn(l + n=%)) ~

exp(y/nn=?). The choice o = 1/(2x2) + 1/(2k2) suits. O
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