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Abstract

We consider a large class of piecewise expanding maps T of [0,1] with a neutral
fixed point, and their associated Markov chain Y; whose transition kernel is the Perron-
Frobenius operator of T' with respect to the absolutely continuous invariant probability
measure. We give a large class of unbounded functions f for which the partial sums of
f oT? satisfy both a central limit theorem and a bounded law of the iterated logarithm.
For the same class, we prove that the partial sums of f(Y;) satisfy a strong invariance
principle. When the class is larger, so that the partial sums of f o 7% may belong to
the domain of normal attraction of a stable law of index p € (1,2), we show that the
almost sure rates of convergence in the strong law of large numbers are the same as in

the corresponding i.i.d. case.

Mathematics Subject Classifications (2000): 37E05, 37C30, 60F15.
Key words: Intermittency, almost sure convergence, law of the iterated logarithm, strong

invariance principle.

1 Introduction and main results

1.1 Introduction

The Pomeau-Manneville map is an explicit map of the interval [0, 1], with a neutral fixed
point at 0 and a prescribed behavior there. The statistical properties of this map are very well
known when one considers Holder continuous observables, but much less is known for more

complicated observables.
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Our goal in this paper is twofold. First, we obtain optimal bounds for the behavior of func-
tions of bounded variation with respect to iteration of the Pomeau-Manneville map. Second,
we use these bounds to get a bounded law of the iterated logarithm for a very large class of
observables, that previous techniques were unable to handle.

Since we use bounded variation functions, our arguments do not rely on any kind of Markov
partition for the map T'. Therefore, it turns out that our results hold for a larger class of maps,

that we now describe.

Definition 1.1. A map T :[0,1] — [0, 1] is a generalized Pomeau-Manneville map (or GPM
map) of parameter v € (0,1) if there exist 0 = yo < y1 < ++- < yq = 1 such that, writing
I, = (Yrs Yrr1),

1. The restriction of T to I, admits a C' extension Ty to 1.
2. For k> 1, Ty is C* on I, and T( > 1.

3. Ty is C* on (0,y1], with Tipy(x) > 1 for x € (0,41], T(;)(0) = 1 and T (z) ~ cx? !

when x — 0, for some ¢ > 0.
4. T 1s topologically transitive.

The third condition ensures that 0 is a neutral fixed point of T, with T'(x) = z +dz' 7 (1 +
o(1)) when z — 0. The fourth condition is necessary to avoid situations where there are
several absolutely continuous invariant measures, or where the neutral fixed point does not

belong to the support of the absolutely continuous invariant measure.
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Figure 1: The graph of a GPM map, with d =4



A well known GPM map is the original Pomeau-Manneville map (1980). The Liverani-
Saussol-Vaienti (1999) map

(14227 ifze0,1/2]
2 — 1 if z € (1/2,1]

is also a much studied GPM map of parameter 7. Both of them have a Markov partition, but
this is not the case in general for GPM maps as defined above.

Theorem 1 in Zweimiiller (1998)E] shows that a GPM map 7" admits a unique absolutely
continuous invariant probability measure v, with density h,. Moreover, it is ergodic, has full
support, and h,(x)/x~7 is bounded from above and below.

From the ergodic theorem, we know that S, (f) = n=" > (foT —v(f)) converges almost
everywhere to 0 when the function f :[0,1] — R is integrable. If f is Holder continuous, the
behavior of S, (f) is very well understood, thanks to Young (1999) and Melbourne-Nicol (2005):
these sums satisfy the almost sure invariance principle for v < 1/2 (in particular, the central
limit theorem and the law of the iterated logarithm hold). For the Liverani-Saussol-Vaienti
map, Gouézel (2004a) shows that, when v € (1/2,1) and f is Lipschitz continuous, S,(f)
suitably renormalized converges to a gaussian law (resp. a stable law) if f(0) = v(f) (resp.
1(0) # v(f)).

On the other hand, when f is less regular, much less is known. If f has finitely many
discontinuities and is otherwise Hélder continuous, the construction of Young (1999) could
be adapted to obtain a tower avoiding the discontinuities of f — the almost sure invariance
principle follows when v < 1/2. However, functions with countably many discontinuities are
not easily amenable to the tower method, and neither are very simple unbounded functions
such as g(z) = In|z — xo| or go(x) = |x — x|* for any xy # 0. This is far less satisfactory
than the i.i.d. situation, where optimal moment conditions for the invariance principle or the
central limit theorem are known, and it seems especially interesting to devise new methods
than can handle functions under moment conditions as close to the optimum as possible.

For the Liverani-Saussol-Vaienti maps, using martingale techniques, Dedecker and Prieur
(2009) proved that the central limit theorem holds for a much larger class of functions (in-
cluding all the functions of bounded variation and several piecewise monotonic unbounded
discontinuous functions, for instance the functions g and g, above up to the optimal value of
a) — our arguments below show that their results in fact hold for all GPM maps, not only
markovian ones. Our main goal in this article is to prove the bounded law of the iterated
logarithm for the same class of functions. We shall also make use of martingale techniques,
but we will also need a more precise control on the behavior of bounded variation functions

under the iteration of GPM maps.

'This theorem does not apply directly to our maps since they do not satisfy its assumption (A). However,
this assumption is only used to show that the jump transformation T satisfies (AFU), and this follows in our
setting from the distortion estimates of Lemma 5 in Young (1999).



The main steps of our approach are the following:

1. The main probabilistic tool. Let (Y1,Ys,...) be an arbitrary stationary process. We
describe in Paragraph a coefficient o which measures (in a weak way) the asymptotic
independence in this process, and was introduced in Rio (2000). It is weaker than the
usual mixing coefficient of Rosenblatt (1956), since it only involves events of the form
{V; < z;}, x; € R. In particular, it can tend to 0 for some processes that are not
Rosenblatt mixing (this will be the case for the processes to be studied below). Thanks
to its definition, o behaves well under the composition with monotonic maps of the real
line. This coefficient @ contains enough information to prove the maximal inequality
stated in Proposition , by following the approach of Merlevede (2008). In turn,
this inequality implies (a statement more precise than) the bounded law of the iterated
logarithm given in Theorem [1.13] for processes of the form (f(Y7), f(Y2),...) where

(Y1,Y5,...) has a well behaved « coefficient, and f belongs to a large class of functions.

2. The main dynamical tool. Let K denote the Perron-Frobenius operator of 7" with respect

to v, given by

1 h(y)

Kf(z) = mT%:gg mf(y)a (1.1)
where h is the density of v. For any bounded measurable functions f, g, it satisfies
v(f-goT)=uv(K(f)g). Since v is invariant by 7', one has K (1) = 1, so that K is a
Markov operator. Following the approach of Gouézel (2007), we will study the operator
K on the space BV of bounded variation functions, show that its iterates are uniformly
bounded, and estimate the contraction of K™ from BV to L' (in Propositions and
1.16|).

3. Let us denote by (Y;);>1 a stationary Markov chain with invariant measure v and tran-
sition kernel K. Since the mixing coefficient « involves events of the form {Y; < z;},
it can be read from the behavior of K on BV. Therefore, the previous estimates yield
a precise control of the coefficient « of this process. With Theorem this gives a
bounded law of the iterated logarithm for the process (f(Y1), f(Y2),...).

4. It is well known that on the probability space ([0, 1],v), the random variable (f, f o
T,..., foT™ ) isdistributed as (f(Y,), f(Ya_1),- .., f(Y1)). Since there is a phenomenon
of time reversal, the law of the iterated logarithm for (f(Y}7), f(Y2),...) does not imply
the same result for (f, foT,...). However, the technical statement of Theorem is
essentially invariant under time reversal, and therefore also gives a bounded law of the
iterated logarithm for S, (f).

In the next three paragraphs, we describe our results more precisely. The proofs are given

in the remaining sections.



Remark 1.2. The class of maps covered by our results could be further extended, as follows.
First, we could allow finitely many neutral fixed point, instead of a single one (possibly with
different behaviors). Second, we could allow infinitely many monotonicity branches for 7' if,
away from the neutral fixed points, the quantity |7”]/(T”)? remains bounded, and the set
{T(Z)}, for Z a monotonicity interval, is finite (this is for instance satisfied if all branches but
finitely many are onto). Finally, we could drop the topological transitivity.

The ergodic properties of this larger class of maps is fully understood thanks to the work
of Zweimiiller (1998): there are finitely many invariant measures instead of a single one, and
the support of each of these measures is a finite union of intervals. Our arguments still apply
in this broader context, although notations and statements become more involved. For the

sake of simplicity, we shall only consider the class of GPM maps (which is already quite large).

1.2 Statements of the results for intermittent maps

Definition 1.3. A function H from R, to [0,1] is a tail function if it is non-increasing, right

continuous, converges to zero at infinity, and x — xH(x) is integrable.

Definition 1.4. If u is a probability measure on R and H is a tail function, let Mon(H, 1)
denote the set of functions f : R — R which are monotonic on some open interval and null
elsewhere and such that u(|f| > t) < H(t). Let F(H,u) be the closure in L*(u) of the set of
functions which can be written as Zle ag fo, where Zle lag| <1 and f, € Mon(H, ).

Note that a function belonging to F(H, 1) is allowed to blow up at an infinite number of
points. Note also that any function f with bounded variation (BV) such that |f| < M; and
|df|| < M; belongs to the class F(H, i) for any p and the tail function H = Lo ar, 120) (here
and henceforth, [|df|| denotes the variation norm of the signed measure df). Moreover, if a
function f is piecewise monotonic with N branches, then it belongs to F(H, u) for H(t) =
w(|f| > t/N). Finally, let us emphasize that there is no requirement on the modulus of
continuity for functions in F(H, u)

Our first result is a bounded law of the iterated logarithm, when 0 < v < 1/2.

Theorem 1.5. Let T' be a GPM map with parameter v € (0,1/2) and invariant measure v.
Let H be a tail function with

1—2~

/OOO 2(H(2) " dz < oo (1.2)

Then, for any f € F(H,v), the series

o =v((f = v()?)+2D_v((f = v(f)foT"

k>0

converges absolutely to some nonnegative number. Moreover,



1. There exists a nonnegative constant A such that

00
1
E —r| max
n 1<k<n
n=1

and consequentlif]

e
—

(foTi — V(f))‘ > Ay/n ln(ln(n))> <0, (1.3)

Il
=)

i

n—1
lim sup Z(f oT" — V(f))’ < A, almost everywhere.

1
s~ >

2. Let (Yi)i>1 be a stationary Markov chain with transition kernel K and invariant measure
v, and let X; = f(Y;) — v(f). Enlarging if necessary the underlying probability space,
there exists a sequence (Z;);>1 of i.i.d. gaussian random variables with mean zero and

variance o such that

’Zn:(Xi — Zi)

= o(y/nln(In(n))), almost surely. (1.4)

In particular, we infer that the bounded law holds for any BV function f provided
that v < 1/2. Note also that is satisfied provided that H(x) < Cz~21=/0=29)(In(z))~*
for = large enough and b > (1 —v)/(1 — 2v). Let us consider two simple examples. Since the
density h, of v is such that h,(z) < Cx™ on (0, 1], one can easily prove that:

1. If f is positive and non increasing on (0, 1), with

C
fla) < 22072 In(z) [

then (1.3]) and ((1.4) hold.

2. If f is positive and non decreasing on (0, 1), with

near 0, for some b > 1/2,

C
(1— 2)0-20/C29)[In(1 — 2]’

then (T.3) and (T.4) hold.

In fact, if f € F(H,v) for some H satisfying (1.2)) then the central limit theorem and the

weak invariance principle hold. This can be easily deduced from the proof of Theorem 4.1 in

f(z) <

near 1, for some b > 1/2,

Dedecker and Prieur (2009) and by using the upper bound for the coefficient o v (k) given in
Proposition [L.17] (which improves on the corresponding bound in Dedecker and Prieur (2009)).
Hence, if f is as in Item 1 above, both the central limit theorem and the bounded law of the
iterated logarithm hold.

Zsee e.g. Stout (1974), Chapter 5.



An open question is: can we obtain the almost sure invariance principle for the
sequence (foT");>q instead of (f(Y;));>1? According to the discussion in Melbourne and Nicol
(2005), this appears to be a rather delicate question. Indeed, to obtain Item 2 of Theorem
, we use first a maximal inequality for the partial sums Zle f(Y;) and next a result by
Volny and Samek (2000) on the approximating martingale. As pointed out by Melbourne
and Nicol (2005, Remark 1.1), we cannot go back to the sequence (f o T"%);>, because the
system is not closed under time reversal. Using another approach, going back to Philipp and
Stout (1975) and Hofbauer and Keller (1982), Melbourne and Nicol (2005) have proved the
almost sure invariance principle for (f o T%);>o when v < 1/2 and f is any Holder continuous
function, with a better error bound O(n'/?7¢) for some € > 0. As a consequence, their result
imply the functional law of the iterated logarithm for Holder continuous function, which is
much more precise than the bounded law. However, our approach is clearly distinct from that
of Melbourne and Nicol (2005), for we cannot deduce the control from an almost sure

invariance principle.

In the next theorem, we give rates of convergence in the strong law of large numbers under

weaker conditions than ([1.2)), which do not imply the central limit theorem.

Theorem 1.6. Let 1 <p <2 and 0 <~y < 1/p. Let T be a GPM map with parameter v and

imvariant measure v. Let H be a tail function with

/O TV H(2)) T d < oo (1.5)

Then, for any f € F(H,v) and any € > 0, one has

Ek:(f 0T — y(f))‘ > nl/%) <. (1.6)

n=1 =1

Consequently, n=/P>"1_ (f o T — v(f)) converges to 0 almost everywhere.

Note that (L.5)) is satisfied provided that H(x) < CaxPU=0/0=r)(In(x))" for x large
enough and b > (1 —~)/(1 — p7y). For instance, one can easily prove that, for 1 < p < 2 and
0<y<1/p,

1. If f is positive and non increasing on (0, 1), with

C

Q;(l—m)/p| In(z)|

fx) <

near 0, for some b > 1/p,

then (1.6]) holds.

2. If f is positive and non decreasing on (0, 1), with

C
(1 — x)(lfp’Y)/(P*p’Y)’ ln(l — gj)|b

flz) <

near 1, for some b > 1/p,



then (1.6]) holds.

The condition (1.5 of Theorem means exactly that the probability pg, ., on Ry such
1—
that pupyp,((x,00)) = (H(x)) ™ has a moment of order p. Let us see what happen if we only

assume that pp, . has a weak moment of order p.

Theorem 1.7. Let 1 <p <2 and 0 <~y < 1/p. Let T be a GPM map with parameter v and

wmvariant measure v. Let H be a tail function with

1—py

(H(z)) ™5 < CaP. (1.7)

Then, for any f € F(H,v), any b > 1/p and any € > 0, one has

)
1

E —rV| max
n 1<k<n

n=1

k—

S (foT —u(f)] = nl/p(ln(n))b&t) < 0. (1.8)

=0

,_.

Consequently, n=Y/?(In(n)) > 3"}~ O(f oT" —v(f)) converges to 0 almost everywhere.
Applying Theorem [L.7, one can easily prove that, for 1 < p <2 and 0 <y < 1/p,
1. If f is positive and non increasing on (0,1), with f(z) < Ca~(1="/? then (I.§) holds.

2. If f is positive and non decreasing on (0,1), with f(z) < C(1 — x)~(=P/(P=P") then

(T8) holds.

This requires additional comments. Gouézel (2004a) proved that if f is exactly of the form
flz) =2 0=P/P for 1 < p<2and 0 <y < 1/p, then n= /3" 1 (f o T? — v(f)) converges
in distribution on ([0, 1], ) to a centered one-sided stable law of index p, that is a stable law
whose distribution function F® is such that 2?7 F®)(—x) — 0 and 2P(1 — F®)(z)) — ¢, as
z — 00, with ¢ > 0. Our theorem shows that n=1/?(In(n)) (37, (f o T" — v(f))) converges
almost everywhere to zero for b > 1/p. This is in total accordance with the i.i.d. situation,
as we describe now. Let (X;);>1 be a sequence of i.i.d. centered random variables satisfying
n~YP(X 4+ X,) — F®_ Tt is well known (see for instance Feller (1966), page 547) that this
is equivalent to 2?P(X; < —z) — 0 and 2PP(X; > z) — ¢ as * — oo. For any nondecreasing
sequence (by,),>1 of positive numbers, either (X;+- -+ X,,)/b, converges to zero almost surely
or imsup,,_, | X1 + -+ + X,|/b, = 0o almost surely, according as Y>>, P(|X;| > b,) < oo or
Yo P(|X4| > b,) = oo — this follows from the proof of Theorem 3 in Heyde (1969). If one
takes b, = n'/P(In(n))® we obtain the constraint b > 1/p for the almost sure convergence of
n~YP(In(n)) (X, +-- -+ X,,) to zero. This is exactly the same constraint as in our dynamical
situation.

Let us comment now on the case p = 2. In his (2004a) paper, Gouézel also proved that
if f is exactly of the form f(z) = 27(17=29)/2 then the central limit theorem holds with the
normalization \/m . As mentioned above such an f belongs to the class F(H, v) for some



H satisfying with p = 2, which means that p15 2, has a weak moment of order 2. This
again is in accordance with the i.i.d. situation. Let (X;);>1 be a sequence of i.i.d. centered
random variables such that z°P(X; < —x) — ¢; and 2°P(X; > z) — ¢, as x tends to infinity,
with ¢; + ¢ = 1. Then (nln(n))~Y2(X; + -+ + X,,) converges in distribution to a standard

gaussian distribution, but according to Theorem 1 in Feller (1968),

. 1 n
lim sup Z Xi = o0.
n—00 \/n ln(n) ln(ln(n)) i=1

Moreover, if (b,),>1 is a non decreasing sequence such that b,//nIn(n)In(In(n)) — oo (plus
the mild conditions (2.1) and (2.2) in Feller’s paper), then either (X +- - -+ X,,)/b,, converges
to zero almost surely or limsup,,_, . |X1 + -+ + X,|/bn = oo almost surely, according as
S P X1] > by) < o0 or Y00 P(|Xy] > b,) = oo. If one takes b, = n'/?(In(n))® we obtain
the constraint b > 1/2 for the almost sure convergence of n=/2(In(n))~*(X; + --- + X,,) to

zero. This is exactly the same constraint as in our dynamical situation.

1.3 A general result for stationary sequences

Before stating the maximal inequality proved in this paper, we shall introduce some definitions

and notations.

Definition 1.8. For any nonnegative random variable X, define the “upper tail” quantile
function Qx by Qx(u) =inf{t > 0:P(X >1t) < u}.

This function is defined on [0, 1], non-increasing, right continuous, and has the same dis-
tribution as X. This makes it very convenient to express the tail properties of X using Q)x.
For instance, for 0 < & < 1, if the distribution of X has no atom at Qx(g), then

E(XTx>0x()) = sup E(X]IA):/ Qx(u)du .
P(A)<e 0

Definition 1.9. Let u be the probability distribution of a random wvariable X. If Q) is an

integrable quantile function, let Mon(Q, p) be the set of functions g which are monotonic on

some open interval of R and null elsewhere and such that Qqx) < Q. Let ~7::(Q,/JL) be the

closure in L' () of the set of functions which can be written as Y 1, agfe, where 3 p_ |ag| <1
and f, belongs to Mon(Q, p).

This definition is similar to Definition [1.4] we only use quantile functions instead of tail
functions. There is in fact a complete equivalence between these two points of view: if () is
a quantile function and H is its cadlag inverse, then %(Q, 1) = Mon(H, i) and F(Q, p) =
F(H, ).

Let now (2, A,P) be a probability space, and let 6 : Q — 2 be a bijective bimeasurable
transformation preserving the probability P. Let M, be a sub-g-algebra of A satisfying



Mo C 071 My).

Definition 1.10. For any integrable random variable X, let us write X = X — E(X). For

any random variable Y = (Y1, -+ | Yy) with values in R* and any o-algebra F, let
i (0)
Oé(fa Y) = sup (H ]lY <xj )
(1’1 ..... (Ek ERk j=1 1

For a sequence Y = (Y;)icz, where Y; = Yy 00" and Yy is an My-measurable and real-valued

random variable, let

ary(n) =max  sup a(Mo, (Vi,...,Y;)). (1.9)

1<i<k n<i1<...<q
The following maximal inequality is crucial for the proof of Theorem below.

Proposition 1.11. Let X; = f(V;) —E(f(Y;)), where Y; = Yy 06" and f belongs to F(Q, Py,)
(here, Py, denotes the distribution of Yy, and Q is a square integrable quantile function).
Define the coefficients ayy(n) and asy(n) as in (1.9). Let n € N. Let

R(u) = (min{qg € N : apv(q) < ulAn)Q(u) and S(v) = R~ (v) = inf{u € [0,1] : R(u) <v}.

Let S, =Y 5 Xy Foranyxz >0,r>1, and s, > 0 with s2 > 4ny ., O”Y QQ()

one has

2.2 2 2 6 16 S(z/r)
]P( sup |Sk| > 51’) < 4exp g (2 —i—n(— + —$)/ Q(u)du,  (1.10)
1<k<n 812 rs? x  rs2/ ),

where h(u) := (1 4+ u)In(1 4+ u) — u.

Remark 1.12. Note that a similar bound for a-mixing sequences in the sense of Rosenblatt
(1956) has been proved in Merlevede (2008, Theorem 1). Since h(u) > wlIn(1 + u)/2, under

the notation and assumptions of the above theorem, we get that for any x > 0 and r > 1,

—r/8 S(z/r)
2 1
IP( sup |Sk| > 5x> < 4 (1 + i) +n<6 + E) / Q(u)du.  (1.11)
0

1<k<n rs2 rs2

Theorem is in fact a corollary of the following theorem, which gives both a precise
control of the tail of the partial sums by applying Proposition [1.11] and a strong invariance
principle for the partial sums.

Let Z be the o-algebra of all f-invariant sets. The map 6 is P-ergodic if each element of 7

has measure 0 or 1.

Theorem 1.13. Let Y;, X; and S, be as in Proposition [1.11 Assume that the following

10



condition 1s satisfied:

az v (k)
Z/ ' Q*(u)du < oo (1.12)
0

k>1

Then the series 0® =, ., Cov(Xo, X)) converges absolutely to some nonnegative number o,

and
1 o,y (k) 1/2
Z —]P’( sup |Sk| > A\/inn(ln(n))) < 00, with A = 20(2/ Qg(u)du> (1.13)
ns0 v NkeE[Ln] k>0 /0

Assume moreover that 6 is P-ergodic. Then, enlarging €2 if necessary, there exists a sequence

(Zi)iso of i.i.d. gaussian random variables with mean zero and variance o* such that

=1

Remark 1.14. The strong invariance principle for a-mixing sequences (in the sense of Rosen-
blatt (1956)) given in Rio (1995) Theorem 2, can be easily deduced from (1.14]). Note that

the optimality of Rio’s result is discussed in Theorem 3 of his paper.

= o(y/nlIn(In(n))), almost surely. (1.14)

1.4 Dependence coefficients for intermittent maps

Let 6 be the shift operator from RZ to RZ defined by (6(x)); = w41, and let m; be the projection
from RZ to R defined by m;(x) = z;. Let Y = (Y;);>0 be a stationary real-valued Markov chain
with transition kernel K and invariant measure v. By Kolmogorov’s extension theorem, there
exists a shift-invariant probability P on (RZ, (B(R))%), such that m = (m;);>0 is distributed
as Y. Let My = o(m;,i < 0). We define the coefficient oy v (n) of the chain (Y;);>o via its
extension (7;)iez: oy (n) = o r(n).

Note that these coefficients may be written in terms of the kernel K as follows. Let
f© = f —u(f). For any non-negative integers ni,ns, ..., ny, and any bounded measurable
functions fi, fo, ..., fr, define

KOt (i fo, o fi) = (KM AK™ (K" (f - K (K™ (£) )™

Let BV, be space of bounded variation functions f such that ||df|] < 1, where ||df]| is the

variation norm on R of the measure df. We have

N1,N,....n) 0 0 0
gy (n) = sup sup sup  v(|K©@mzen) (pO g0 Oy S (1.15)
1<I<k n1>n,m2>0,..0;>0 f1,...,f1€BV1

Let us now fix a GPM map T of parameter vy € (0,1). Denote by v its absolutely continuous
invariant probability measure, and by K its Perron-Frobenius operator with respect to v. Let

Y = (Y;)i>0 be a stationary Markov chain with invariant measure v and transition kernel K.

11



The following proposition shows that the iterates of K on BV are uniformly bounded.

Proposition 1.15. There exists C' > 0, not depending on n, such that for any BV function
foAldE™ ()] < Cldfl)-

The following covariance inequality implies an estimate on o y.

Proposition 1.16. There exists B > 0 such that, for any bounded function @, any BV
function f and any n > 0

B
(e o™ - (f = (I = =5 1l elloo - (1.16)

Putting together the last two propositions and ((1.15]), we obtain the following:

Proposition 1.17. For any positive integer k, there exists a constant C' such that, for any

n >0,
C

n(l—"f)/’Y ’
Proof. Let f € BV; and g € BV with ||g||.c < 1. Then, applying Proposition we obtain
for any n > 0,

apy(n) <

ld(FOE™ ) < lldfllgllee + 1B (@)1l f PNl < 1+ Clldg]. (1.17)

For fi,.... fi € BVy, let f = fUK™(f7 K (fy0 - Ko (2K (£)) - -). Tterating
Inequality ((1.17)), we obtain, for any ny,...,n; >0, ||df|| < 1+C+C?*+-- -+ C*L. Together
with the bound (1.15]) for ay y(n), this implies that

Oéhy(n) S (1 + C + 02 +--+ Ckil)OéLy(n) .

Now the upper bound (1.16) means exactly that a;y(n) < Bn(O~Y/7 which concludes the
proof of Proposition ((1.17]). [

Proposition |1.17/improves on the corresponding upper bound given in Dedecker and Prieur
(2009). Let us mention that this upper bound is optimal: the lower bound .y (n) > C'n0=Y/7
was given in Dedecker and Prieur (2009) for Liverani-Saussol-Vaienti maps, and is a conse-
quence in this markovian context of the lower bound for v(p o T™ - (f — v(f))) given by Sarig
(2002), Corollary 1. Our techniques imply that this lower bound also holds in the general
setting of GPM maps.

In the rest of the paper, we prove the previous results. First, in Section [2| we prove the
results of Paragraph [[.3] which are essentially of probabilistic nature. In Section [3| we study
the transfer operator of a GPM map 7', to prove the dynamical results of Paragraph [I.4]
Finally, in the last section, we put together all those results (and arguments of Dedecker and
Merlevede (2007)) to prove the main theorems of Paragraph [1.2]

In the rest of this paper, C' and D are positive constants that may vary from line to line.
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2 Proofs of the probabilistic results

2.1 Proof of Proposition [1.11

Assume first that X; = Zle agfo(Y;) — ZeLzl acE(fo(Y;)), with f, belonging to 1\//[5;1(62, Py,)
and 31 as| < 1. Let M > 0 and gy () = (z A M)V (=M). For any i > 0, we first define

~

X! = ZaggMofg =Y aB(gyo fi(Y;)) and X[ =X; - X].
=1
Let S, = > X/ and S/ = > " | X/. Let g be a positive integer and for 1 <1i < [n/q],
define the random variables U] = S; — S, _, and U/’ = S}, — Sji_ .
Let us first show that

ZU

If the maximum of |Sk| is obtained for k = ky, then for jo = [ko/q],

max |Sg| < max +2qM + Z | X, | (2.1)

1<k<n 1<5<[n/q]

ko kO
max |9 < Z|U{’\+ dIX+ DD Ixd.
i=1 k=gjo+1 k=gjo+1

Since | X;| < 2M S0, |ag] < 2M, and S0 |UY| < S | XV, this concludes the proof of
2.

For all i > 1, let FV = M,,, where M; = 67%(M,). We define a sequence (U;);>1 by
U, = U — E(U/|FY,). The sequences (Us_1)i>1 and (Us)i>1 are sequences of martingale
differences with respect respectively to (F%_,) and (FY). Substituting the variables U; to the
initial variables, in the inequality , we derive the following upper bound

[n/q]
Zw4+ZW’m+ZM

(2.2)

max |Sk| < 2¢M + max
1<k< 2<25<[n/q]

E U‘ max
1<25-1<[n/q]

Since Zle lag] < 1, |U!| < 2gM almost surely. Consequently |U;| < 4¢M almost surely.
Applying Proposition of the appendix with y = 2s2, we derive that

Z U22

s2 2uqM
>x><2“p(8@MVh< 2 )>

/s
+P( > B0 2 252)

IP’( max

2<2j<[n/q]

13



Since E(ﬁ§i|}—2U(¢_1)) < E((Uéi)2|f2U(i—1))7

([n/q]/2] [[n/q]/2]
P( Z U2z‘|]:2U(z‘—1)) = 25%) < P( Z ((Uz) |]'—2 (i—1) ) > 232) : (2.4)

By stationarity

[[n/4l/2]
> E(U5)?) = [[n/q)/2IE(S,)* = [[n/q)/2] > _(q — iE(X(X];) -
i=1 li]<q

Now,

L L
E(XpX[y) = > > acar Cov(gar o fo(Yo), gar © fi Vo))
=1 k=1
Applying Theorem 1.1 in Rio (2000) and noticing that Qg0 v, (v) < Q)f,vi, (1) < Q(u),
we derive that

2a(gnrofe(Yo),garofx(Yis))) )
| Cov (gar © fe(Yo), g o fr(Viy))| < 2/ Q" (u)du,
0

where

d(gM © fé(YO)agM © fk(YIz\)) = : Stl)lp]RQ ’ COV( grmofe(Yo)<s» ]lgMOfk(Y\ \)<t)}
s,t)e

Since gps o fx is monotonic on an interval and zero elsewhere, it follows that {gys o fr(z) < t}

is either some interval or the complement of some interval. Hence

a(gar o foe(Yo), gn o fu(Yii)) < 2a(gar o fe(Y0), Vi) < aa([i])

Consequently since 377, |a,| < 1, we get that

201,y ([4]) a,y (|i)
E(X)X},) <2 / Q(u)du < 4 / Q(u)du, (2.5)
0 0
so that
[ln/4]/2] a1,y (
Z (U5)?) < 4nZ/ u)du < 82 .
i=1

This bound and Markov’s inequality imply that

[[n/q]/2] 1 [ln/q]/2]
P( > E(UR)AFH) 2 22) < > EIE((U3)A1F) —E(W5)D].  (26)
=1 noog=1

Obviously similar computations allow to treat the quantity max;<s;j_1<in/q ’2?:1 (Nfgi,1|.
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Hence we get that

s2 2wqM
> < n
<2<§§13[}5/q1 R P ZUQ’ 1‘ 2$> 4eXp( 8(qM)2h< s3 ))
[n/q]
JF—ZIEIIE )M i—2)0) — E((U))*)].
By stationarity we have
[n/q] n
Z IE((U —2)g) = E((U})?)]h < —IIE((S;)QIM—q) —E((S)*)h
2 (2.7)
< - Z Z IE(X; XG[Mo) — E(X;X)||1 -
1=q+1 j=q+1
Let us now prove that
IE(X7XG [ Mo) — E(XX))|h < 16M sy (q). (2.8)

Setting A := sign{E(X;X}|M,) — E(X]X})}, we have that

IE(X/X}1Mo) — E(X[X) | = E{ A(E(X[X[|Mo) — E(X[X))) } = E((A— EA)X[X])
= ararE((A —EA) (g o fo(Vi) — Egar o fo(Y))(gar o fu(Y;) — Egar o fu(Y5))) -

(=1 k=1

From Proposition 6.1 and Lemma 6.1 in Dedecker and Rio (2008), noticing that Q4 (u) < 1
and Q|g,,05,(vy)| () < M, we have that

IE((A —EA)(gn © fo(Yi) — Egar o fo(Y2) (g0 © fu(Y;) — Egur o fi(Y)))]
< 8MPa(A, gur o fo(Y3), gar © fr(Y5))

where for real valued random variables A, B,V ,

a(A, B V)= sup |E((Lacs —P(A <5))(lp<e —P(B < 1)(Lv<w — P(V <))l

(s,t,u)eR3

For all 7,7 > q,

(A, gu o fo(Yi), gur o fr(Y;)) < 4a(A,Y;,Y)) < 200 v(q) -

15



This concludes the proof of (2.8]). Together with ([2.7]), this yields

[n/q]
ZEE )2 Mi-a)g) — E(U;)?| < 16ngM?as v (q) - (2.9)

It follows that

J
P, max [320a+ |3 Oa| 2 20)
T DL R Z 2| 2 2

s2 2eqM 16ngM
<4exp (_8(q]\/[)2h ( )) + Masy(q). (2.10)

Now by using Markov’s inequality, we get that

[n/q]

]P’(Z|U’ U|+Z|X ENE

By stationarity, we have that

[n/d]

(ZHE Ul M )||1+Z||Xz'f'||1>.
k=1

SR

[n/q]
Y EUI M)l < — Z [E(XG M)l
=1 qz q+1

Setting A = sign{E(X/| M)}, we get that

[E(X[Mo)lli = E((A - EA)X ZaeE ((A=EA)(gur o fo(Yi) — Egar o fu(Y3)))

Now applying again Theorem 1.1 in Rio (2000), and using the fact that Q4,,0,vy)(u) < Q(u),

we derive that

2a(A,gnofe(Yi))
IE((A—EA)(gn o fe(Y;) — Egar o fo(Y3))) < 2/ Q(u)du .
0
Since for all ¢ > g,

(A, gur o fi(Yi) < 2a(AY;) < any(i) < agy(i),

we derive that

Oég’y(i)
BCCM <4 [ Quuda, 211
0
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which implies that

[n/q]

az,v(q) n
P(ZW' U|+Z|X”|> ) /O Q@)dwiZEuX,ﬂ). (2.12)

k=1

Then starting from (2.2)), if ¢ and M are chosen in such a way that ¢M < z, we derive from
(2.10) and (2.12) that

s2 2xqM 16ngM
P s 54l > 57) < 4eXp( 8(qM)2h( 52 )) 2 Maax(q)
An [2¥(@) 1 <& , (2‘13)
+— D Q(u)du+;ZE(|Xk|).
k=1

Now choose v = S(z/r), ¢ = min{qg € N : asy(q) <v} An and M = Q(v). Since R is right

continuous, we have R(S(w)) < w for any w, hence
gM = R(v) = R(S(z/r)) <z/r <w.

Note also that, writing ¢y (z) = (Jx| — M),

ZE|XIQI <22’W|ZE o (fe(Yr)))
=1

and that Qu,(r.(vi)) < Q|f/z(Yk)|]l[0»U] < Q]l[oﬂ’}' Consequently

ZE|X” <2ZraerZ / Qo dn <20 [ Q (2.14)
/=1

Assume ﬁrst q < n. The choice of ¢ then implies that asy(¢) < v and Masy(q) <
) < fy Q(u)du. Moreover, as ¢M < x/r, we have

1 b 2eqM Z e h 222 ’
(gM)? s2 22" \rs?
since the function ¢ — t~2h(t) is decreasing. Together with (2.13) and (2.14)), this gives the

desired inequality ([1.10]).
If ¢ = n, the previous argument breaks down since we may have asy(q) > v. How-

ever, a much simpler argument is available. Indeed, bounding simply X/ by 2M, we obtain
maxi<p<n |Sk| < 2¢M + > ",_, | X}!|. Since 2¢M < 2z, this gives

IF’( max |Sy| > 5x) < i;EﬂX{g’D

1<k<n
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With , this again implies .

The proposition is proved for any variable X; = f(V;) — E(f(V;)) with f = 3.7, asf, and
fr € 1\7[&(@, Py.), S |ag| < 1. Since these functions are dense in F(Q, Py,) by definition, the
result follows by applying Fatou’s lemma. O]

2.2 Proof of Theorem [1.13l

Let us first prove the inequality (1.13)). We follow the proof of Theorem 6.4 page 89 in Rio
(2000), and we use the same notations: Lz = In(xVe) and LLx = In(In(z Ve) Ve). Let A be

as in (1.13). We apply Proposition with

r=r,=8LLn, x=ux,=(AV2nLLn)/5 and s, = ,/\/Tn.

We obtain
! P sup |Si| > AV g
— su > 2nLLn> <4 + 22 /
2P 15 > Ry

Clearly the first series on right hand converges. From the end of the proof of Theorem 6.4 in
Rio (2000), we see that the second series on the right hand side converges. This completes the

proof of (1.13)).

Note that the inequality (1.13]) implies that

EX o,y (k) 1/2
lim sup ————= < 20 Z/ Qz(u)du> almost surely . (2.15)
n—oo 2nLLn >0 0

We turn now to the proof of (1.14]). Assume that 6 is P-ergodic. In 1973, Gordin (see also
Esseen and Janson (1985)) proved that if

D IE(Xk|Mo)r < oo (2.16)
k>1
and .
lim inf —IE Xl ) < o0, (2.17)
oo/ (‘ ; ’“D

then Xog = Do+ Zy — Zy o 0, where || Zy||; < oo, E(D?) < oo, Dy is My-measurable, and
E(Do|M_1) =0
Notice now that by a similar computation than to get (2.11), we have that

a1,y (k)
B <4 [ Qud (2.15)

Hence (1.12) implies (2.16). Now clearly (2.17) holds as soon as > ;| Cov(Xy, Xi)| < o0
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which holds under (|1.12)) by applying the upper bound (2.5) with M = oo (note that this also
justifies the convergence of the series o2).
Consequently, if we set D; = Dy o 6, and Z; = Zy o 6°, we then obtain under (1.12)) that

Sn - Mn + Zl - Zn+1 5 (219)

where M,, = Z?Zl D, is a martingale in L? and Z; is integrable. Now follows by the
almost sure invariance principle for martingales (see Theorem 3.1 in Berger (1990)) if we can
prove that

Z, = o(v/nLLn), almost surely. (2.20)

According to the lemma page 428 in Volny and Samek (2000), we have either (2.20)) or

Z.
P(limsup \/% = oo> =1. (2.21)

Using the decomposition (2.19)), the fact that M, satisfies the law of the iterated logarithm

and that S, satisfies (2.15]), it is clear that (2.21)) cannot hold, which then proves (2.20]) and
ends the proof of (1.14]). O

3 Proofs of the dynamical estimates

If f is supported in [0, 1], let V/(f) be the variation of the function f, given by

V(f)= sup Z |f(is1) = fza)],

ro<-<TN i—1

where the x;s are real numbers (not necessarily in [0,1]). Note that V(.) is a norm and that
V(f - 9) < V() V(9).

Let us fix once and for all a GPM map T : [0,1] — [0,1] of parameter v € (0,1). Let
v+ Teyly — I, be the inverse branches of 7. Consider M = {m € {1,...,d -1} : 0 €
TimyIm}, and let 2o € (0,y1) be so small that v, is well defined on [0, 2] for any m € M, vy is
decreasing on (0, 2] (this is possible since vg(z) < 0 for small x), and Ty Ir N [0, 2] = O for
k & M. Note that M ## ), since T is topologically transitive.

Define a sequence z, inductively by z, = wvo(z,-1). Let J, = (2n41, 2n), so that T is
bijective from J, to (21,20]. Following the procedure in Zweimiiller (1998), the invariant
measure of 7" may be constructed as follows: we first consider the first return map on (z1, 1].
It is Rychlik and topologically transitive, hence it admits an invariant measure vy on (zy, 1]

whose density hg is bounded from above and below in (z;,1] and has bounded variation.
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Extending 1y to the whole interval by the formula

v(A) =vo(AN(z1,1]) + Z vo(T yN{p>n}),

n>1

where ¢ is the first return time to (21, 1], and then renormalizing, we obtain the invariant
probability measure of T'. Denoting by h the density of v, the previous formula becomes, for
x €0, 2],
Z Z |(Vmvg) (2)|h(vmvg ). (3.1)
n=0 meM
Our goal in this paragraph and the next is to study the Perron-Frobenius operator K™ act-
ing on the space BV of bounded variation functions. Let K (z,y) be the kernel corresponding
to the operator K. It is given by K(z,vx) = h(vix)|v)(z)|/h(x) for k € {0,...,d — 1}, and
K(x,y) = 0if y is not of the form vzz. By definition,

K"f(zo) = Y K(wo,21)K (21, 22) .. K (201, 2,) f ().

To understand the behavior of K™, we will break the trajectories xy,...,x, of the random
walk according to their first and last entrance in the reference set (z1, 1] — the interest of this

set is that T is uniformly expanding there. More precisely, let us define operators A,,, B,,, C,,

and T, as follows: they are defined like K™ but we only sum over trajectories xy, ..., x, such
that
e For A,, xg,..., 2,1 €10,2] and z,, € (21, 1].

e For B, g € (21,1) and x4, ..., z, € [0, z1].
e For C,, zg,..., 2, € [0, z1].
e For T, zo € (21,1] and z,, € (21, 1].

By construction, one has the decomposition

K'f= Y ADBf+Cof. (3.2)

a+k+b=n

One can give formulas for A,,, B,, and C,,, as follows:

Af(@) = Tga(z) Y (G f()!;(vmvg %) fomti12) (3.3)
Buf(@) = L) B ), (3.4)
Cuf(@) = oy () G ). (3.5)
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On the other hand, the operator T, is less explicit, but it can be studied using operator

renewal theory.

Proposition 3.1. The operator T, can be decomposed as

T.f = (/ fdl/) ]1(3171] + E.f, (3.6)
(z1,1]

: C
where the operator E, satisfies V(E, f) < ey V(f).
Proof. Since this follows closely from the arguments in Sarig (2002), Gouézel (2004b) and
Gouézel (2007), we will only sketch the proof.

Define an operator R, by R,f(xo) = 1, 1(%) Y K(zo,21) ... K(z1,2,)f(2,), where the
summation is over all xy,...,z,_1 € [0,21] and x, € (z1,1]: this operator is similar to
T,, but it only takes the first returns to (z1,1] into account. Breaking a trajectory into
its successive excursions outside of (z1, 1], it follows that the following renewal equation holds:
T = 301 Y ks sthymn By - - - R, In other words, I+ T,2" = (I — 3 Riz") 7", at least as
formal series.

In the proof of Lemma 3.1 in Gouézel (2007), it is shown that the operators Ry act contin-
uously on BV, with a norm bounded by C/ kY7 — the estimates in Gouézel do not deal with
the factor h, but since this function as well as its inverse have bounded variation on (2, 1]
they do not change anything. Since this is summable, we can define, for |z| < 1, an operator
R(z) = > R,z" acting on BV. Moreover, Gouézel (2007) also proves that the essential spec-
tral radius of this operator is < 1 for any |z| < 1. Thanks to the topological transitivity of
T, it follows that R(1) has a simple eigenvalue at 1 (the corresponding eigenfunction is the
constant function 1), while I — R(z) is invertible for z # 1.

This spectral control makes it possible to apply Theorem 1.1 in Gouézel (2004b), dealing

with renewal sequences of operators as above. Its conclusion implies (3.6)). O

With (3.2)), we finally obtain that

K'f= > Al v(Bf)+ Y. AByf +Cof, (3.7)
a+k+b=n a+k+b=n
where o
(Ekf) = (- 7)/7 V(f) (38)
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3.1 Proof of Proposition [1.15

We shall prove successively that, for n > 0,

V(C.f) < CV(f), (3.9)
V(A.f) < CV(f)/(n+1), (3.10)
V(B.f) < CV(f)/(n+ 1), (3.11)

The proof of Proposition follows from the above upper bounds and from the following

elementary lemma.

Lemma 3.2. Let u, and v, be two non increasing sequences such that up, < Cu, and
Vny2) < Cv,. Then

Z wiv; < Cuy, (Z vi> + Cv, (Z uz> )

i+j=n §=0 i=0

Proof. If i < n/2, we use that v; is bounded by Cwv,. If j < n/2, we use that u; is bounded
by Cu,. m

We can now complete the proof, assuming the bounds (3.9)), (3.10)), and (3.11)):

Proof of Proposition[1.15. Let f be such that v(f) = 0. We will bound V(K™ f) using the
decomposition of K™ f given in (3.7). Using (3.10)), (3.8) and (3.11)), we get

1
v AEByf | < CV(f) |
<a+§:n ) a+§:n (a+1)(k+ 1)(1—7)/w(b + 1)1/7
By lemma |3.2
1
< .
k;j (k+ 1)(1—7)/7(17 + D = (5 + 1)(1_7)/7
and 1 . 1
n(n
< AN — N~ - .
sz;n (a+1)(j + 1)t/ = C((n + DA/A v n)
Consequently,
In(n) 1
\Y +§_ AaEkaf> < CV(f)(m Vi ﬁ) . (3.12)

It remains to bound up the first term in (3.7)), which can be written

n

ZAa(]l(zl,l])' (Z V(Bbf)> .

b=0
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Now, > 2 v(Byf) = v(f) =0, so that

n-a - CV(f) DV(f)

By (3.10), V(AsL(., 1) < C/(a+ 1). Consequently,

V(ZAMW (Z (Bof )) = OV (a—}—l)(n—i—ll—a)(l—v)/v

b=0
1
( (n+1) (1 7Y E) ’

the last inequality following from Lemma

Starting from and using and ( we obtain that V(K" f) < C'V(f)
for any f such that I/(f) = 0. NOW let f be any BV functlon on [0,1], and let ||df|| be the
variation norm of the measure df on [0,1]. To conclude the proof, it suffices to note that
ldE™ ()]l = K" (fO)]| < V(E™(£1)) < CV(f©) < 3C||df]. O

(3.13)

It remains to prove the upper bounds (3.9), (3.10]), and (3.11)). We shall use the following
facts, proved e.g. in Liverani, Saussol and Vaienti (1999) or Young (1999). We will denote

Lebesgue measure by .

1. One has z, ~ C/n'/7 for some C > 0. Moreover, A\(J,) = 2, — 2ps1 ~ C/n+N/7 for
some C' > 0. One has
h(zp) ~ Cz,7 ~ Dn. (3.14)

2. There exists a constant C' > 0 such that, for all n > 0 and k£ > 0, and for all z,y € Jj,

ny\/
‘1 o (U(:I)/(‘r) S Cf|aj o y| ]
(v5)" ()
Integrating the above inequality, we obtain that
A Tntk) M Jntk)
1 n+k n\/ n+k
<(vy)(z) < C———= 3.15
3. The function (vf)’ is decreasing on [0, z1).
The following easy lemma follows from the definition of V.
Lemma 3.3. If f is nonnegative and monotonic on some interval I, then
V(L1f) < Csup| f]. (3.16)
I
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If f is positive on some interval I, then

V(Li/f) € CV(Lf)/ min | (3.17)
We shall also use the following lemma on the density h.

Lemma 3.4. There exists a constant C' such that, for any 1 <1 < j,
V(1 0h) <Cj and V(L . /h) < Cj/i (3.18)

Proof. We start from the formula (3.1]) for A, and the inequality V(fg) < V(f) V(g), to obtain

Lipeh) <D0 V(AL 2 (w)) - Vg, 2y

n=0 meM

vy, 0 vg]) - V(A 2k 0 v 0 07) (3.19)

Since the functions v;, have bounded variation, and the function h has bounded variation on
(21,1] (which contains the image of vpv (0, 21)), we get V(1., .qh) < C Y07 V(1,2 (vg)).
Since the function (vj)" is decreasing on [z}, 2;], we get by using (3.16])

o0

. i—1/7
n+j _ Zj J _ .
V(L,z0h Z OZ ) — < ijl/yq =CJ

n—0 Z — Zj+1

This proves the first inequality of the proposition.
To prove the second one, we use (3.17). Since minp,, .|k > Cz " > Ci, the result
follows. [

We can now prove the upper bounds (3.9)), (3.10)), and (3.11])

Since C,, is given by (3.5]), the upper bound (3.9) follows from Lemma below.

Lemma 3.5. There exists C' > 0 such that, for any n > 1,

v (1 L)

Proof. Since K1 = 1, we have h(z) = vy(x)h(vox) 4+ >, car |V (@) |R(vpx) on [0, z1]. By
iterating this equality, we obtain for any n € N,

h(z) = (vp +Z > () (@) (v vhe)

7=0 meM

(3.20)

Consequently,

| _ (§) (@)h(vgz) ’i T (v5)' () vy, (v52) | P (vmvii) (3.21)
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Let s be such that 25 < n < 2571, To prove (3.20)), we will control, for any k,

. (]lwﬂ@gy(}ic()g(vgx)) .

Assume first that k& < 's. On [zgr, 29x-1], the function (vf)" is decreasing, so that its variation

is bounded in terms of its supremum (vy) (z9r) < CA(Jpkypn)/A(Jor). The variation of the
function ho vy on [zor, 2ox-1] is the variation of h on [zgr,, Zok—1,,], hence by Lemma |3.4| it is
bounded by C(2* +n). This lemma also shows that the variation of 1/h is bounded by C/2*.

Hence,

(05‘)’(96)’1(03@) < A J2r4n) 28 41

- O(Qk 4+ n)~N/ 2k 4y - C(Qk)l/v
=T @) T 2k = Tl
Summing on k, we get
(vg) (@) h(vg) L (2M)Vr o2
Vv (]l[z25+1,zﬂ h(a:) <C 2 i/ < i <C, (3.22)

since 2% < n.

Let now k > s. The previous upper bound gives a suboptimal control, hence we shall use
the right hand term in (3.2I). For 0 < j < n—1 and m € M, the variation of v/, ov}-hov,, o)
is uniformly bounded (since v, is C* and h has bounded variation on (zy,1]). Moreover, as
above, the variation of (v}) is bounded by CA(Jaryj)/A(Jar), which is uniformly bounded.
Finally, the variation of 1/h is at most C'/2¥, by Lemma Consequently,

v (1[z2k,z2k1] (1 - (”3),%”();(”3@)) < g% - %

Summing on k > s,

(vd) (z)h(vgx) 1 _Cn
\Y (]l[o,ZQSH] (1 — 20 o) 0 <Cn Z 5 < 55 <D. (3.23)
k=s+1

Lemma [3.5] follows by combining (3.22) and (3.23). O

Since A, is given by (13.3)), the upper bound (3.10|) follows from Lemma below.

Lemma 3.6. There exists a positive constant C' such that, for anyn > 1,

(11[0 Zl] Z | Umvg 1 /(SC)V;(Umvglx)) < % (3‘24)

meM h(l’
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Proof. As in the proof of Lemma [3.5 we control the variation of the functions on [zyx, zpe-1].
On this interval, the variation of (v,vy ') is at most CA(Jarsy,)/A(Jor), the variation of
h(v,vg~') is bounded by C' and the variation of 1/h is bounded by C/2*. Summing on k, we
obtain

0y |(Wmvg ™)' (@) (vmvg " )
( h(x)
ok(14+7)/v 1

<CZ A(Jar) 2_'cé Z (n + 2k)(@F)/7 2k °

Let s be such that 2° < n < 2571, We split the sum on the sets £ < s and k > s, and we
obtain the upper bound

5 ok(1+7)/y 01 25/ 1 D
2 Grrpmerr T 2 S e Ty S -
= =5+

It remains to prove . Recall that B, is given by . On (21, 2], the variation of
the function (vf)’ is bounded by CA(J,)/A(Jo) < C/n*+/7 the variation of 1/h is bounded
by C, and the variation of h(vgz) is bounded by V(1.,,, ..jh) < Cn. This implies the upper
bound . The proof of Proposition is complete.

3.2 Proof of Proposition [1.16

To prove Proposition [I.16, we keep the same notations as in the previous paragraphs. The
proof follows the line of that of Theorem 2.3.6 in Gouézel (2004c). Let f be a function in BV
with v(f) = 0, we wish to estimate v(|K™ f|) thanks to the decomposition (3.7).

For the term C, f, we have

V(IC(N) < Cllf lloor (K™ o,z,01) = Cllf oo (Tpo,2001]) -

Since v(J;,) < C/(k + 1)¥/7, it follows that
(3.25)

We now turn to the term )

bounded function g,

athrben AaErByf in (3.7). Let us first remark that, for any

v(1An(9)]) < Cliglloor (K™ oy yr-110.20)) = Cllglloov (21, 7N T7H0, 2,)).-
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Since the density of v is bounded on (z1, 1], this quantity is < C||¢|cczn. We obtain

Cllgllo
(n+ 1)1/

Using successively (3.26)), (3.8)) and (3.11]), we obtain

(’ Z AEkaf‘><C Z ||Ekaf1||/<;o

a+k+b=n

v(|An(9)]) < (3.26)

V()
=¢ 2
a+kz+b Aa+ D)V (k+1)E=0A (b + 1)1 (3.27)

CV(/f)
- (n + 1)(1*7)/v )

We finally turn to the term > ., ., A,(1(, 1) - ¥(Byf) in . From and (3.26),

we obtain

n n—a n 1
v ( ZA(}(]]-(Zl,l]) . ( V(Bbf)> |> < CV GZO a+ 1)1/7(71-1— 1— a)(l ¥) /v

a=0

V()
= (n+ 1)(1 N/

We have shown that, if v(f) = 0, all the terms on the right hand side of (3.7)) are bounded

by CV(f)/(n + 1)0=0/7, Therefore, v(|K™f|) is bounded by the same quantity. Now let f

be any BV function on [0, 1], and let ||df|| be the variation norm of the measure df on [0, 1].

(3.28)

To conclude the proof, it suffices to note that

CV(©) 30|

1/(|K"(f(0))|) < (n+1)0=0/7 = (n+ 1)0=/7’

O

4 Proofs of the main results, Theorems [1.5], and

It is well known that (7°, 7", 72, ..., T ') is distributed as (Y,, Y, _1,..., Y1) where (Y;);>0 is
a stationary Markov chain with invariant measure v and transition kernel K (see for instance
Lemma XI.3 in Hennion and Hervé (2001)). Let X, = f(Y,,) — v(f) for some function f :
[0,1] — R. A common argument of the proofs of Theorems and is the following
inequality: for any € > 0,

l/( max
1<k<n

| > e) . (4.1)
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Indeed since
(f=v(f),foT —v(f),...,foT" ' —uv(f)) is distributed as (X,, Xp_1,..., X1),

the following equality holds in distribution
k—1 n
max Y (foT"—v(f)) = max X;. (4.2)

1<k<n 4 1<k<n
=0 i=k

Notice now that for any k € [1,n],

n n k—1
EE:AX% :ijg:AX% —-ZE:AXQ.
i=k i=1 =1

Consequently

max
1<k<n

E X‘ max
, 1<k<n—1

which together with (4.2]) entails (4.1]).

Y

+1>x
=1

4.1 Proof of Theorem [1.5

According to (4.1)), Item 1 of Theorem holds as soon as

=1
Z —]P’(Z max
n 1<k<n

n=1 1=

i > A\/nln(ln(n))) < 00, (4.3)

for some positive constant A. Using the extension (m;);cz of the chain (Y;);>o given at the
beginning of Section (4.3)) follows from the inequality (1.13]) of Theorem by taking

aiy (k 1/2
= 40\/_ Z / (u du) .
k>1
By Theorem (T.13) holds as soon as f € F(Q,v) and (.12) holds. In the same way,

Item 2 of Theorem (1.5 follows from ([1.14) of Theorem provided that (1.12)) holds.
Now, by Proposition [1.17, gy (n) = O(n=9/7). Hence (1.13)) holds as soon as, for p = 2,

fe]?(Q,V), and /1u E=D/A=1QP (u)du < oo . (4.4)
0

If H is the cadlag inverse of Q, then f € F(H,v) iff f € F(Q,v). Moreover (.4) holds if and
only if

1—py

feF(H,v), and /000 2PN (H(z)) ™7 dx < 00. (4.5)
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Indeed, setting v = v~/ we get that

1 1—~ 1
/ w1/ ’Y)QP( )du— Qp(v(lfv)/(lﬂp))dv.
0

Since H is the cadlag inverse of ), we get

which concludes the proof.

4.2 Proof of Theorem 1.6

By using (4.1)), (1.6) will hold if we can prove that for any € > 0 and any p € (1, 2), one has

K
ZX"‘ > nl/’%) < 00. (4.6)
=1

=1
Z —IP’( max
n 1<k<n | &

n=1

According to Theorem 4 in Dedecker and Merlevede (2007), we have that

[} k o0 )
1 1 . ’Yl J—
— . / -2 p—1
§1j nﬁp(lrg’%xn E‘_l: XZ‘ >n p5> <C §_0j(z L1y /0 Qrl o Gy (u)du, (4.7)
where 7; = [|[E(X;|Mo) |1 and Gx, is the inverse of Lix, () = [ Q)x,|(w)du. We will denote

by L and G the same functions constructed from @, the cadlag inverse of H. Assume first that
X; = fY) —v(f) with f = Zle apfr, where f, € Mon(Q,v) and Zle lag| < 1. According

to @T5) )
al,Y K3
i < 4/ Q(u)du . (4.8)
0

Since Q|X0|(U) < Q|f(y0)|(u) + v(f), we see that fox Q‘XO‘(u)du < 2f0x Q|f(y0)‘(u)du. Since
[ =>"aufs, we get, according to item (c) of Lemma 2.1 in Rio (2000),

x L T L z
Qx| (u)du < 2 Qlagfixo)(w)du <2 ag| | Q(u)du
/0 1o ;/0 la¢ fo(Xo)| ; z/o

Since S0 lael < 1, it follows that G(u/2) < Gx,/(u), where G is the inverse of z —
u. In particular, G x, > G(u/4). Since Qx| 1s non-increasing, it follows that
0 u)du. 1 lar, G x,|(u G(u/4). Si 1Xo| 1 i i it foll h

Vi /4

i Yi
/ Qfxy) © Glxol (w)du < / Qs 0 Glu/4)du = 4 Q) © G(U)dv
0 0 0

L(vi/4) a1,y (
—i [ Qe <a [T Qe (W)@,
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where the last inequality follows from (4.8)). Let oy " (u) = > i0 Lu<ay v (). Since (o L))t =
>is0 (G4 1DP7 =7 ) lucayy ) and (j + 172 < C((5 + 1)1 = j771), we get

S+ [ Qe o Gyt < € [ (o7 Wy QR QM. (49)

Using Holder’s inequality, we derive that

1/p

! (r—1)/p
< ([ @iy agg )" @0
Now note that QlX | = = Q|x,|r- By convexity and the fact that Ze L lae <1,

Qixop (1) < Q5L jayliuv0)-w( s (W) -

Using again item (c) of Lemma 2.1 in Rio (2000), we get that

1
| eyt du<Zraer [ (a7 @ @iy s )

(4.11)
< ort / (a7 () 1QP (u)du
It follows that
S+ [M Qe Gmdn<C [ @@y Q. @12)

From (4.7), (#.12) and the fact that a; y(n) = O(n0"=1/7) by Proposition m it follows

that
=1
E —IP’( max
n 1<k<n

n=1

k 1

ZXi‘ > nl/p5> < C/ u—v(p—l)/(l—v)Qp(u)du

i=1 0

and the same inequality holds for any variable X; = f(V;) — E(f(Y;)) with f € F(Q,v) b

applying Fatou’s lemma. Hence (4.6 holds as soon as (4.4)) holds. Since (4.4]) is equivalent to
(4.5), the result follows.
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4.3 Proof of Theorem

By using (4.1)), (1.6) will hold if we can prove that for any ¢ > 0, any p in (1,2] and any
b > 1/p, one has

© 1 k

; #P(lrg’%xn ;XZ‘ > nl/p(ln(n))ba) < 00. (4.13)
Let @ be the cadlag inverse of H. Note that f € F(H,v) if and only if f € 5’?(@, v), and that
H satisfies if and only if Q(u) < (Cu)~(=P1/EPA=7),

We keep the same notations as in the proof of Theorem [.6] Assume first that X; =
S anfo(Vi) = SoF L alB(fo(Y)), with f, € F(Q,v) and 3¢, |as| < 1. Define the function
(1/2)70) = Yo Luc o where 5, = [BOGMo) - Let Ry (1) = Ui ()i (), with
Upxo = ((v/2)71 G|X ). We apply Inequality (3.9) in Dedecker and Merlevede (2007):

]P’( max

1<k<n

14n
>5$ / Q|X0| x<R|X‘ )d

k
>
i=1

2/0 ]ll">R\X [(w) R|X0|( >Q|X0\( )

T

Taking x,, = en'/P(In(n))?/5, and summing in n, we obtain that

— 1 - 1/p b ! |X0|(u)
> F(max | 2] 2 nr(n()e) < © /O (B (w)) v 1) el (W)

n=1 =1
UPC (u)
| Xo| P
<D du.
/ (In(Uyx,| () V 1)t oy ()

Now, we make the change of variables u = G|x,|(y), and we use that G(y/2) < Gx,((y). It
follows that

oo
E < max
1 1<k<n

n= =1

1 I Xoll 9)-1 -
S ze [ GO

Let U(u) = ((7/2)" 0 2G71)(u), and make the change of variables u = G(y/2). We obtain

)
E < max

1<k<n
n:l

From (4.8) we infer that U(u) < Cu="/07) so that

=1

E IF’( max
n  \1<k<n

n=1

1p A D)
ZX’>n/ (In(n )go/o BT Qe (W) Q(u)du.

X, 1/p1 o L= (p=1)/(1=) o1 p
> < ——Q)s .
Z |2 wutuye) < € [T ot ot
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Applying Hélder’s inequality as in (4.10]), and next applying item (c¢) of Lemma 2.1 in Rio
(2000) as in (4.11)), it follows that

1
—IP’( max
n

1<k<n

WE

i Y u~ =1/ (1=7)
ZXi‘ > n/P(ln(n <C'/ e |bpv1Qp(u)du.
i=1

n=1

Since QP (u) < (Cu)~1=P)/0=7 it follows that
— 1
Z —IP( max
p—t n 1<k<n

and the same inequality holds for any variable X; = f(Y;) — E(f(Y;)) with f € F(Q,v) by
applying Fatou’s lemma. Now the right-hand term in (4.14]) is finite as soon as bp > 1, which
concludes the proof.

: 1/ b ' 1
Zx‘ > n/7(In(n)) 5) < 0/0 T (4.14)

A Appendix

We recall a maximal exponential inequality for martingales which is a straightforward conse-
quence of Theorem 3.4 in Pinelis (1994).

Proposition A.1. Let (d;j, F;);>1 be a real-valued martingale difference sequence with |d;| < ¢
forall j. Let M; = 25:1 d;. Then for all x,y > 0,

IP’( sup |M;| > =, ZE|d| |Fi—1) < >§2€XP(—Cy—2h<x—c>) ;

1<j<n = Yy
where h(u) = (14 w)In(1 +u) — u.
Proof. Let A; = {Z;Zl E(|d;[*|F;-1) < y}, and let M; be the martingale M; = Zgzl d;1 4

Clearly

P( sup 1M1 > 2, S E(4PIF ) < ) = B sup 35 2 23" B, FI5) < v)

1<j<n 1<j<n

Jj=1 j=1
< ]P( sup |M;| > :c) :
1<5<n
To conclude, it suffices to apply Theorem 3.4 in Pinelis (1994) to the martingale M. ]
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