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1.1 Introduction

This paper focuses on the study of plane curve deformation, and how it can
lead to curve evolution, comparison and matching. Our primary interest is in
diffeomorphic deformations, in which a template curve is in one-to-one smooth
correspondence with a target curve. This correspondence will be expressed as
the restriction (to the template curve) of a 2D diffeomorphism, which will
control the quality of the matching.

This point of view, which is non standard in the large existing literature
on curve matching, emanates from the general theory of “large deformation
diffeomorphisms”, introduced in [9, 6, 16], and further developed in [12, 13].
This is a different approach than the one which only considers the restriction
of the diffeomorphisms to the curves starting with the introduction of dynamic
time warping algorithms in speech recognition [14], and developed in papers
like [7, 3, 21, 17, 22, 11, 15, 18].

Like in [21, 11|, however, our approach is related to geodesic distances
between plane curves. In particular, we will provide a Hamiltonian interpreta-
tion of the geodesic equations (which in this case shares interesting properties
with a physical phenomenon called solitons [10]), and exhibit the structure of
the momentum, which is of main importance in this setting.

The deformation will be driven by a data attachment term which measures
the quality of the matching. In this paper, we review 3 kinds of attachments.
The first one, that we call measure-based, is based on the similarity of the
singular measures in R? which are supported by the curves. The second, which
is adapted to Jordan curves corresponds to the measure of the symmetric
differences of the domains within the curves (binary shapes). The last one is
for data attachement terms based on a potential, as often introduced in the
theory of active contours.

The paper is organized as follows. Section 1.2 provides some definition and
notation, together with a heuristic motivation of the approach. Section 1.3 de-
velops a first version of the momentum theorem, which relates the momentum
of the hamiltonian evolution to the diffierential of the data attachement term.
Section 1.4 is an application of this framework to measure-based matching.
Section 1.5 deals with binary shapes, and provides a more general version of
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the momentum theorem, which will also be used in section 1.6 for data at-
tachment terms based on a potential. Finally, section 1.7 proves an existence
theorem for the Hamiltonian flow.

1.2 Diffeomorphic curve and shape matching with large
variability

In this paper, a shape S, C R? is defined as the interior of a sufficiently
smooth Jordan curve (i.e. continuous, nonintersecting) v : T — R? where T
is the 1D torus. (Hence, v is a parametrization of the boundary of S.)%.

The emphasis will be on the action of global non-rigid deformation, for
which we introduce some notation. Assume that a group G of C*! diffeomor-
phisms of R? provides a family of admissible non-rigid deformations. The
action of a given deformation ¢ on a shape S C R? is defined by

Saef = p(5). (1.1)

Selecting one shape as an initial template Stemp = S5,.,,,, We will look for
the best global deformation of the ambient space which transforms Sier,, into
a target shape Stqrg. The optimal matching of the template on the target will

l:l Target shape

i 7:} Deformed template

l:l Template

Fig. 1.1. Comparing deformed shapes

be defined as an energy minimization problem

* Obviously, the mapping v — S, is not one to one since S, = S, as soon as
v =~ 0 and ( is a parameter change.
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Px = argminweGR(gD) + g(‘/’(stemp)v Stm'g) (1-2)

where R is a regularization term penalizing unlikely deformations and ¢ is the
data term penalizing bad approximations of the target S,,4. In the framework
of large deformations, the group G of admissible deformations is equipped with
a right invariant metric distance dg and the regularization term R(yp) is de-
signed as an increasing function of dg(Id, ¢) where Id is the identity (xz — x)
mapping. One of the strengths of this diffeomorphic approach, which intro-
duces a global deformation of the ambient space, is that it allows to model
large deformations between shapes while preserving their natural non over-
lapping constraint. This is very hard to ensure with boundary-based methods,
which match the boundaries of the region based on their geometric proper-
ties without involving their situation in the ambient space. Then, singularities
may occur when, for example, two points which are far from each other for
the arc length distance on the boundary are close for the Euclidian distance
in the ambient space (cf. fig 1.2).

Violation of the non
intersection contraint

l:l Target shape
[_1 Deformed template shape

D Template shape

Fig. 1.2. Violation of the non overlapping constraint for usual curve based ap-
proaches

Another issue in the context of large deformations is that smoothness con-
straints acting only on the displacement fields (point displacements from the
initial configuration to the deformed one) cannot guarantee the invertibility of
the induced mapping, creating, for instance, loops along the boundary. Even
if there may be ad hoc solutions to fix this (like penalties on the Jacobian,
[5]), we argue that considering the deformation itself ¢ as the variable in-
stead of linearizing with respect to the displacement field v = Id — ¢ leads
to a more natural geometrical framework. There is a high overhead in such
an approach, since such s live in an infinite dimensional manifold whereas
the displacement fields belongs in a more amenable vector space. However,
this turns out to be manageable, if one chooses a computational definition of
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diffeomorphisms in G as the solutions at time 1 of flow equations

% =ur 0@, po =id (1.3)
where at each time t, u; belongs to a vector space of vector fields on the
ambient space. To be slighly more precise, assume that the ambient space
is a bounded open domain with smooth boundary 2 C R? and that V is a
Hilbert space of vector fields continously embedded in C¥(§2,R?) with p > 1
(the set of CP vector fields on mR? which vanish outside 2). Then, a unique
solution of such flows exists for ¢ € [0,1] for any time-dependent vector field
u € L?([0,1],V) (|6]) and we can define for any ¢ € [0, 1], the flow mapping

u— o}, uwe L*([0,1],V). (1.4)
We finally define G as
G={¢fluel?[01V)}, (1.5)

which is a subgroup of the C! diffeomorphisms on 2 (they all coincide with
the identity on 0f2, because of the boundary condition that has been imposed
on V). In the following, we will use the notation H; = L?([0,1],V). This is
the basic Hilbert space on which the optimization is performed: any problem
involving a diffeomorphism in G as its variable can be formulated as a problem
over H; through the onto map u — ¥ In our setting, the regularization term
R(yp) is taken as a squared geodesic distance between ¢ and id on G, this
distance being defined by

1
da(p,¢')? = inf{/ luelidt | we Hy, o} op=¢ } (1.6)
0

The variational problem (1.2) becomes

1
Uy = argminueHl (/ |ut|%/dt + g(‘PTf(Stemp)a Starg)) (1.7)
0

Note that the reformulation of the problem from an infinite dimensional man-
ifold to a Hilbert space comes at the cost of adding a new (time) dimension.
One can certainly be concerned by the fact that the initial problem which was
essentially matching 1D shape outlines, has become a problem formulated in
term of time-dependent vector fields on {2. However, this expansion from 1D
to 3D is only apparent. An optimal solution u, € H; minimizes the kinetic
energy fol |ut|3-dt over the set of {u € Hy : p}* = ¥} (for such u, the data
term stays unchanged). This means that ¢ — ¢;* is a geodesic path from
id to ¢i*, so that ¢t — w,, satisfies an evolution equation which allows for
the whole trajectory and the final ¢, = ¢]* to be reconstructed from inital
data uo € V. Moreover, the main results in this paper show that this initial
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data can in turn be put into a form wu, o = Kp, o where K is a known kernel
operator and p, o is a bounded normal vector field on the boundary of Siemp,
therefore reducing the problem to its initial dimension.

Let us summarize this discussion: comparing shapes via a region based
approach and global action of non rigid deformations of the ambient space
is natural for modelling deformations of non-rigid objects. The estimation of
large deformations challenges the usual linearized approaches in terms of dense
displacement fields. The large deformation approach via the ¢ variable, more
natural but apparently more complex has in fact potentially the same coding
complezity: a normal vector field p, o on the 0Siemp from which the optimal
s« and thus the deformed template shape . (S,), can be reconstructed.

1.3 Optimal matching and geodesic shooting for shapes

1.3.1 Hypotheses on the compared shapes

The compared shapes Siemp and Sierg are assumed to correspond to the fol-
lowing class of Jordan shapes. We let T be the unit 1D torus T = [0, 1]o—1}-

Definition 1 (Jordan Shapes). Let k > 1 be a positive integer.

1. We say that v is a non stopping piecewise C* Jordan curve in 2 if v €
C(T,2), v has no self-intersections and there exists a subdivision 0 =
sop < 81 < -+ < 8, = 1 of T such that the restriction s, s,.,] S N
C*([s4, si+1), R?) on each interval and v'(s) # 0 for any s; < s < Si41-
Such a subdivision will be called an admissible subdivision for . We denote
Cbk(ﬁ), the set of non stopping piecewise C* Jordan curves in (2.

2. Let S*(92) be the set of all subset S., where S, is the interior (the unique
bounded connected component of R?\ 4(T)) of v € CF(£2).

Introducing a parametrization 7 of the boundary of a Jordan shape S (S =
S,), and considering the action of ¢ on curves ° defined by

Ydef = PO (1.8)
we get
©(Sy) = Spoy (1.9)
so that we can work as well with the curve representation of the boundary
of a shape. A variational problem on Jordan shapes can be translated to a
variational problem on Jordan curves thanks to the v — S, mapping. Con-
versly, if g.(7) is a driving matching term in a variational problem on Jordan
curves, this term reduces to a driving matching term in a variational problem
on Jordan shapes if

90(7) = gc(fYoC) (110)

for any C'*° diffeomorphic change of variable ( : T — T. Such a driving
matching term g. will be called a geometric driving matching term.

5 We check immediately that ¢’ o (po7) = (¢’ 0 ) o so that we have an action.
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1.3.2 Momentum theorem for differentiable driving matching term

We first study the case of a differentiable g., in the following sense:
cE (R
Definition 2. 1. Let (v,)n>0 be a sequence in CF(£2). We say that v, s ()
Yoo if there exists a common admissible subdivision 0 = sg < §1 < -+ <

$n =1 of T for all the v,, n € NU {400} such that for any j < k
dJ

@(Vn — Yoo)| = 0.

sup
1,5€[83,8i41]
2. We say that I : Tx] —n,n[ is a smooth perturbation of v in CF(£2) if
a) I'(s,0) = ~(s), for any s € T,
b) I'(.,€) € CF(R2), for any |e| < n,

¢c) there exists an admissible subdivision 0 = so < s1 < -+ < 8, = 1 of
v such that for any 0 < i < n, I, s 1]x]—nm] € CPY([si, 8111 %] —
n,n[,R?).

3. Let g : CF(£2) — R and v € CF(2). We say that g. is I'-differentiable
(in L?(T,R?)) at v if there exists 0g.(y) € L*(T,R?) such that for any
smooth perturbation I' in CE(2) of v, q(€) = g.(I'(.,€)) has a derivative
at € = 0 defined by ¢'(0) = [(9gc(7)(s), (8I/De)(s,0))ds.

Our goal in this section is to prove the following:
Theorem 1. Let p > k > 0 and assume that V is compactly embedded in
CPYY 2, R) and let g, : CE(2) — R be lower semi-continuous on CF(£2) ie

ek
liminf g.(yn) > gc(7y) for any sequence v, v () v.

1. Let Hy = L*([0,1], V). There exists u, € Hy such that J(u.) = ming,ep, J(u)
where

1
J(u) =/ lue|3dt + Age (94 © Yeemp) -
0

2. Assume that g. is I'-differentiable in Cf(()) at Y« = P 0Veemp- LThen, the
solution u, is in fact in C'([0,1],V) and there exists (v, pr) € CF(£2) x
L?(T,R?) such that

a) Y0 = Ytemp;, P1 = 7)‘890(,7*) and fOT any te [07 1]

e g(m) = / K (m,10(8))pe(5)ds, 7 = 0 © Yremp
T
and py = (dp"1 (7)) " (p1)

where @}, , = Y¥o(pt) ™! and K is the reproducing kernel ® " associated
with V.

® We have use the notation de}; ,(x) for the differential at = and (de}) ,(x))* for
the adjoint of dej) ().

TK: 02 x 02— Mz(R) (the set of 2 by 2 matrices) is defined by (K(.,z)a,v)v =
(a,v(z))z2 for (a,v) € R? x V and its existence and uniqueness are guaranteed
by Riesz’s theorem on continuous linear forms in a Hilbert space.



8 Joan Glaunés, Alain Trouvé, and Laurent Younes

b) v and p; are solutions in C*(]0,1], L*(T,R?)) of

oy 0
S e
ot = op (7:p)
(L.11)
op 0

=——q

where H(7,p) = 5 | DK ((0).2(@)pla)dody

Moreover, if k > 1 and g. is geometric, then for any t € [0,1], the mo-
mentum py is normal to v i.e (pi(s), (0y1/0s)(s)) =0 a.e.

Remark 1. Not surprisingly, H can be interpreted as the reduced hamilto-
nian associated with the following control problem on L?(T,R), with control
variable u € V:

¥ = f<7’ u)

'7.0 = fo(’%u)
where f(7,u) = u(y()) and f%(y,u) = Lul?.

1.3.3 Proof

We give in this section a proof of Theorem 1. Let us recall a regularity result
we borrow from [18] (lemma 11). If V' is compactly embedded in CZ (12, R?),
then for any u,h € Hy, & : 2 x [-n,7] — R? defined by &(z,€) = @4 " (x)
is a map in CP1(£2 x [-n,7n],R?). From it, we deduce easily for u = u, and
h € Hy that I'(s,€) = P(Viemp(s),€) is a smooth perturbation of Yiemp in

Let us denote vg = 7temp. The first step is the decomposition of J as Go F’
where F': Hy — M with H; = L*([0,1],V), M = R x C;“(.Q),

1 1
F(u) = (2/ |ut%,dt,'y7f> where v = ¢} 079 (1.12)
0
and G : M — R is given by

G(x,7) =z + Age(7) (1.13)

so that L
1
J(w) = G o F(u) = 5/ g2t + Agol(y) - (1.14)
0
With this decomposition, we emphasize with F’ that we have an underlying
curve evolution structure and GG appears has a terminal cost in a optimal
control point of view [20].
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Point (1) of Theorem 1 follows from the strong continuity of the mapping
u — Y for the weak convergence in H; [18] (Theorem 9): if u,, — w in Hy,

— cr (e
then p|™ — ¥ in CP(2,R?) so that v, 2 () ~ where v, = ©}" o5y and

v = ¢} o7g. Using the lower semicontinuity property of g. for the convergence
in CF(£2) and the lower semi-continuity of § fol |ut|3-dt for weak convergence in
H,, we deduce that J is lower semi-continuous for the weak convergence in H;.
Thus, the existence of u, comes then from standard compactness argument
of the strong balls in H; for the weak topology.

Point (2) of Theorem 1: For any h € Hy, F admits a Gateaux derivative
in Hy = R x L?(T,R?) in the direction h , denoted OF (u)(h), and given by
(cf. [18], lemma 10)

OF (u)(h) = lim 1(F(u +¢eh) — F(u)) = </0 (g, hy)dt, vh o fﬁ) (1.15)

c—0 €

where i = ¢} oy and

1
o = / Aty (9 Ve o gl i (1.16)

Considering u = u,, n > 0, || < n and I'(s,e) = 4" (s), I' is a smooth

perturbation of v, = 41" so that if Q(€) = J(u. +e€h) = 1 fol U ¢ + €he|3-dt +
Aq(e), we get

N or
QO) = [ tunibvae e [ (000000, Go50)) s
1
= / (Wst, he )y dt + A/(@gc(fy*)(s),vh 07, Yreds
0 T
Using (1.16), we deduce that
J 0@t ontids = [ (et 00 ©0ur)(6). i o)) st
T 0 T
Hence, introducing p;(s) = —A(dw;’1(71))*(9gc(7:)(s)), we get

Q'(0) = /01 <u*7t - AK(.,Vf*(s))pt(s)ds, ht>vdt.

Since J(uy) is the minimum of J, Q'(0) = 0 for any h € H; and we have
e g(m) = / K (m, 2 (5))pa(s)ds
T

Since, t — ¢y (resp. t — dy;”) is a continuous path in CL(2,0) (resp.
in C(£2, M3(R))), as soon as V is compactly embedded in C§(£2,R?) [18],
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we deduce that t — ~;* is continuous in C(T,2), t — p, in L?(T,R?) and
t — u. in V. Thus, (2a) is proved.

The part (2b) is straightforward: Let us denote v, = ~,"*. We first check
that

s t(v¢) = (0/0p)H (71, pt)
so that 07, /0t(s) = w1 (1e(s)) = (0/0p)H (i, pt). Now, from

pi(8) = —(dpi1 (1)) (09c(7:)(8)) = (deis (ve)) " (p1(s))
we get

%(5) = %(d‘PZi(%))*(pl (8)) = —(dut(:(8)))*(pe(9)). (1.17)

Since V is continuously embedded in C{(£2,R?), the kernel K is in C3(§2 x
2, M3(R)) and

wmmsz&memwmwmamen
so that®
* t ! ! ! 8
()" (0u(s)) = [ (K (51,3 (5Dl = 5-H )

and this combined with (1.17) provides the required evolution of p.

Now, from the previous expression of 9y, /9t and 9p;/Jt, one deduces easily
that ¢t — v; and t — p; belongs to C1([0,1], L*([0, 1], R?)).

The last thing to be proved is the normality of the momentum for geometric
driving matching terms. Indeed, let o« € C°°(T, R) such that a(s;) = 0 for any
0<i<nwhere0=sy <---<s, =1 is an admissible subdivision for ~,.
Let ((s,€) be the flow defined for any s € T by ((s,0) = s and

0
5-C(5,0) = alC(5,)

Obviously the flow is defined for e € R and ¢ € C*°(T x R, T) and satisfies
C(s4,€) = s; for any 0 < 7 < n so that I'(s,e) = 7.(((s,€)) is a smooth
perturbation in CF(£2) of 7.. Since g. is geometric, g.(I'(.,€)) = ge(7+) so that

/jT <agc(v*>(s), %{(s, 0)> ds = A(agc(y*)(s)’ %%(S)a(s»ds _0

8 Here and in the following, when « is a function of several variables, the notation
01« refers to the partial derivative or differential with respect to the first variable.
We will use this notation in particular when the variables in « are not identified
with a specific letter, which makes notation like 9/9x ambiguous.
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Considering all the possible choice for «, we deduce that (Jg.(7«)(s), (07x/0s)) =

0 a.e. so that (pi(s), %V*(s» = 0 a.e. Since pi(s) = (de;'1 (7)) (p1(s)), we
get

(Pu(5), () = {p(5), At () o) = {pr(5), ()

so that (p:(s), %%(s» =0 a.e.

1.4 Application to measure based matching

1.4.1 Measure matching

We present here a first application of Theorem (1) for shape matching. This
is a particular case of a more general framework introduced in [8] for measure
matching.

Let M;(£2) be the set of signed measures on {2 and consider I, a Hilbert
space of functions on {2, such that I is continously embedded in C,(£2,R),
the set of bounded continuous functions. Since M ({2) is the dual of Cp(£2,R)

cont.

and I & Cy(£2,R), we have M (§2) — I* where I* is the dual of I. Define
the action of diffeomorphisms on I'*, (¢, u) — @.u, by (p.p, f) = (1, f 0 ),
which, in the case when pu is a measure, yields

(e d) = [ fdou) = [ fopdu, vt e 1c Cua.R)
The dual norm on I* provides a nice way to compare two signed measures p

and v:
lulr- = sup /fdu~
FeLlfIr<1J0

Introduce the reproducing kernel (z,y) — kj(z,y) on I, which is such that,
for f €I and x € £2,

f(@) = (f k(@)
with k7(z) : y — ki(z,y). We have

o)1 = /Q k() dv(y). (1.18)

Indeed,

[ s@aute) = [ (ko ante) = (1. [ kz(w,-)du(:r)>1

which is maximized for f(y) = & [, k1(z,y)du(z) with



12 Joan Glaunés, Alain Trouvé, and Laurent Younes

c= /Q ki (s )du(x)

I

1+ = C. Now, we have

//kf ), () i) da(y //kfrydﬂ ©)dp(y)

from the properties of a reproducing kernel. This proves (1.18).
Coming back to the shape matching problem, for any curve v : T — R2?,
we define p, € M(£2) by

| fin = [ 1ors

For example, when S is a Jordan shape and + is a parametrization with con-
stant speed, ji is a uniform measure on 0S5 (a probability measure if properly
normalized). More generally, given a compact submanifold M of dimension k,
one can associate with M the uniform probability measure denoted pips. This
measure framework is useful also to represent finite union of submanifolds of
different dimensions or more irregular structures (see [8]). Moreover, this al-
lows various approximation schemes since for any reasonable sampling process
over the manifold M, u, = %Z?:l 0z, — - We focus on the simple case
of 2D shape modeling but instead of working with the approximation scheme

= L5 6, (by uniform sampling on the curve) we will work with a
contmuous representatlon as a 1D measure p, where S = S,. We introduce
as in [8] the following energy:

so that |u

1

1
. A
T =5 [ bt + 1t pos,.n, — o
0

1 ! 2 )\ u 2
= 5 o ||y dt + §|‘P1~N%emp - /Mmg|1*

where Yiemp (TeSP. Yiarg) is a constant speed parametrization of Siem, (resp.

Starg)-
Note that for any f € I,

/fd(w-uw) :/fwduw = /fwovdsz /fd(ug»ov)

so that, with
1

5
minimizing J is a variational problem which is covered by Theorem 1. It is
clear that g. is not geometric since, in general, p,oc 7# @, for a change of
variable ¢ : T — T. However, this approach provides a powerful matching
algorithm between unlabelled sets of points and submanifolds.

90('7) = Sy = Mg %*7
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Let p > k > 0 and consider I" a smooth perturbation of a curve v € CF(2).
Then if v(s) = (0I'/J€)(s,0) and q(e) = g.(I'(.,€)) we get immediately

q'(0) = i T(alkz(V(S)ﬁ(S'))—31141@(5),%arg(S’))yv(S»dst’

giving

%NM@:/@wWW%W%—&MM$mm®WM§

T
Theorem 1 can therefore be directly applied, yielding

Theorem 2. Let p > k > 0 and assume that V is compactly embedded in
C’g+1(Q,R). Let I be a Hilbert space of real valued functions on §2 and as-
sume that I is continuously embedded in C* (ﬁ, R). Let Stemp and Sgarg be two
Jordan shapes in S*(§2). Then the conclusions of Theorem 1 are true, with

p1(s) = =Adgc(71)(s) Z/T(alkz(%(S),%arg(S')) = Oikr(m(s),m(s))) ds’
From Theorem 1, we have p; = (dy;'(7:))"(p1), and since p > k, inherits the
smoothness properties of p;. Now, if 0 < 59 < -+ < s, = 1 is an admissible
partition of iemp (i€ Stemp has a C* boundary except at a finite number
Viemp(S0), -, Viemp(Sn) of possible “corners”) then p; is continuous and p;
restricted to [s;, s;11] is C*, and this conclusion is true also for all p;.

1.4.2 Geometric measure-based matching

As said before, the previous formulation is not geometric and in particular,
[, is not generally the uniform measure on Sy = @i* (Stemp) i€ py, # ps. -
If we want to consider a geometric action, we can propose a new data term,
derived from the previous one, which is now fully geometric

1
9:(7) = 3ltos, = 1S, %
or equivalently
1
5 =5 [ kA G 1) dsdr

TxT
1

+f/ it (Yrarg () Y1arg (1) Piarg ()] harg (r)] dsdr
2 TxT

—/“kuﬂawwv»wwnmwvnwm (1.19)
TxT

The main difference from the previous non geometric matching term is the
introduction of speed of v and 7¢4ry in the integrals (with the notation 7/(s) =

07v(s)/0s).
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The derivative of g.(y) under a smooth perturbation I" of ~ in CF(2) for
k > 2 can be computed. Note first that for v € CF(£2) and k > 2, we can
define for any s € T \ {so, - ,sn} (where 0 = 59 < --- < s, = 1 is an
admissible subdivision of 7), the Frenet frame (75, n;) along the curve, and
the curvature k5. In the following we will use the relations v/(s) = |7/(s)|7s
and O7,/0s = ks|y/(s)|ns. Let I' be a smooth perturbation of  in CF(£2) for
k > 2. As previously, we will denote v(s) = (9I'/9¢)(s,0). Since I" is C*, we
have (Ov/0s) = (07'/0e)(s, €)|e=o. Then, if g(€) = g.(I'(.,€)), assuming that
kr € C1(2 x 2,R),

¢(0) = / Ok ()2 () os) 10
T k1 (4(3),7(r)) (s D0/05)] |7 (r)] dsdr
- / Ok (5) 3t (7). 0(5) )

+ kr(7(8), Yiarg (1)) (Ts,0v/0s)] \’yéarg(rﬂ dsdr.

Consider the term [ k;(y(s),y(r)) (7s,0v/9s) ds. Integrating by parts on
each [s;, s;11] yields

n

/Tkz(V(S),V(T)) (s, 00/0s) ds =Y kr(y(s:),7(r)) (=075, v(s:))

=0

—/T([(51’61(7(8),7(7“))’7(5» Ts + kr(v(s), (1)) Ksms],v(s)) [7'(s)| ds,
(1.20)
where 07; = lin(l) Tsidtr — lir% Ts,—r (note that v is always continuous). Since

we have allowed corners in our model of shapes, the boundary terms of the
integration do not vanish, and consequently g. is not I'-differentiable, unless
we allow singular terms (Dirac measures) in the gradient, which is possible
but will not be addressed here. In the case of smooth curves, the singular

terms cancel and we have
comp. cont.

Theorem 3. Let p > k > 2 and assume V —— C[’)’H(Q,R) and I —
Ck(Q, R). Let Siemp and Starg be two C* Jordan shapes. Then, the conclusions
of Theorem 1 are valid for

2
I*

1t A
J(u) = 5/0 lug|2-dt + §|Masw — HOSiarg

with
pi(s) = —A [/T [(01k1(71(8),71(r)), ns) — kr(y1(s), () K] |71 (r)] dr

*/T[<3lk1(%(8),%arg(r)),ns>*kf(%(S),%arg(r)) Ks] rarg(r)| dr | [71(8)] ns.
(1.21)
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More over, p; is at all times normal to the boundary of ;.

The normality of p; at all times is a consequence of Theorem 1, but can be
seen directly from the fact that p; is normal to 41 and from the equations

pe = (dpy1 (1)) (1) and v = ¢1.4(71)-

1.4.3 Geometric measure-based matching, second formulation

The following version of the driving term has a non singular gradient, at the
difference of the previous one. Define

ge(7) = 1 / R((s).A() (0().7(0) ddr

+ %/TXT kI('Ytarg(S)7'Ytarg(7")) <’7£arg(s),'y£arg(r)> dsdr
,/TXT k1 ((8): Yearg (1)) <7’(5),fy;arg(r)> dsdr, (1.22)

i.e. we replace products of scalar velocities by dot products of vector velocities.
This expression may be interpreted as follows: given a curve -y, one may define
the vector-valued Borel measure 77 such that for any continuous vector field
v: 2 — R

Now extend the |- |; norm introduced in the preceding section to vector-valued
maps v = (vg,vy) : 2 — R? by defining |v]; = \/|vz]? + |vy|2. One may check
that the corresponding matrix-valued kernel is the scalar kernel k;(x,y) times
the identity matrix. Consequently, formula (1.22) corresponds in this setting
to the dual norm squared error |7~ — ﬁ)%arg 2.

Let I' be a smooth perturbation of 7 in Cf(()) for £k > 1, and denote
v(s) = (0I'/0¢)(s,0) and q(€) = g.(I'(.,€) as before. We have

(0= [ (@kOEA) 3600
+ ki(1(3),1(r)) (90/Ds, /(1)) dsdr

= OO A (D) 6 a0)

Rt (V(3), rarg (1)) (90/05, 71y (1)) ddlr

Integrating by parts on each [s;, s;41] the second part of each integral,
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(0= [ [@k6)A0).06) () 0)
— (ki (1(5), 7 (), () (0(5),7'(r)] s
= O} (3 (5] (1)
— Ok (1(5), Yearg (1)), V() (0(5)s Yoy ()] dislr

Hence in this case we get a ['-derivative

R [0/ (5),7'(r)) Brkr(2(s),7(1))
= (Ouki(3(5), (1), () 2/ ()] dr
= 1) Aty (1) 011 (2(5). g 1)
— Ok (1(5): Ytarg (1)s 7 () Yy ()] .

As expected, this can be rewritten to get an expression which is purely normal
to the curve 7. Indeed,

0gc()(5) = [ [ ik 61200 )

— [ 40011 69 Ay (1) Py ()] | )]

This implies

Theorem 4. Let p > k > 1 and assume V ey CgH(Q,R) and 1
C*(2,R). Let Siemp and Starg be two Jordan shapes in Sk($2). Then the con-

clusions of Theorem 1 hold for

2
I*

1t A, -
J(U) = 5 ‘ut|th + §| iu‘P’f'O'Ytemp - :u”Ytarg
0
with
pr(s) = A [ [t dukan (s n0) i(r) ar

o /’]I‘ <ni<l7‘g7 81151(’71(8),’7targ(7">)> |’Yéarg(r)| dr h/i(s)' Ns- (123)

More over, p; is at all times normal to the boundary of 7y, continuous and
C*=1 on any interval on which Yiemp is C*.
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1.5 Application to shape matching via binary images

1.5.1 Shape matching via binary images

Another natural way to build a geometric driving matching term is to consider,
for any shape S, the binary image yg such that ys(m) =1 if m € S and 0
otherwise. Then the usual L? matching term between images ( |, (I tempOP L —
Iiarg)?dm) leads to the area of the set symmetric difference [, [Xop(spmy) —

X Starg |- Introducing

ge(y) = / XS, — XSy |dm
0

we get an obviously geometric driving matching term leading to the definition
of

1
J(u) — / ‘Ut|‘2/dt + )\/ |XS’Y% - Xstarg|dm'
0 02

where 7' = ¢{ 0 Vtemp. The problem of diffeomorphic image matching has
been quite studied in the case of sufficiently smooth images in ([12], [18], [1])-
It has been proved that the momentum, pg, is a function defined on {2 of the
form py = aVIiemp, where a = |dpg |(Tremp — Trarg © ©571) € L?(§2,R). This
particular expression aVIiem, shows that the momentum is normal to the
level sets of the template image, and vanishes on regions over which I;ey,y is
constant. (This property is conserved over time for the deformed images I;.
This is what we called the normal momentum constraint [13].) In the case
of binary images, we lose the smoothness property since VI, is singular
and much less was known except that the momentum is a distribution whose
support is concentrated on the boundary of Siep,. We show in this section
that this distribution is as simple as it can be, and is essentially an L? function
on the boundary of the template, or using a parametrization (and with a slight
abuse of notation), an element of py € L?(T,R?) which is everywhere normal
to the boundary.

The main idea is to proceed like in Theorem 1, but we here have to deal
with the fact that g. is not I'-differentiable in CF(£2) (it is still lower semi-
continuous for k > 1). We need to introduce for this the weaker notion of
I'-semi-differentiability and a proper extension of Theorem 1.

1.5.2 Momentum Theorem for semi-differentiable driving
matching term

We start with the definition of the I'-semi-differentiability.

Definition 3. Let g, : CF(2) — R and v € CF(£2). We say that g. is I'-semi
differentiable at v if for any smooth perturbation I" in Cf(!)) of v, qle) =
9c(I'(., €)) has left and right derivatives at e = 0. We say that g. has I'-semi-
derivatives upper bounded by B if B is a bounded subset of L*(T,R?) such
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that for any smooth perturbation I in Cf(ﬂ) of v, there exists b € B such
that

o q(0) < / (b(s), (OT/0¢) (5, 0))ds

T

where 3T q(0) denotes the right derivative of q at 0.

Under this weaker condition, we can prove the following extension of Theorem
1:

Theorem 5. Let p > k > 0 and assume that V is compactly embedded in
CPYY 2, R) and let g, CE(2) — R be lower semi-continuous on CF(£2) ie
k
liminf g.(yn) > gc(7y) for any sequence v, g .
1. Let Hy = L*([0,1],V). There exists u, € Hy such that J(u.) = min,ecp, J(u)
where

1
u) = / a2t + Aol © Yremp) -
0

2. Assume that g. is I'-semi-differentiable in Cb’“(ﬁ) at Vs = 1" 0 Yeemp With
I-semi-derivative upper bounded by B C L?(T,R?). Then, the solution u.
is in fact in C*([0,1], V) and there exist (4, p:) € CF(£2) x L*(T,R?) such
that

a) Yo = Ytemps P1 = —Ab with b € conv(B) and for any t € [0,1]

Uyt (M) = /TK(m,fyt(s))pt(s)ds, Vi = @1 Vemp and pr = (dpy’1 (1))" (1)

where o, = @} o (p¥)~! and K is the reproducing kernel associated

with V.
b) v and p; are solutions in C*([0,1], L*(T,R?)) of
oy 0
ot a*pH(%P)
(1.24)

dp 0
— —H
o oy (v, p)

where H(y,p) = L [ ‘ply y),v(z))p(z)dxdy.

Proof. The proof of the Theorem 5 follows closely the lines of the proof of
Theorem 1. In particular, introduce F' and G as in equations (1.12) and (1.13),
and for v € Hy, consider OF (u) defined by (1.15) and (1.16). We focus on
the proof of point (2), since point (1) does not differ from Theorem 1. Let
heH ,n>0, e <nand I'(s,e) = 4" (s) where 7 = ©¥ 0 Vyemp. The
mapping I is a smooth perturbation of v, = 4" in Cbk(Q) and if Q(e) =
J(uy +€h) = 3 fo |t + €he|3-dt + Aq(e) where q(€) = go(I'(.,€)), we deduce
from the hypothe51s that there exists b € B such that
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9+ Q(0) < / (tg, ha)dt + / (b(s), (OT/0¢) (5, 0))ds = ((OF (w)h, By,
0 T

where Hy = R x L%(T,R?) and b = (1,b). We need now the following lemma:

Lemma 1. Let F: Hi — M and G : M — RU{+4o00} be two mappings where
Hi is a separable Hilbert space. Let us assume the following:

(H1) There exists u, € Hy such that

GoF(us) = inf GoF(u) < +o0.
ueH,

(H2) For any h € Hy, the function pp () = G o F(us + €h) has left and right
derivatives at 0 and the following holds for a separable Hilbert space Ho
and a bounded subset D of Hy: there exists a linear mapping OF (u.) :
H, — Hy such that, for any h € Hy, there exists b € D with

0" pr(0) < (b, 0F (u,)h). (1.25)

Then, there exists b, € conv(D), the closure in Ho of the conver hull of D,
such that for any h € Hy

(by, OF (us)h) = 0. (1.26)

Proof. Let E be the closure in Hy of the linear space dF (u,)(H;) and 7 the
orthogonal projection on E. Now, let C' = conv(D). From (H2), we get that
C is a non-empty bounded closed convex subset of Hs so that we deduce
from corollary I11.19 in [2] that C is weakly compact. Now, 7 is continuous
for the weak topology so that C= m(C) is weakly compact and thus strongly
closed. From the projection Theorem on closed non-empty convex subsets of
an Hilbert space (Theorem V2 in [2]), we deduce that there exist b. € C such
that |b,| = inf; & |b| and (b,,b—b,) > 0 for any b € C. Considering b, € C
such that m(b,) = b, we deduce eventually that for any b € C,

1.2 = (., b.) < (B, D). (1.27)

Assume that b. #0, and let h € H; such that |5*j— OF (u,)h| < |b.)?/2M
where supg - [b] < M < co. From (H2), there exists b € C' such that

5 pr < (b, 0F (w)h) < (|b.]*/2 = (b,b.))
so that using (1.27), we get
oF o < —lbul2/2 <0

which is in contradiction with (H1). .
Hence b, = 0 and b, is orthogonal to F which gives the result.
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Using the lemma, we deduce that there exists b € B such that for any h € H,

1
/ (g ) vt + A/(b(s),vh(y(s)»wds —0
0 T
where
o = [ ot (ethio it

Denoting p;(s) = —A(dwy'1(7:(s)))*(b(s)), we get eventually for any h € H;

1
/ (s p — / K(., v (s)pt(s)ds, hy)ydt =0.
0 T

so that
unilm) = [ K5 ())pu(s)ds. (1.28)

Given this representation of u, ; the remaining of the proof of Theorem 5 is
identical to Theorem 1.

1.5.3 Momentum description for shape matching via binary images

Coming back to the case of the driving matching term g. defined by

9c(7) = /!2 IXS, = XSiar AT,

the I'-semi-differentiability is given in the following proposition. For a shape
S in S¥(£2), denote by dg the function equal to -1 within S and to 1 outside.

Proposition 1. Let p > k > 1 and assume that V is compactly embedded in
CPYY(2,R). Let Siarg be a Jordan shape in S*(2) and g, : CE(2) — R such
that

dm.

ge(y) = / IXS, = XStare
(9]

Let v € Cf(.Q) be positively oriented. Denote Tog ={ s € T | y1(s) ¢ OStarg }
and

Ty ={s € T\To| ntarg(71(s)) and n1(11(s)) ewist and n1(y1(5)) = nearg(11(s)) },

n' and Ntarg Deing the outward normals to the boundaries of S, and Siarg
(which are well-defined except at a finite number of locations).
Then, g. is I'-semi-differentiable at v, and for any smooth perturbation I”

of v in CF(92), if q(e) = ge(I'(.,€)), we have

97q(0) S/ A50rs (71(5))((OT'/D€)(5,0), n1(71(5))) 071/ Os|ds

To

+/ [((8T/9€)(s,0), n1(71(8)))[|071/s|ds.
T+
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Moreover, if

B={be L*T,R? |
b(s) = ds,u,, (71(8))n1(71(8)) when v1(s) ¢ OStarg and |b(s)| < 1 otherwise },

then the I'-semi-derivatives of g. at y1 are upper bounded by B.

Proof. Let I' be a smooth perturbation of v in CF(£2) and let v(s) =
(0I'/0¢)(s,0). Denote for any e €] —n,n[, Sc = Spr(.,¢), S = 12 \ S, so that
SQ = S’Yl and

/ XS, — XSy [ = / 11— x50, ldmt / 10— x50, |dm = / (1-2xs,.,, )dm+Cst
N St

€ SE

The proof relies on the following remark: for any bounded measurable
function f on (2, we have:

[3 Smydm — [ fmyam = /0 /T F o I'(s,0)|(8I'/8a), (OT/9s)|(s, a)dsda

where |a, b| denotes det(a,b) for a,b € R?. If I" is C! and f is smooth, one
can assume that there exists a diffeomorphism ¢, such that ¢y = id and
for I'(s,e) = @-(I'(s,0)) in which case the result is a consequence of the
divergence Theorem [4]. The general case can be derived by density arguments
that we skip to avoid technicalities.

Denote, for any a,m € R?,

XS 1arg (m) = limsup xs,,,, (M + ta)
‘ t—0,6>0

Since Starg € S’“(()), we can define n,,, the outwards normal to the bound-
ary of Siarg everywhere except in a finite number of locations and we get
immediately that xg, (m) = xs.,(m) for m ¢ 0Sir and x§,, (m) =
(1 —sgn({a, niarg(m))))/2 for {a,n,,) # 0.

Let T' = {s € T | v1(s) € 0Starg, (v(5), Ntarg(71(8))) =0 }. There can be
at most a finite number of points s € T’ such that ((0v1/05), niarg(71(5))) #
0, since this implies that s is isolated in T’. For all other s € T’, we have

((071/0s), ntarg(11(s))) = 0 and |v(s), (0v1/0s)| = 0 so that
0= lim_ (1-2xs,,, oI (s,))|(0I'/0c),(0I'/0s)|(s,a)  (1.29)

a—0,a>0
= (1-2x5 om(s)lu(s), (911/0s)]

We check easily that if s ¢ T’, then v1(s) ¢ 0Starg Or 71(s) € 0Starg and
<U(S)a Ntarg (’Yl (3))> 7é 0, so that

lim 0(1 = 2X8,4,, © I'(5,0))|(0'/0cx), (OI'/0s) (s, ax)

a—0,a>

= (1= 205 0y1(9))[o(s), (9110s)]  (1.30)
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Using the dominated convergence Theorem and equations (1.29) and (1.30),
we deduce

1
lim < / ds, ., dm — ds,r, dm)
e—0,e>0 € S. So
= /Tu — 25 o (s))[u(s), (971 /0s)]ds  (1.31)

(We have dg,,,, = 1 —2xs,,,-) Considering To, T4 and T_ =T\ (ToUT,)
as introduced in Theorem 1 we get

07q(0) = | ds,.,(11())(v(s), 11 (71(5)))|071 /s ds

To

+ / ) m eyl slds ~ / {0l m ()0 /0sids
(1.32)

which ends the proof of Proposition 1.

Given Proposition 1, we can apply immediatly Theorem 5 and get a precise
description of the initial momentum.

Theorem 6. Let p > k > 1 and assume that V is compactly embedded in
Cg“(Q,R). Let Stemp and Siarg be two Jordan shapes in SF(§2). Then the
conclusions of theorem 5 hold for

1 1
0 2

with
p1(s) = AB1(8)|0v1/0s|n1(s)
where
B1(8) = (2XSpare — 1) 071(8) if 71(5) € 2\ OStarg (1.33)

and |61(s)] < 1 for all s. Here ny is the outwards normal to the boundary
08, (which is defined everywhere except on a finite number of points).

Proof. This is a direct consequence of Proposition 1 and Theorem 5.

Using the fact that pi(s) = (dwy'1(1:()))*(p1(s)) a straightforward computa-
tion gives

po(s) = AB1(s)ldeg 1 (0(5))1070/Ds[nf )

where n is the outwards normal to 0Stemp- In particular, assuming an arc-
length parametrization of the boundary of Sics,p, we get that the norm of the
inital momentum is exactly equal to the value of the Jacobian of the optimal
matching at any location s € Ty (see Proposition 1) along the boundary.
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1.6 Application to driving terms based on a potential

In this section, we consider the case

060) = [ Uty = / Usarg (1()) | (s) ds

where Uyqrg > 0 is a function, depending on the target shape, which van-
ishes only for x € 0Si4rg, the main example being the distance function
Utarg(z) = dist(9Starg, ).” However, before dealing specifically with the dis-
tance function, we first address the simpler case of smooth Uy4,4. We moreover
restrict to smooth templates (without corners) to avoid the introduction of
additional singularities. Then, an easy consequence of Theorem 1 is

Theorem 7. Let p > k > 2 and assume that V is compactly embedded in
CgH(Q,R). Let Stemp be a C? Jordan shape and Utarg be a C' function in
R2. Then the conclusions of Theorem 1 hold for

1 1
3 =5 [ it [ Uiaryon(s))oml o

with
p1 = *)\h/i (5)‘(V,Jy_1(s)Utarg - Utarg(ﬂ)/l(s))nl(s)nl(s))

where ny is the normal to 1, K1 s the curvature on v and V,Jy-l(s)Umrg 1s the
normal component of the gradient of Uiarg to 1.

Proof. The hypothesis on Uiqrq obviously implies the continuity of g.. Let
be a C? curve and I' a smooth perturbation of 4. The derivative at 0 of the
function ¢(g) = g.(I'(.,¢€)) is (letting v(s) = (0I'/0¢e)(s,0)):

q'(0) = /T(<V7(5)Umm,v(S))I%(S)I+Umg(v(8))<TS75v/<'98>) ds

= (Vs ~ (T, )7 006
—(Utarg(7(8))Rsns , v(s))) |71 (s)|ds
/Jl‘ <<v’¢(8)Uta7'g’ U(S)> - <Uta7'g(7(5))/€sns 5 U(S») "}/1(8)|d8

where the second equation comes from an integration by parts. This proves
Theorem 7.

9 This can be seen as a form of diffeomorphic active contours since the potential
Utiarg can obviously arise from other contexts, for example from the locations of
discontinuities within an image.
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Now, consider the case Uigrg = dist(0Siqarg, -). This function has singulari-

ties on 0St4rg and on the medial axis, denoted Y44, which consists in points
m € R? which have at least two closest points in 0Starg- Denote

0 Utarg(h) = lim  (Ugarg(m + eh) — Uparg(m)) /e

e—0,e>0
when the limit exists. We assume that there is a subset Xy4,4 C ﬁ’targ such

that

Yiarg \ Ztarg has a finite or number of points.
Ytarg is a union of smooth disjoint curves in R? .
The directional derivatives

87-1_1Utarg(h) = lim (Utarg(m +eh) — Utarg(m))/5 = |(h, ntarg(m»l .

e—0,e>0

exist for m € Yy, and h € R?, and are negative if h is not tangent to
Ytarg- If b is tangent to X4 g, the function U(m + ¢h) is differentiable at
¢ = 0, with derivative denoted 0, Usarg-h.

Let Rigrg = R?\ (0Starg U Ztarg). The gradient of Uyary on this set is
well-defined and has norm 1. On 0S5;4,4, we have Uyqrg = 0 and

8+Utarg(m)(h) = |<h7 ntarg(m)>| .

‘We hayve:
7(0) = / O Unarg (1(5)) (0(s)) /() ds + / Usarg(1(5)) {72 , B0/ 0s)ds

Denote To = v (Rtarg), T+ = v (0Stary) and
T, ={s € T,7(s) € Xtarg, v(s) tangent to Xygrg }

with the convention that 0 is always tangent to Y,.4. For the remaining
points in T (up to a finite number), Ot Uyqrg(m)(v(s)) < 0 so that the first
integral is bounded by

/ (Vs Urarg - 0()) 7/ (5)ds + / ((n(s) , v(s))| |/ (s)]ds
To

Ty

+f O Vi e(s))l (5

We now address the integration by parts needed for the second integral. This
leads to compute the derivative, with respect to s, of Uiarg(v(s)). Consider
the three cases: (i) v(s) € Riarg ; (ii) Y(s) € OStarg and 7/(s) is tangent to
O0Starg 5 (iii) 7(s) € Xtarg and ~/(s) is tangent to Yiarg. Points which are in
none of these categories are isolated in T and therefore do not contribute to
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the integral. In all these cases, the function s+ Uygrg(7y(s)) is differentiable.
Moreover, in case (ii), the differential is 0, and in case (iii), the resulting term
cancels with the integral over T, above. All this together implies that

o q(0) < / (V2 Usarg  0(5)) | (5)ds + / (n(5) , 0(s))]| |7/ (5)ds

To T+

- / Usarg (1(5))ren,ds.

This finally implies

Theorem 8. Let p > k > 2 and assume that V is compactly embedded in
CgH(Q,R). Let Stemp and Siarg be two C* Jordan shapes. Then the conclu-
sions of Theorem 5 hold for

1 1
T =5 [ bt A [ Uiyt ()lont 051
with Upgrg = dist(0Siarg,.) and

p1(s) = =AY (8)[(B1(5) = Utarg(11(5))k1(s))n1(s)

with By (S) = <ViUtaTg7 n1(5)> if '71(5) € Rtarg; B (S) =071 '71(3) S Ztarg
and ()] <1 T 11(8) € DSty

1.7 Existence and uniqueness of the hamiltonian flow

In this short section, we show that the hamiltonian flow exists globally in time
for any inital data in the phase space.

Theorem 9 (Flow Theorem). Assume that V is continuously embedded in
C3(£2,R?) with a C? kernel K having bounded second order derivative. Let
H : L*(T,R?) x L*(T,R?) — R be defined by

H(%p):1

5 | K@) )p)dsdy

Then for any initial data (vo,po) there exists a unique solution (vy,p) €
CY(R, L?(T,R?) x L?(T,R?)) of the ODE

¥ = %H(%p)
(1.34)

_ B
p= *%H(%p)

where OH (v,p)/0p = [ K(v(.),v(v))v(y)dy and
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OH (7,p) /0y = / ()OE (1), ())p(y)dy.

Here, the notation oK (ag, B)v refers to the gradient at ag of the function
a— K (a,be)v.

Proof. The existence of a solution in small time is straightforward since
the smoothness conditions on the kernel imply that there exists M > 0
such that [0H (y,p)/0p — OH(v',p")/0pl2 < M(|p = p'l2 + Ipl2y = 7'[2) and
1(8/07)H(7,p) — (/03 H(+,p)s < M(pl3ly — 7'l + Iplalp — p/|2). Thus
OH /0~ and OH /dp is uniformly Lipschitz on any ball in L?(T,R?) x L?(T, R?).
This implies obviously the local existence and uniqueness of the solution for
any inital data but also that for any maximal solution defined on [0, T with
T > oo, then

I (72 + [pel2) = +o0 (1.35)

The global existence in time follows from standard arguments: Assume
that (¢, p¢) is a maximal solution defined on [0,7] with T' < oo. Since
V is continuously embedded in C}(£2,R?), we deduce that m — wv(m) =
J K(m,v(s"))pe(s")ds defines an element v € V with continuous differ-
ential and such that |dv|ec < Mlv|e with M independent of v. Hence
|OH (¢, p)/07]2 = |dv(y:)(pe)]2 < Mvly = MH(~:,p;)"?. Since H is con-
stant along the solution, we get |y — pola < MT+\/H (9, po) so that |[f]s <

|K |oo(pol2+MT/H(v0,p0)) and |ve—0l2 < [K|oT(|pol2+MT/H (Y0, 10))-

This is in contradiction with (1.35).

1.8 Conclusion

We have spent some time, in this paper, in order to provide, for specific
examples of interest, the Hamiltonian structure of large deformation curve
matching. The central element in this structure, is the momentum p;,t €
[0,1], and the fact that the deformation can be reconstructed exactly from
the template and the knowledge of the initial momentum pyg.

This implies that py can be considered as a relative signature for the de-
formed shape with respect to the template. In all cases, it was a vector-valued
function defined on the unit circle, characterized in fact by a scalar when the
data attachement term is geometric. Because the initial momentum is always
supported by the template, it is possible to add them, or average them with-
out any issue of registering the data, since the work is already done. This facts
lead to simple procedures for statistical shape analysis, when they are based
on the momentum, and some developments have already been provided in [19]
in the case of landmark-based matching.

This paper therefore provides the theoretical basis for the computation of
this representation. Future works will include the refinement and development
of numerical algorithms for its computation. Such algorithms already exist, for
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example, in the case of measure-based matching, but still need to be developed
in the other cases.
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