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Motivations

An image is a function u : Q ¢ R2 — R¢.

Problem: Restoration and/or denoising of an image before
«high-level », operations e.g. contour extraction, segmentation

Idea: The observed image uy depends on the “real” u:
ugp = Au+n,

with A a linear (e.g. convolution) or non linear operator
and n additive noise;

If the noise is purely additive (A = Id) one might smooth the

Image as proposed in classical signal processing by using
low-pass filters.

. . , . |
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Application

noisy image denoised image
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Application (cont.)

original image denoised image
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Linear denoising

Classical example: the Gaussian Filter,
2
x|

1 P .
Go(z) = o2 e 202 with x = (x1,29) € R?

then, by convolution with uwg = u +n,

(G % u0) (&) = /R ol — y)uoly) dy.

|
| . . . .
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Linear denoising

Classical example: the Gaussian Filter,

E
1 52

Go(x) = with z = (z1, 22) € R?,

Qo2

then, by convolution with uwg = u +n,
(Grx0)(@) = | Gala = y)uoty)dy.

* The parameter o > 0 determines the spatial size of the
details which are “eliminated” by this filter: the bigger o, the
smoother the result, the lesser details are kepit.

* Convolution is efficiently computed using the FFT.
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Linear denoising (cont.)

Now convolution with the Gaussian amounts to solve the heat
equation:

{ut(x,t) = Au(x,t)
u(z,0) = wug(x).

* Thus regularization through convolution is replaced by
isotropic diffusion with ¢t = 02 /2.
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Linear denoising (cont.)

Now convolution with the Gaussian amounts to solve the heat
equation:

ug(x,t) = Au(x,t)
u(x,0) = wug(x).
* Thus regularization through convolution is replaced by
isotropic diffusion with ¢t = 02 /2.

* Consistent and stable finite difference schemes are used In
applications.
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Linear denoising (cont.)

Now convolution with the Gaussian amounts to solve the heat
equation:

{ut(x,t) = Au(x,t)
u(x,0) = wug(x).

* Thus regularization through convolution is replaced by
isotropic diffusion with ¢t = 02 /2.

* Consistent and stable finite difference schemes are used In
applications.

* Example of a linear scale space operator Tyug = u(.,t).
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Linear denoising (cont.)

Now convolution with the Gaussian amounts to solve the heat
equation:

{ut(x,t) = Au(x,t)
u(z,0) = wug(x).

* Thus regularization through convolution is replaced by
isotropic diffusion with ¢t = 02 /2.

* Consistent and stable finite difference schemes are used In
applications.

* Example of a linear scale space operator Tyug = u(.,t).

Conclusion: Isotropic diffusion operates like a weighted mean
filter, eliminating noise but blurring contours.

| |
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up =u+n = ul.,0) u
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Example (cont.)

GJ*UQ = u(.,02/2)
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Example (cont.)
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Linear scale space, fort =0
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Linear scale space, fort = 0,20
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Linear scale space, fort = 0,20,100
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Linear scale space, fort = 0,20,100,200
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Linear scale space, fort = 0,20 ,100,200 ,500
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Linear scale space, fort = 0,20,100,200 ,500 ,2000

i o
SLE Lty
D R
o o

Georges KOEPFLER — MAP5 — University René DESCARTES — Paris 5 PDE in image processing — p.10/33



Model of MALIK and PERONA (1987)

Idea: No diffusion across the boundaries, i.e. diffuse only in the
direction of the gradient Vu when ||Vul| is large.
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Model of MALIK and PERONA (1987)

Idea: No diffusion across the boundaries, i.e. diffuse only in the
direction of the gradient Vu when ||Vul| is large.

The proposed PDE writes:

ou . .
i dlv(g(\Vu\) Vu) with u(x,0) = ug(x),
with ¢g(r), » > 0, a non increasing function and ¢(0) = 1.

An often used diffusion coefficient is

1
o) = T

A e R
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Interpretation

Suppose u is a smooth function and let (e1, e2) be the canonical
basis of R?, then

Hy(z,y) = Uaa (Z,Y)  Uay(T, Y) Is the Hessian matrix
uwy (33, y) Uyy (ZC, y)

and  Au(z,y) = Tr(Hy(z,y)), Vu(x,y) = (ua;(x,y) )

Uy :c,y)

/N
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Interpretation

Suppose u is a smooth function and let (e1, e2) be the canonical
basis of R?, then

Hy(z,y) = Uaa (Z,Y)  Uay(T, Y) Is the Hessian matrix
uwy (33, y) Uyy (ZC, y)

and  Au(z,y) = Tr(Hy(z,y)), Vu(x,y) = (ux(x,y) )

Uy :c,y)

/N

For n, ¢ in R? we write

d
unéd—z:VUtn and ungédzu(n,ﬁ):ntHuf.
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Interpretation (cont.)

The set I. = {(x,y) / u(x,y) = c} is an isophote :

vut | ¢/ Vulln

(z0,%0)

u>c

isophote u(z,y) = ¢
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Interpretation (cont.)

The set I. = {(x,y) / u(x,y) = c} is an isophote :

vut | ¢/ Vulln

(z0, Yo)

u>c

isophote u(z,y) = ¢

In (zo,yo0) € I. define the local frame

(n,€) - (e
P N@own) T \ TVl TVl /|4y 40

Then ue=Vu'é=0 and w,=Vu'n=|Vuy.
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Interpretation (cont.)

In each (z,y) € I..:

Vu 1 1
div ( ) Au — d2 (777 77) — v d2 (fa 5) :
vul) = vl )=V
and Au = d*u(n,n) + d*u(&, &) = upy + uge -
| |
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Interpretation (cont.)

In each (z,y) € I..:

Vu 1 2,, B L 2,,
and Au = d*u(n,n) + d*u(&, &) = upy + uge -

The linear isotropic heat equation writes

Ut = Uppy —+ Ugg -
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Interpretation (cont.)

In each (z,y) € I..:

Vu 1 2,, B L 2,,
and Au = d*u(n,n) + d*u(&, &) = upy + uge -

The linear isotropic heat equation writes

Ut = Uppy —+ Ugg -

The MaLik-PErRONA MoOdel writes

u = (g(uny) ‘|‘Un9/(un))unn ‘|‘9(un)U§€ -
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Interpretation of the MALIK-PERONA model

ue= G (un)tiny+9g(un)uee ,
where G(r) = rg(r) and G'(r) = g(r) + rg¢'(r).
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Interpretation of the MALIK-PERONA model

ue= G (un)tiny+9g(un)uee ,
where G(r) = rg(r) and G'(r) = g(r) + rg¢'(r).

* |Vu| = u, = 0 gives the isotropic heat equation;
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Interpretation of the MALIK-PERONA model

ue= G (un)tiny+9g(un)uee ,
where G(r) = rg(r) and G'(r) = g(r) + rg¢'(r).

* |Vu| = u, = 0 gives the isotropic heat equation;

* G'(u,) = 0 gives a diffusion in the direction of Vu™ | ¢;
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Interpretation of the MALIK-PERONA model

U = G/(Un)unn+g(u77)u§£ y
where G(r) = rg(r) and G'(r) = g(r) + rg'(r).
* |Vu| = u, = 0 gives the isotropic heat equation;
* G'(u,) = 0 gives a diffusion in the direction of Vu™ | ¢;

* G'(uy) > 0 gives a diffusion in the direction of Vu;
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Interpretation of the MALIK-PERONA model

ur= G"(Up)tny+g(un)uge ,
where G(r) = rg(r) and G'(r) = g(r) + rg¢'(r).
* |Vu| = u, = 0 gives the isotropic heat equation;
* G'(u,) = 0 gives a diffusion in the direction of Vu' || &;

* G'(uy) > 0 gives a diffusion in the direction of Vu;

* G'(uy) < 0inverse, unstable, diffusion in the direction of Vu;
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Interpretation of the MALIK-PERONA model

Ut = Gl(“n)“nn"‘g(un)uéﬁ ;
where G(r) = rg(r) and G'(r) = g(r) + rg¢'(r).

* |Vu| = u, = 0 gives the isotropic heat equation;
* G'(u,) = 0 gives a diffusion in the direction of Vu' || &;
* G'(uy) > 0 gives a diffusion in the direction of Vu;

* G'(uy) < 0inverse, unstable, diffusion in the direction of Vu;

A limiting case is the total variation minimization pde :
ou i@ Vu
— =Adv | —=—| ,
ot |Vl

here g(r) = 1/r, we recall that for v regular TV (u) = [ ||Vul.
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Variational approach

ldea: For ug = Au + n characterize u to be the minimum of

1
B(u) = §Hu0—AuH2+>\/Q<I>(\Vu\)daz.

l.e. data fidelity term + regularization
Here )\ is a “scale” parameter.

Most common examples:
* O(|Vul) = [Vul?/2;
* O&(|Vul|) = |Vul.
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Variational approach (cont.)

Compute the first variation ) £ of E and write a gradient descent:

ug = A*(ug — Au) 4+ Adiv (@’(]VuD‘g—m)
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Variational approach (cont.)

Compute the first variation ) £ of E and write a gradient descent:

ug = A*(ug — Au) 4+ Adiv (@’(]VuD‘g—::‘d)

= A*(up — Au) + A (‘P”(WUDU& + q)/|(|vvu?|)“77"7)
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Variational approach (cont.)

Compute the first variation ) £ of E and write a gradient descent:

ug = A*(ug — Au) 4+ Adiv (@’(]VM)@—;‘”)

= A*(up — Au) + A (@”(]Vu\)u§§ + q)/|(|vz7|“b|)unn)
If ®(|Vu|) = |Vu|?/2, L? regularization

up = A% (ug — Au) + Au.
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Variational approach (cont.)

Compute the first variation ) £ of E and write a gradient descent:

ug = A*(ug — Au) 4+ Adiv (@’(]VM)‘g—Z')

= A*(up — Au) + A (@”(]Vu\)u§§ + ¢/|(|VV@LTL|)“?7?7)
If ®(|Vu|) = |Vu|?/2, L? regularization
ur = A" (ug — Au) + Au.

If &(|Vu|) = |Vu

, Total Variation regularization
Up = A*(UO — Au) + Ugg -
diffusion perpendicular to the gradient
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Axiomatic approach

Idea: Formalize the properties of multiscale filters 7;.

® [Causality] Tp = Idand Vs <t,3Ts: Ty =Ts54 0T
— NO creation of information
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Axiomatic approach

Idea: Formalize the properties of multiscale filters 7;.

® [Causality] Tp = Idand Vs <t,3Ts: Ty =Ts54 0T
— NO creation of information

® [Local Maximum] If u(x) > v(x) in B(xg,r) \ {xo}, then, for all
t and for h small enough: (73 ;4 pu) (x0) > (L3 t+1v) (20) ;
— locally the order of intensity is preserved
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Axiomatic approach

Idea: Formalize the properties of multiscale filters 7;.

® [Causality] Tp = Idand Vs <t,3Ts: Ty =Ts54 0T
— NO creation of information

® [Local Maximum] If u(x) > v(x) in B(xg,r) \ {xo}, then, for all
t and for h small enough: (73 ;4 pu) (x0) > (L3 t+1v) (20) ;
— locally the order of intensity is preserved

* [Regularity] For Q(z) = 3 (z — mo)' A(x — o) + p'(z — x0) + ¢,
with A" = A, p € R? and ¢ € R then there exists F:
1,
MitenD) () — P(A,p,c, 0,1,

Oh
with F' continuous everywhere, except p = 0.

— |ocally second order characteristics rule over T;
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Axiomatic approach

Idea: Formalize the properties of multiscale filters 7;.

® [Causality] Tp = Idand Vs <t,3Ts: Ty =Ts54 0T
— NO creation of information

® [Local Maximum] If u(x) > v(x) in B(xg,r) \ {xo}, then, for all
t and for h small enough: (73 ;4 pu) (x0) > (L3 t+1v) (20) ;
— locally the order of intensity is preserved

* [Regularity] For Q(z) = 3 (z — mo)' A(x — o) + p'(z — x0) + ¢,
with A" = A, p € R? and ¢ € R then there exists F:
1,
MitenD) () — P(A,p,c, 0,1,

Oh
with F' continuous everywhere, except p = 0.

— |ocally second order characteristics rule over T;

We call these the [Natural] properties of a filter.
| |
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Axiomatic approach (cont.)

Other desirable invariance properties of the filters T;:

® [Translation Invariance] FOr (t,u)(x) = u(x + «):
Tt(TaU) — Ta(TtU) ;
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Axiomatic approach (cont.)

Other desirable invariance properties of the filters T;:

® [Translation Invariance] FOr (t,u)(x) = u(x + «):
Tt(Ta’LL) — Ta(TtU) ;

* [Isotropic Invariance] For R, rotation in R?, (Ru)(z) = u(Rz):
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Axiomatic approach (cont.)

Other desirable invariance properties of the filters T;:

® [Translation Invariance] FOr (t,u)(x) = u(x + «):
Tt(Ta’LL) = Ta(TtU) .

* [Isotropic Invariance] For R, rotation in R?, (Ru)(z) = u(Rz):
* [Affine Invariance] For A an invertible affine transform,
with (Au)(z) = u(Ax):
Tt(Au) = AT)\(A,t)U, )
where is )\ increasing in ¢ (zooms influence the filter scale).
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Axiomatic approach (cont.)

Other desirable invariance properties of the filters T;:

® [Translation Invariance] FOr (t,u)(x) = u(x + «):
Tt(Ta’LL) = Ta(TtU) .
* [Isotropic Invariance] For R, rotation in R?, (Ru)(z) = u(Rz):
* [Affine Invariance] For A an invertible affine transform,
with (Au)(z) = u(Ax):
Tt(Au) = AT)\(A,t)U, )
where is )\ increasing in ¢ (zooms influence the filter scale).

® [Contrast invariance] FOr H continuous, nondecreasing:
Ti(H(u)) = H(Ti(u));
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Axiomatic approach: results

Definition: A family of operators (7});) is called morphological
If [Translation Invariance] and [Contrast invariance] hold.
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Axiomatic approach: results

Definition: A family of operators (7});) is called morphological
If [Translation Invariance] and [Contrast invariance] hold.

All the [Natural], [Isotropic Invariant] and morphological filters verify:
uy = |Vu|G (curv(u), t)
with G a continuous, decreasing function w.r. to

curv(u) = div(Vu/|Vul)
= curvature of the isophote I...
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Axiomatic approach: results

Definition: A family of operators (7});) is called morphological
If [Translation Invariance] and [Contrast invariance] hold.

All the [Natural], [Isotropic Invariant] and morphological filters verify:
uy = |Vu|G (curv(u), t)
with G a continuous, decreasing function w.r. to
curv(u) = div(Vu/|Vul)

= curvature of the isophote I...

If G(curv(u),t) = curv(u) we obtain the mean curvature motion :
Vu

ur = (Vuldiv| —— | = u
= vl (177 ) = e
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Example of mean curvature motion

ou Vu

— = |Vu|div

— — original
ot Hee J

|Vl
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Example of mean curvature motion

o0 G 5@

ou
— = |Vul|div < Al ) = Ugg | Vul|

ot |Vu|
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Axiomatic approach: results (cont.)

If we replace [Isotropic Invariance] by [Affine Invariance]
a unique pde Is obtained

ur = |Vul curv(u)1/3 = (UoUgy + U?;Uyy — 2UgUyUzy)

1/3
) .

Thus there exists a unique affine morphological scale space.

Georges KOEPFLER — MAP5 — University René DESCARTES — Paris 5 PDE in image processing — p.22/33



Axiomatic approach: results (cont.)

If we replace [Isotropic Invariance] by [Affine Invariance]
a unique pde Is obtained

ur = |Vul curv(u)1/3 = (UoUgy + U?;Uyy — 2UgUyUzy)

1/3
) .

Thus there exists a unique affine morphological scale space.

* |n the preceding « Is a weak solution in the sense of
Viscosity solutions.
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Axiomatic approach: results (cont.)

If we replace [Isotropic Invariance] by [Affine Invariance]
a unique pde Is obtained

w = |Vu| curv(uw)'/? = (uzum Uty — Uty Uy )3
Thus there exists a unique affine morphological scale space.

* |n the preceding « Is a weak solution in the sense of
Viscosity solutions.
* |t is difficult/impossible to obtain numerical schemes
verifying all the desired properties, e.g.
© rotation invariance on a rectangular grid,;
© contrast invariance with finite difference schemes;
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Morphological operators

Idea: Mathematical morphology shows that monotone increasing
and translation invariant operators acting on continuous
functions can be written:

(Tyu) (x) = inf  sup u(y) (1)
BeB; yex+B

or

(Tiu) (z) = sup inf wu(y)  (2)
BeB, yex+B

with B;, the sets of structuring elements, a family of convex
subsets of R?.

For B; = B(O,t), (1) defines a dilation and (2) an erosion.
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Morphological operators (cont.)

Theorem: Consider the morphological operator C; defined by

(Ciu) () = % < inf  sup wu(y)+ sup inf u(y)>

6€[0,7[ z+S(6,21) 0c[0,m[ z+S(0,2¢)

with Sy o) @ segment of center 0, length 44/t and direction
0 € [0, w[. Then

lim CTu=u
m—ao m

uniformly in ¢, to the viscosity solution of the mean curvature
motion

uy = |Vul| curv(u) .

Thus by iterating morphological operators we obtain (., 7).

. . , . |
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MCM scale space, for 0 iterations
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MCM scale space, for 0, 20 iterations

+

¢
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MCM scale space, for 0, 20, 40 iterations

+ +
¢

Georges KOEPFLER — MAP5 — University René DESCARTES — Paris 5 PDE in image processing — p.25/33



MCM scale space, for 0, 20, 40 , 140 iterations

+ +
4 ) 4

&
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MCM scale space, for 0, 20, 40 , 140, 300 iterations
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MCM scale space, for 0, 20, 40 , 140, 300, 500 iterations
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Geometric scheme |

Idea: Decompose an image into lower level sets
a(u) = {z € R?; u(z) < A}
or upper level sets

X' (u) = {z € R u(z) > pu} -

Each collection of planar sets is equivalent to the function « itself
since one has the reconstruction formula

u(r) = supiA; © € xa(u)} = inf{y; = € x"*(u)}.
Then evolve the level curves and reconstruct..
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Geometric scheme | (cont.)

We define affine erosion of a curve C' to be the envelope of
cords delimiting a region of area o:
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Geometric scheme | (cont.)

We define affine erosion of a curve C' to be the envelope of
cords delimiting a region of area o:

oC
ot
Here « is the local curvature at a point of C and N the normal
vector at this point.

The evolution of C follows — /BN

. . , . |
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Geometric scheme | (cont.)

We define affine erosion of a curve C' to be the envelope of
cords delimiting a region of area o:

e
ot

Here « is the local curvature at a point of C and N the normal
vector at this point.

Now this is the restriction to the level curves of

The evolution of C follows — /BN

w = |Vu| curv(u)'/?

the unique morphological, affine invariant multiscale analysis.
|

. . , . |
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Evolution

evolve+reconstruct

O
=

‘ BN
kRore ‘Q‘\%‘J 3 1'~'.f';vz

I s

level lines level lines
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Evolution

N\& ¢ J 0

level lines level lines scalar scheme
VS. geometric
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Geometric scheme Il

Idea: Integrate the total variation minimization pde

Vu
— di
- <Vu|)

over the upper/lower level sets v and with the Coarea formula:

Vu Vu
udx:/dlv( )da::/ —— Ndl = P(x
[ Val o VUl o

where P = perimeter of y .

Thus we will only modify the level not the set
by addition or subtraction of AtP(x)/|x|-
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Geometric scheme |l (cont.)

Consider discs D1 (r1) and Do (1) with 71 < 75,
Then x! = {x/u(z) > 1} = D; U Dy and for small ¢:

Ve € D1 wu(t,z) =u(z) —t

- — <1
| D1 71
P(OD 2t

Ve € Dy wu(t,z) =u(x) —t |( |2) == < 1
2 r2

Ve € O\(D1UD>) :  wu(t,z) =u(x) =0 .




Geometric scheme |l (cont.)

% = di & original
o |Vl J
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Geometric scheme |l (cont.)

S e (—V“ ) V|

ot |Vl

Georges KOEPFLER — MAP5 — University René DESCARTES — Paris 5 PDE in image processing — p.31/33



Bibliography

® L. ALVAREZ, F. GUICHARD, P-L. Lions and J-M. MorEeL, Axioms and fundamental equations
of image processing, Arch. for Rat. Mech, 16, IX, pp. 200-257, 1992.

e G. AuerT and P. KornproBsT, Mathematical problems in image processing, Springer
2001.

e F. Cao, Geometric Curve Evolution and Image Processing, Springer Lecture Notes in
Mathematics, Vol 1805, 2002.

e F. CATTE, F. DIBos and G. KoeprLER, A morphological scheme for mean curvature motion
and applications to anisotropic diffusion and motion of level sets, SIAM J. of Num.
Analysis, 32—6, pp. 1895-1909, 1995.

e A CHAmBOLLE, Partial Differential Equations and Image processing, Proc. IEEE ICIP, 1,
pp. 16-20, 1994.

e F. Disos and G. KoeprrLER, Global Total Variation Minimization, in SIAM J. on Num.
Analysis, 37-2, pp.646—664, 2000.

Georges KOEPFLER — MAP5 — University René DESCARTES — Paris 5

PDE in image processing — p.32/33



Bibliography (cont.)

e F. GuicHARD and J.M. MoreL, Image Analysis and Partial Differential Equations, to
appear Birkhauser.

e L. MoisaN and G. KoeprrLER, Geometric Multiscale Representation of Numerical Images,
Springer Lecture Notes in Computer Science, Vol. 1682, pp.339-350, 1999.

e S. OsHER and L. Rubin, Feature-Oriented Image Enhancement Using Shock Filters,
SIAM J. Num. Analysis, Vol. 27, pp. 919-940, 1990.

e S.J. OsHER and J. SETHIAN, Fronts propagating with curvature dependent speed:
algorithms based on the Hamilton-Jacobi formulation, J.Comp.Physics, 79, pp.12-49,
1988.

e P. PERONA and J. MALIK, Scale space and edge detection using anisotropic diffusion,
Proc. IEEE Computer Soc. Workshop on Computer Vision, 1987.

e J. WEICKERT, Anisotropic Diffusion in Image Processing, ECMI, Teubner Verlag, 1998.

Georges KOEPFLER — MAP5 — University René DESCARTES — Paris 5

PDE in image processing — p.33/33



	Outline
	Motivations
	Application
	Application (cont.)
	Linear denoising
	Linear denoising (cont.)
	Example
	Example (cont.)
	small Linear scale space, for $t=$ �romSlide {1}{0}�romSlide {2}{,20}�romSlide {3}{,100}�romSlide {4}{,200}�romSlide {5}{,500}�romSlide {6}{,2000}
	Model of {sc Malik} and {sc Perona} (1987)
	Interpretation
	Interpretation (cont.)
	Interpretation (cont.)
	Interpretation of the {sc Malik}-{sc Perona} model
	Variational approach
	Variational approach (cont.)

	Axiomatic approach
	Axiomatic approach (cont.)
	Axiomatic approach: results 
	Example of mean curvature motion
	Axiomatic approach: results (cont.)
	Morphological operators
	Morphological operators (cont.)
	small MCM scale space, for �romSlide {1}{0}�romSlide {2}{, 20}�romSlide {3}{, 40} �romSlide {4}{, 140}�romSlide {5}{, 300}�romSlide {6}{, 500} iterations
	Geometric scheme I
	Geometric scheme I (cont.)
	Evolution
	Geometric scheme II
	Geometric scheme II (cont.)
	Geometric scheme II (cont.)
	Bibliography
	Bibliography (cont.)

