A TURNING-BAND METHOD FOR THE SIMULATION OF
ANISOTROPIC FRACTIONAL BROWNIAN FIELDS.

HERMINE BIERME 2, LIONEL MOISAN ', AND FREDERIC RICHARD?

ABSTRACT. In this paper, we propose a method for simulating realizations of two-
dimensional anisotropic fractional Brownian fields (AFBF') introduced by Bonami and
Estrade (2003). The method is adapted from a generic simulation method called the
turning-band method (TBM) due to Matheron (1973). The TBM reduces the problem
of simulating a field in two dimensions by combining independent processes simulated on
oriented bands. In the AFBF context, the simulation fields are constructed by solving an
integral equation arising from the application of the TBM to non-stationary anisotropic
fields. This garantees the convergence of simulations as their precision is increased. The
construction is followed by a theoretical study of the convergence rate. Another key
feature of this work is the simulation of band processes. Using self-similarity properties,
processes are simulated exactly on bands with a circulant embedding method, so that
simulation errors are exclusively due to the field approximation. Moreover, we design a
Dynamic Programming algorithm that selects band orientations achieving the optimal
trade-off between computational cost and precision. Finally, we conduct a numerical
study showing that the approximation error does not significantly depend on the regu-
larity of the fields to be simulated, nor on their degree of anisotropy. Experiments also

suggest that simulations preserve field statistical properties.

1. INTRODUCTION

In this paper, we address the issue of simulating realizations of a generic class of Gauss-

ian fields, known as Anisotropic Fractional Brownian Fields (AFBF) and introduced in [9].
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These fields represent anisotropic extensions of usual fractional Brownian fields (FBF),
which are themselves isotropic extensions in several dimensions of the famous fractional
Brownian motion (FBM) [26, 29]. Having stationary increments, they are characterized
by a variogram v (see Equation (6) later) satisfying the relation
) vaeR, ofa)=g [ |61 fQ)dc

R

for a spectral density of the form

) VCER?,  f(C) = clarg(Q))IC] )2,

where ||C]| is the Euclidean norm of ¢, arg(() is the direction of ¢, and z - { denotes the
canonical inner product on R?. Functions ¢ and h are two m-periodic mesurable functions,
identified with functions defined on (—7/2,7/2], with ranges satisfying ¢((—n/2,7/2]) C
R* and h((—7/2,7/2]) C (0,1). When functions ¢ and h are both constant (¢ = C > 0
and h = H), the obtained field corresponds to a FBF of order H.

The simulation of AFBF is an open issue whose complexity is mainly due to both
the non-stationarity and the anisotropy of the fields. In [41], Stein described a specific
method for the simulation of (isotropic) FBF. This method is based on a representation
of the FBF by a locally stationary isotropic Gaussian field, which is simulated using
circulant embedding matrix techniques developped in [42]. This simulation is exact and
efficient on a regular grid. However, no locally stationary representation is available for
general anisotropic fields so that Stein’s method cannot be extended to this situation.
More generic methods based on covariance matrix factorizations [11, 12| can theoretically
be applied to the AFBF simulation issue, but their computational cost is prohibitive
and covariance functions are not known explicitely in the general case. Other methods
based on the discretization of a continous spectral representation of the field were used
for the simulation of FBF in [38] and AFBF in [3, 7]. However, due to truncation or
periodization of the spectral representation, the statistical properties of the simulated

field does not exactly match those of the theoretical field.
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In this paper, we focus on another generic simulation method, called the turning-band
method (TBM) [25, 32]. The TBM essentially reduces the problem of simulating a field
in several dimensions to the problem of simulating several processes in one dimension.
Indeed, consider the problem of generating a realization of a target field X on a discrete
set G of points of R?. Choose n lines (called turning bands) passing through a given
origin and denote by 6; the angle indicating the direction of the ¢th band. The TBM is
based on a combination of n appropriate processes (Y;)1<i<n independently simulated on

each predefined band:
(3) VeeG, Xu(z)=> \Yilx-u(0)),
=1

where the \;’s are positive weights and u(6) = (cos(#),sin(#)) is the unit vector with
direction #. There are two major issues raised by the TBM. The first one consists of
determining appropriate weights )\; and band processes Y; which ensure the convergence
of the turning-band field X,, to the target field X as n tends to infinity. The second one
concerns the simulation of the processes Y; on the non-equispaced points {z-u(6;),z € G}.

The convergence issue has been extensively studied in the case when the target field is
stationary [10, 15, 17, 23, 24, 30, 32|. In this case, the convergence can be obtained using
stationary band processes. Let Cy be the covariance of a band process in the direction
0. Take orientations (0;)i<ij<, uniformly distributed over (—7/2,7/2), and set \; = .
Then, the covariance of X, at point z is Cp,(z) = Z 3", Cy, (- u(6;)) and, as a Riemann
sum, it converges to T(C)(z) = f?g Cy(z - u(0))dh as n tends to infinity. Hence, for the
turning-band field X, to converge to a target field X of covariance C'x, it suffices that C
satisfies the condition T(C’) = (C'x. In the special case when the target field is isotropic,
Cy = Cy does not depend on 0, and the previous condition reduces to T(Cy) = Cx.
This integral equation was solved explicitely for many different types of covariance Cx

(Gaussian, Whittle-Matérn, Cauchy, etc.), making possible to apply the TBM to a wide

range of stationary isotropic fields [10, 15, 17, 23, 24, 28]. In the anisotropic case, the
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equation was solved from spectral representations of covariances by expressing spectral
densities of processes as a function of the one of the target field [30].

The TBM can also be adapted to the simulation of non-stationnary fields with sta-
tionary increments. In such a situation, the convergence of the turning-band field to the
target one is rather expressed in terms of variograms. It can be obtained by taking band
processes with stationary increments and variograms 0y (in the direction ) which satisfy

the condition

[NE]

(4) vx(z) = / 3oly - u(6))db.

s
2

where vy is the variogram of the target field (see Equation (6) later). In [45], the pre-
vious integral equation was solved in the particular case when vy is the variogram of an
(isotropic) FBF of order H. It was shown that variograms vy do not depend on 6 and
are proportional to the variogram of a one-dimensional FBM of the same order H. In
[20], this result was extended to other non-stationary isotropic Gaussian fields with spline
generalized covariance. Similar ideas can be found in [19, 31, 34| about the simulation of
the so-called intrinsic random fields of order k£ generalizing fields with stationary incre-
ments [13, 32]. However, none of these works directly addressed the issue of simulating
non-stationary anisotropic fields. In [39, 43|, some attempts were made for the simulation
of such fields with a TBM, but they only cover a few special cases. Let us also emphasize
that the simulated fields are not Gaussian, so that Gaussian realizations may only be
approximated by averaging several independent realizations and applying a Central Limit
Theorem.

One of the main originalities of this paper is the construction of appropriate turning-
band fields for the simulation of AFBF, which are themselves centered Gaussian random
fields with stationary increments. This is done by solving Equation (4) when vy is defined
by Equations (1) and (2). This construction is completed by an analysis of the simulation

error from both theoretical and numerical viewpoints. This study brings new insights into
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the TBM simulation error, which had been mainly investigated in the stationary isotropic
case |14, 24, 31].

In the construction of turning-band fields for AFBF, we show that band processes are
one dimensional FBMs with varying Hurst indices. Hence, the application of the TBM to
AFBF directly leads to the issue of simulating these processes on non-uniformly spaced
points. In the context of TBM application, Yin [45] simulated FBMs using an adaptation
of the spectral method [31, 33, 40]. Based on a discretization of the spectral density of
the process covariance, this method induces periodization effects and is inaccurate for
mainly two reasons: the simulated process is not Gaussian and its covariance function
only approximates the target one. In [20, 21|, periodization effects induced by Fourier
methods was overcome using a continous spectral method. This method is fast and
can be applied with arbitrary simulation points. However, it does not produce Gaussian
realizations neither. In another context, Perrin et al. [35] developed a circulant embedding
method (see [18, 42| and Section 3.1) for the simulation of FBF. This method is fast and
exact but requires equispaced simulation points. However, as shown in this paper, the
issue of simulating FBM on band points can be reexpressed on equispaced points using
self-similarity properties of FBM, as soon as bands orientations are conveniently chosen.
Hence, we can apply the circulant embedding method to obtain exact simulations of FBM
on band points but the cost of these simulations depends on band orientations, and is
higher than the one of the continuous spectral method in [20, 21]. To reduce the global
computational cost, we thus propose a Dynamic Programming [4] algorithm that selects

band orientations in an optimal way.

2. TURNING-BAND METHOD

2.1. Anisotropic fractional Brownian fields. Let (€2, A, P) be a probability space. A
2-dimensional random field X is a map from © x R? into R such that X(-,y) := X(v)
is a real random variable on Q for all y € R%. A random field is Gaussian if any finite

linear combination of its associated random variables is a Gaussian variable. A centered
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Gaussian field X is characterized by its covariance function: (y, z) — Cov(X(y), X(2)).
A field X has stationary increments if the law governing the field X (- + z) — X (z) is the
same as X (-) — X(0) for all z € R%.

When the field X is centered and with stationary increments, we have
(5) Vy.z €R?, Cov(X(y), X(2)) = vx(y) +vx(z) —vx(y — 2),
where vy is the so-called variogram of X defined as
(6) vy €R? ux(y) = SE((X(y) — X(0))%).

Hence, if the field X is also Gaussian, its law is characterized by its variogram (6).

In this work, we deal with anisotropic fractional Brownian fields, which are centered
Gaussian fields with stationary increments, characterized by a variogram of the form (1)
with a spectral density defined as in Equation (2). When c¢=C > 0and h = H € (0,1)
are both constant, the variogram satisfies (see Remark 1.1.13 of [27] for instance)

m2(H +1/2)(H)

2H
oT(H + 1) ==,

M v =g [ e -1f gt~ c

where for all H € (0,1),

~ HT(2H)sin(Hr)’

(8) v(H)

It follows that such fields are isotropic, which means that their law is invariant under
rotation. They are also H-self-similar. When the function c¢ is not constant but h =
H remains constant, the field remains self-similar of order H but becomes anisotropic.
When h is also allowed to vary, the field is not self-similar anymore but, setting H =
965(3§§?2£)>0h(9), one can still find a continuous modification of X with H as critical
Hoélder exponent [9]. The fractal dimension of its graph is still linked with H by the
relation D = 2 — H a.s. (see [44] for instance).

In general, it is difficult to get an explicit form of the AFBF variogram similar to the

one expressed for the FBF in Equation (7). However, we have computed explicitely the

variogram of a particular class of AFBF which is slightly more general than the FBEF.
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This field, that we call elementary field, is defined by a spectral density of the form
(2) with ¢ = 14, a,) for —7/2 < 0y < ay < 7/2, and h = H for H € (0,1). When
ay = —ay = /2, an elementary field corresponds to a FBF of order H. As explained in
Section 4, elementary fields will be of particular interest for the numerical evaluation of

simulations.

Proposition 2.1. Let H € (0,1) and —7/2 < a1 < ap < 7/2. Let denote v, the

1,92

variogram of an AFBF with h = H and ¢ = 1|4, o,). Then,

(9) \V/'r E R27 /UH,al,oc2 <x> - 22H_1/Y<H)OH,O¢1,O¢2 (arg(m))”xHQH,
where ||z is the Euclidean norm of x and C,, . is a w-periodic function defined on
(_7‘—/27 7T/2] b
ﬁH(l smaz 0) 6H 1sm(2a1 0) Zf 061§8+7T/2§062
C’Hﬂl’a? (9) — 61{ (1+51n(0c2 6) > ﬁ

: (1+bln(o¢ > Zf ay SH—W/QSOQ
3. (1 sin az 0) > 3, <1 Sm(al 0) )‘ otherwise
by

with 3, the Beta incomplete function given
e 0.1, 5,0 = [ w00 0,
0
and v(H) is defined in Equation (8).

The proof of this proposition is given in appendix A. Now, let us consider the general

case from which the TBM will follow.

2.2. Turning-band fields for AFBF. By a change of variables in polar coordinates,

we derive an integral expression for the variogram of an AFBF.

Proposition 2.2. Let X be a centered Gaussian field with stationary increments. Let us
assume that its variogram vx is of the form (1) with a spectral density defined by (2) with

¢ and h two w-periodic mesurable functions with ranges satisfying c((—mn/2,7/2]) C R*
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and h((—m/2,7/2]) C (0,1). Then, for all x € R?

1 w/2

(10) ox) =5 [ )0 uo) O,

where u(0) = (cos(0),sin(0)) and v(H) is defined in Equation (8).
Proof. Let x € R2. Then acording to (1) and (2),

2ux(z) = /]R?

27 400
_ / / |€i7"(:c~u(9)) _ 1}2 c(9)r‘2h(9)_1drd9,
o Jo

¢ — 1| c(arg(¢))[¢| s O24¢

by a change of variables in polar coordinates. But, for H € (0,1) and t € R,

too 1 , 1
/ |€zrt . 1’2T72H71dr _ _/ |ezst . 1‘2 ‘8‘72H71d8 _ _7<H)‘t’2H7
0 2 Jr 2
according to (7.2.13) of [37]. Then the result follows by m-periodicity of h and c. O

The integral equation (10) is of the form (4) with Ty(-) = v(h(6))c(0)1] - [**@. This
means that 7y is a solution of the integral equation (4) when vy is the variogram of an
AFBF. Now recall that a FBM of order H is a centered Gaussian process with stationary
increments and variogram wg(t) = $[t|*’ for all ¢ € R. Hence, ignoring the factor
~v(h(0))c(f) depending on the orientation 6, the variogram 0y is equal to the one of a
FBM of order h(), also varying with 6.

According to previous remarks, we now specify turning-band fields for AFBF simula-
tions. Given an ordered set © = (6;)1<;<, of band orientations —7/2 < 0; < ... <6, <
7/2, and a set A = (\;)1<i<n € [0, +00)" of appropriate band weights, turning-band fields

have the form

(11) Xoa(z) = Z VA (h(6:))e(0:)Yi(x - u(6:)), Vo € R?,

where the Y;’s are n independent FBM of order h(6;). In the remaining of the text,

turning-band fields Xg 5 will be called the simulation fields and processes Y; will always
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be FBF of order h(6;). We will also describe the precision of simulation fields Xg 5 using

the variable

(12) €o =, max (0; —0;_1), with n=|0|,

and 0y € [—n/2,0;] and 0,1 € [0,,7/2] are fixed directions chosen according to the
AFBF function c. Remark that a uniform choice for the orientations consists in choosing
On = Opy1r = 7/2 and 0; = —7/2 4 im /n for 0 < i < n. This choice leads to eg = = while,
for general orientations, we always have eg > @ > 9"n;61.

The error of simulating X by Xe , may be expressed, at point z € R?, as the Kol-
mogorov distance between the random variables Xg A(z) and X (z), that is,
(13) dro(Xoa(z), X(2)) =sup|P(Xena(z) <t) —P(X(z) <1)|.

teR

When this distance tends to 0, it implies that the random variable Xg A(z) tends to X (z)

in distribution. As stated next, due to our Gaussian framework, this distance can be

further bounded by a distance between variograms of simulation and target fields at x.

Theorem 2.3. Let Xoa be a simulation field defined as in Equation (11). Then, Xo

is a centered Gaussian random field on R? with stationary increments and variogram
(14) von(x) =Y Ay(h(8:))c(6:)wne, ( - u(6;)).
i=1

Moreover, Xo A(0) = X(0) =0 a.s. and, for all x # 0,

ox(2) — voa(@)]

(15) dKol(XG,A($)7 X(I)) S 2 UX(ZE)

Choosing (©,, Ap)n in such a way that ve, z,(x) — wvx(x) for all x € R?,

n—-+o0o

(Xonan(@))yepr o (X(2)),ep

n—-4o0o

fdd 4 . . .
where — stands for convergence of finite dimensional distributions.

Proof. Let us write Xy, (z) := Y;(z-u(6;)), for x € R?, with Y; a FBM of order h(6;). First,

remark that Xy, (0) = Y;(0) = 0 a.s. Moreover, since Y; is a centered Gaussian random
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process it is clear that Xy, is a centered Gaussian random field on R?. Finally, since Y;

has stationary increments, for any xy € R?, writing to; = o - u(b;) € R,

{X@i (fL’ + ZE()) — X@i((L'Q); T € RQ} = {Y;(l’ . u(@l) + t07l‘) — Yi(t[)’i); T € RQ}

2 (e - u(6)) - Yi(0);0 € R?Y,

= {Xgl(m) — Xgl(()), S RZ}
It follows that Xg 4 is a centered Gaussian random field on R? with stationary increments

as a sum of independent centered Gaussian random fields on R? with stationary increments

fields. Since XoA(0) =0 a.s.,

1 1
Uxoa(T) = §E (Xoa(2)?) = §Var(X@,A(:c)), since Xg 5 is centered,
1 .
=3 Z Aiy(h(6;))c(0;)Var(Y;(z - u(6;))), by independence,
i=1
1 n

= 3 2 AR e ()P = vo (@)

=1

Let N ~ N(0,1), then for z # 0,

dro(Xoa(z), X(2)) = dro(1/vor(z)N, Vux(z)N).

Then (15) follows from the fact that dgy (0’ N,oN) < 2@, already remarked in [6].
Actually, there is nothing to prove when @ > % Otherwise we use the fact that for
o>1land z>0onehas P(z < N <oz) < (0 — 1)26_22/2 <o?—-1.

Now, let assume that (©,,A,) is such that ve, o, (r) — wvx(z) for all z € R? By

n—-4oo

stationarity of the increments, for all n > 1, for all z,y € R?,

Cov(Xe, A, (), Xe,a, () = ve,a,(x) +ve,n,y) —ve,nr, (T —y),

and similarly for Cov(X(z), X(y)) and vyx. It follows that Cov(Xe, s, (), Xe,.a,(y))
tends to Cov(X (z), X (y)) for all z,y € R% Using a Cramér-Wold device, this implies that

the field (Xe, A, (2)), g converges to (X (z)),cpe2 , for finite dimensional distributions. [
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Let us quote that, since vg , appears as a numerical approximation of the integral giving
vy, one can choose (0, A,), in such a way that ve, ,(z) tends to v(z) for x € R?. This
implies that dx.(Xe, ., (%), X(z)) — 0 so that Xe, A, (x) tends to X(z) in distribution.
Note that conversely, since Xo, A, (z) and X (x) are centered Gaussian variables, vg, 4, ()
tends to v(x) as soon as Xg, A, (z) tends to X(z) in distribution. The next section is

devoted to the rate of convergence.

2.3. Approximation error. We can choose O, A such that the following uniform bounds

hold for approximation of elementary fields.

Proposition 2.4. Let ¢ and h be two m-periodic mesurable functions defined on (—m /2, 7/2]
by h = H for some H € (0,1) and ¢ = 1jq, 0, for —m/2 < oy < oy < 7/2. Let

© = (0;)1<i<n with oy <6y < ... <0, < ay and 0y = oy, 0,11 = as. Choose A as
(16) A =0y —0q and \; = 6;.1 — 0; for 2 <i<n.

Then, one can find a positive constant C > 0, wndependent of ©,A, such that for all

r € RY
(17) dKol(X®7A(l’), AX'H,QL02 (l‘)) < Cvgrélin@H,l)’

where the precision parameter g is defined in Equation (12).
Moreover, when choosing
(18)

Oy — 0
)\1 — (91-90)“‘ 2 !

2

0, —0

nl o A\ = Oiy1 — 0;

cAn = (Opr1—00)+ =l for2 <i<n-1,

one can find a positive constant C > 0, independent of ©, A, such that for all x € RY,

(8%5(;2+min(2H,1) 4 €gmin@H,l)) if H#1/2,

(19) dra(Xeoa(z), Xy, ., @) <C
(465" log(de)| + €3) if H=1/2

with 0g = 1&21;171(9”1 —6;).
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The proof of Proposition 2.4 is postponed to Appendix B. In [22], the authors also
propose a TBM to synthesize isotropic FBF (case oy = —7/2 and as = 7/2) in general
dimension d > 2. However, the processes simulated on the bands are not Gaussian so
that the Kolmogorov distance between the simulated random variable and X, ()
is bounded by the Berry Esseen bound given by n~'/2, with n the number of bands,
(see Equation (27) in [22]). Moreover, in their case this distance also depends on the
point z € R2. Let us compare with our results. Note that when orientations are chosen
uniformly one has eg = do = *>-* so that, choosing a rectangular rule, we obtain in

min(2H,1) " while for a trapezoidal rule, we obtain in (19) a bound

(17) a bound given by n~
given by n~'"™nCHY when H # 1/2 and n~%log(n) when H = 1/2. Moreover let us
emphasize that our bounds do not depend on € R2. This could be generalized to other
self-similar AFBF (h = H) under regularity assumptions on ¢. In the general case, our
bounds depend on z through the term 1/vx(z). However, we obtain uniform bounds

for the difference |vx(x) — voa(x)| when z is in a compact set, as stated in the next

proposition.

Proposition 2.5. Let assume that h and c are piecewise C' on (—m/2,7/2]. Let © =
(0:)1<i<n with —m/2 < 01 < ... < 0, < 7/2 containing the singular points of h and
c and 0y = —7/2, 0,41 = 7/2. Let T be a compact set of R Then, one can find

A = (Ni)i<i<n € [0, +00)™ and a positive constant Cp > 0, independent of ©, A\, such that

forallz e,

(20) [ox(z) = voa(®)] < Creg"*™Y,

where H = , [Hl/lgl o h(0) > 0 and eg is defined in Equation (12). If moreover, h and
e|l—n/2,m

¢ are piecewise C* on (—7/2,7/2], one can find A = (\;)1<i<n € [0,400)" and a positive

constant Cr > 0, independent of ©, A, such that for all x € T,

(8%552+min(2H71) i 6(19+min(2H,l)> if H#1/2,

(21) [vx(2) —ven(z)| < Cr ,
(e405" | log(de)| + €3) if H=1/2
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with dg = 1§Iir%1£1_1(6’,-+1 —0;).

The proof of Proposition 2.5 is postponed to Appendix B. A bound for the Kolmogorov
distance is then obtained using the fact that dxq(Xea(z), X (z)) < 2'1’)((32;%@)'. Then
we may choose an increasing sequence of (0,,),, and choose (A,), as given in Proposition
2.5. Therefore, if o, — 0, the sequence of random fields (Xe, A, (2)), g2 converges to

(X(x)),cpe , for finite dimensional distributions in view of Theorem 2.3. The next section

is devoted to the simulation of the band processes.

3. FAST AND EXACT SIMULATION ON BANDS

3.1. Simulation of 1D fractional Brownian motions. Several methods for the syn-
thesis of 1D fractional Brownian motions have been proposed in the literature. Most of
them are approximate procedures. However, considering equispaced points on the band
one can get exact simulations using the circulant embedding method |18|. Let us briefly
recall this procedure. Let H € (0,1) and By a fractional Brownian motion. We consider
Zg = (Bp(t+1) — By(t)),cg, the fractional Gaussian noise that is a stationary process

with covariance function given by
1
Cov(Zy(t), Zy(s)) = r(|t — s|) with rg(t) = 5(|1t + 12— 2t2H 4 |t — 1)2H).

Let [ > 1, then the vector (Zy(0),...,Zy(l — 1)) is a centered Gaussian vector of size [
with Toeplitz covariance matrix Ry (l) = (ru(|i — j[))o<; j<;_1- One can embed Ry(l) in
a circulant matrix of size 21 given by Sy (l) = circ(sg(l)) with sg(l) = (rg(0), ... ru(l —
D)ry(l—2), ... rg(1)). The main interesting property of circulant matrices is that they
are diagonalized in the discrete Fourier basis, with their eigenvalues given by the Discrete
Fourier Transform of their first row. In particular one has

m gk

1 .
SH(Z) = 2_ZF2*ldlag<F213H<l>)F2[, where Fgl = (6 l )Ogi,jgglfl.
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The main results of [35] is that for all H € (0,1) and I > 1, Fysy(l) always has positive
entries, so that Sy(l) is a covariance matrix. Moreover, if 5;) and 55?) are indepen-
dent vectors of law N(0, I5,) the vectors Z(M) = ﬁ?ﬁ (F;ldiag(FglsH(l))l/Q(eg) + ieé}))
and Z? = \/Lﬁ% (F;ldiag(FglsH(l))1/2(5$) —H’gg)) are independent with common law
N(0, (D). In particular, one has (Zy(0),..., Zy(l—1)) £ (Z,...,Z")) for i = 1,2
and using stationarity of the increments of By and the fact that By (0) = 0 a.s., one has,

for all m </,

(Bu (k) -m<h<i-m = ( Z Zn(j) — Z ZH(j)) :

j<k+m j<m

with the convention that Zj<0 = 0. Let us emphasize that this procedure is very fast
since, choosing [ as a power of 2, the cost is reduced to O(llog(l)) using the Fast Fourier

Transform algorithm.

3.2. Choice of bands. We consider the exact simulation of Xg s on the discrete grid
r~'Z2N[0,1]? for some r > 1. Then for any 7 with 1 < i < n we have to simulate on each

band of direction wu(6;)

{Yi(z - u(®;));z € r'2*N[0,1°} = {Yi (% cos(6;) + @sm(el-)) 10 < Ky, ky < 7"} :

r

Note that when 6; = 7/2 we can simply use the fact that {Yi (’%2) 0 < ky < T} 4
MO 1Y, (ky) ;0 < ky < 7}, by self-similarity. When cos(6;) # 0 we may choose 6; such
that tanf; = %’, with p; € Z and ¢; € N and use that fact that

{Yi (ﬁ cos(6;) + ks Sin(ei)) ;0 < ki kg < r}

r r

4 [ cos(6;)\ "%

Thus, the band with direction u(6;) involves the simulation of a 1D fractionnal Brownian
motion on a discrete interval of length 7(|p;| + ¢;). The computational cost of this simula-

tion is O(C(|ps| + ¢i)), where O(C(1)) is the computational cost of the Fourier Transform
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used in the procedure described in Section 3.1 to simulate a 1D fractional Brownian mo-
tion on the discrete interval {0,...,rl}. If the Fast Fourier Transform with powers of
two is used, then one has C(I) = 2M°&20V1[log,(rl)], where [z] denotes the upper inte-
ger part of x. Finally, the overall simulation process has to find a trade-off between the

computational cost
C(©) =Y Cllp| + )

and the precision of the simulation, which is controlled by £(©) = ep™ ™) The optimal

choice of O is discussed in the following section.

3.3. Band selection by Dynamic Programming. As we just saw in the previous
section, we need to restrain our choice of band orientations to angles # that correspond
to vectors (g, p) with integer coordinates, that is, such that tan§ = §. Moreover, in order
to control the total computational cost, we would like to favor small factors (small values
of |p| + q) while controlling the repartition of bands in order to keep g small. A simple
(but non-optimal) solution to select the set of angles © = (6;); consists in using a uniform
discretization 0; = ay + %(062 — o), then choosing for each i a rational approximation
% of tan6; (this can be done very efficiently using the appropriate convergent of the
continued fraction associated to tan 01) However, as we shall see now, one can find a
simple algorithm, based on Dynamic Programming [4], that is able to select a set of
angles © that minimizes the computational cost C(©) under the error control constraint
o < e. In practice, we restrain our choice to angles that can be written under the form

0 = Z(q,p), where (p, q) belongs to

Vv ={(p,q); —-N<p<N,1<qg< N,ged(p,q) = 1,00 < £(q,p) < aa}

T

and Z(q,p) is the measure in [—7, 7] of the angle of the vector (¢,p), obtained by

Z(q,p) = arctang. The integer N should be chosen large enough to ensure that the

optimal solution only involves vectors from Vy. It seems that choosing N = 1 + ( ta}ww

(so that Z(N,1) < ¢) is enough, though we do not have a proof of this (even if this were
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not true, the algorithm we present here would yield slightly sub-optimal sets of bands,
with little practical consequences).

Now assume that the set Vy has been sorted into a sequence (pg, qx)1<k<n such that
the associated angular sequence 0, = Z(q, px) is increasing. Writing e, = C(r(|px| + qx))
the elementary cost associated to a band with orientation 6, we can rewrite the total

computational cost of a set of angles © = (6;, )1<x<s as

We add the convention that 6,1 = as and 6y = «; (with the associated elementary cost
ep = 0). Now, for 0 <i < n+1, let us call ¢; the minimal cost that can be realized with a
sequence 47 = i,1s,...1s = n + 1 for some integer s. Then, ¢ is the optimal cost we look
for, and for all 0 < i <n we have

(22) ¢ =e+ min ¢
j; 3>, 0;<0i+e

This induction formula (called Bellman Equation in the framework of Dynamic Program-
ming) permits us to compute the optimal costs ¢,, ¢,_1, . . . ¢o recursively (the initialization
being made with ¢,; = 0). Moreover, each time the minimum in (22) is computed, we

consider one optimal index

k; € arg min Cj
! Js 3>, 0;<0;+¢€ 7

then an optimal sequence ii,1s,...75 can be computed by tracking back indexes that

achieve the optimal cost ¢y. This sequence is given by
il = ko,ig = ki“ .. .is = kisfu

where the value of s is obtained using the fact that ¢;,; = n + 1. In the end, the
desired sequence of integer vectors is simply (P, Gk )1<k<s, Where (pk, @) = (pi,, @i, ) for all
1 < k < 's. The whole procedure we just described is given in pseudo-code in Algorithm 1

of Appendix C.



17

FiGUure 1. Comparison of an approximate uniform sampling of turning

bands and their selection by dynamic programming.

4. NUMERICAL STUDY

This section is devoted to the numerical evaluation of anisotropic fractional Brownian
field (AFBF) simulations obtained by turning bands.

Let us recall some notations. The field X is the theoretical field to be simulated
(AFBF). Its variogram vy is of the form (1) with a spectral density defined by (2). The
field Xg A is the turning-band simulation field defined by Equation (11) for some sets ©
and A giving band orientations and weights, respectively. The variogram ve  of Xg A is
defined by Equation (14).

In all experiments, the set © of band orientations was computed automatically using
the Dynamic Programming algorithm described in Section C with a constraint on field
precision. The precision parameter g associated to the set © is defined as in Equation

(12). Weights X; of A are defined to fullfil the condition (16) of Proposition 2.4.
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FIGURE 2. Realizations on [0, 1)? of elementary fields obtained for different

values of H and « using the TBM with 5900 bands.

4.1. The use of elementary fields. Our evaluation was focused on elementary fields
whose spectral density is given by Equation (2) taking h = H for some H € (0,1) and
¢ =1|_q,4 for some 0 < o < 7/2.

Elementary fields are specified by only two parameters, H and «, which can be inter-
preted as regularity and anisotropy parameters, respectively. The Holder regularity of
these fields being equal to H (see [9] for instance), it increases as H tends to 1. When
a = 7/2, elementary fields correspond to usual isotropic fractional Brownian fields of
Hurst index H. When 0 < a < m/2, these fields are no longer isotropic. In this case,
they are some kind of fractional Brownian fields whose non-null frequency components
are restricted between frequency directions —« and a. As a decreases to 0, non-null field

frequency components become more and more focused around the horizontal direction.



19

On Figure 2, some elementary field realizations are shown for illustrating both the effect of
increasing H on the field regularity and the effect of decreasing « on its anisotropy. For the
evaluation, we considered elementary fields of varying degrees of regularity and anisotropy,
taking all parameter pairs (H, «) for H in {0.2,0.5,0.8} and « in {7/6,7/3,7/2}.

Let us further mention that variograms of elementary fields can be computed using the
closed form given in Equation (9). As it will appear next, this is of particular interest
for the computation of evaluation criteria. On Figure 3, some of these variograms are

presented for different degrees of regularity and anisotropy.

Q
Il
;e

Q
|
ol

Q
I
ol

FIGURE 3. Variograms on [0, 1]? of elementary fields for different values of

H and «.

Finally, let us notice that any anisotropic fractional Brownian field whose spectral

density is defined with piecewise constant functions h and ¢ can be decomposed as a
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sum of independent elementary fields. Hence, although achieved on elementary fields, our

evaluation accounts for more general anisotropic fractional Brownian fields.

4.2. Approximation error. As mentionned in Section 2.3, simulation errors result from
the distance separating simulation and theoretical fields. This distance can be defined as
the Kolmogorov distance between distributions of theoretical and simulation fields at
each position x. As stated in Theorem 2.3 (Equation (15)), the Kolmogorov distance
is further bounded by dega(z) = W, which is proportional to the error made
when approximating the variogram of X by the one of Xg . Moreover, when X is an
elementary field, it is possible to compute the bound dg A (x) using closed forms of vg A (2)
and vy (x) given by Equations (14) and (9), respectively. Hence, using elementary fields,
we could numerically evaluate a simulation error by averaging values of dg s () over points
z of a uniform subgrid of [0, 1}* :

p p k1 k1
k Ux\,s5) —Ve,AlLy 5,
(23) don = Zd@v/\ (—,_> _ Z lox (55 5) i (;)A(p p)" with p = 64.
pp

k=1 k=1 UX(E’ 5)

As this is evidenced by Equation (17) of Proposition 2.4, the measured error dg 5 depends
on the precision parameter g of the simulation field. Figure 4 illustrates the effect
of increasing eg (i.e reducing the simulation precision) on simulations of a fractional
Brownian field of Hurst index H = 0.2. When the precision becomes too low (g¢ > 0.25),
field realizations have some stripes in different directions, and simulation field variograms
present some singularities on lines radiating from the origin. This well-known effect,
often called artifact banding in the literature [24, 31, 21, 20|, is due to the fact that the
contribution of a band process Y; to the sum defining the simulation field (see Equation
(11)) is null for points on the line orthogonal to the band direction 6; and passing through
origin.

On Figure 5, we plotted values of error bounds dg o obtained for different elementary
fields as a function of the precision parameter cg. Whatever the field parameters, error
bounds varied almost linearly with respect to ¢g. They did not seem to depend on

the regularity parameter H. However, they were slightly dependent on the anisotropy
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.

(1) (2) (3) (4)

FiGURE 4. Effect of reducing the field precision on simulations of a frac-
tional Brownian field of Hurst index H = 0.2. On the first row, realizations
of simulation fields Xg A of decreasing precision and, on the second row, cor-
responding variograms: (1) eg = 0.04 (n = 103), (2) eg = 0.077 (n = 51),
(3) e0 = 0.25 (n=15) and (4) eg = 0.464 (n = 7).

parameter «, especially at low precision (eg > 0.03). Error bounds of all fields fell below

1% when eg < 0.02, such a precision being reached with around 150 simulation bands.

4.3. Estimation error. We also conducted numerical experiments to evaluate errors
which arise when estimating field features (e.g. parameters, variograms) from field simu-
lations.

Applying the TBM (with 1321 bands on a 64 x 64 grid of [0,1]?), we simulated 2000
independent realizations {y*), k = 1,---,2000} of a given elementary field X of variogram
vx. Given k € {1,---,2000}, we then computed the empirical variogram v (z) at

position z using the K first samples:
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FIGURE 5. Variations of the error bound dg A relative to the precision pa-
rameter g for elementary fields with different values of H and a: (1)

H=02,(2) H=05,(3) H=038.

. . . —_p(K) . .
Finally, we computed an estimation error d)(z) = % at point x, and its average

over points x of the grid

D p v U(K) k1
(24) "= "d" ( ) > Poxt o p)’, with p = 64.

I
kl=1 ke l=1 UX( ' 5)

On Figure 6, some empirical variograms v estimated from simulations of a fractional
Brownian field of Hurst index H = 0.2 are compared to the theoretical variogram vy of
X. This illustrates both the convergence of empirical variograms to the theoretical one
as K tends to +oo, and estimation errors due to the lack of samples.

On Figure 7, we plotted the estimation error d'*) as a function of the sample number
K for different elementary fields. For a same value of the regularity parameter H, the
convergence of the error to zero is about the same for all values of the anisotropy parameter
«a. However, the convergence gets slower and slower as H increases. In all cases, around
1000 samples are required for the error to get below 5%.

Besides, we built a statistical test to check the adequacy of simulations to the model.

For any position z, let Y (2),--- Y ) (z) be independent and identically distributed
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(1) (2) (3) (4)

F1GURE 6. Effect of increasing the number of samples on simulations of a
fractional Brownian field of Hurst index H = 0.2 (simulations were done
with 1321 bands on a 64 x 64 grid of [0,1]?): Empirical variograms v
computed with (1) K = 60, (2) K = 1000, (3) K = 2000 samples, and (4)

theoretical variogram.

FIGURE 7. Variations of the estimation error relative to the number K of

samples for elementary fields with different values of H and a: (1) H = 0.2,
(2) H=0.5,(3) H=0.38.

random variables, and H{ be the hypothesis that their distribution is the same as the one

of X(z), i.e. a centered gaussian distribution with variance 2vx(z). For testing Hf, we

_ VB @) vy ()|
vx ()

define the rejection interval { D) (z) > c}, where the statistic D) (z)

with VU (z) = ;L S8 (VY (2))2. Under assumption Mg, KV:;:()S)”) has a x? distribution
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of degree K. Hence, under H{, the probability of the rejection interval can be computed,
and the rejection bound ¢ can be set according to a level of test. Given a realization
d®(z) of D) (z), it also possible to evaluate the p-value p®)(z) of the test (i.e the

minimal risk of rejecting Hg) as

pNz) =1 P(Z%) < K(dW(2) + 1)) + P(Z") < K(—d®(z) + 1)),

where Z5) is a y% random variable.

To evaluate the simulation-to-model adequacy, we computed for different K the average
p) of p-values p'%)(z) at positions  of the 64 x 64 grid of [0,1]2. On Figure 8, the
mean p-values are plotted as a function of the sample number K. Whatever the value of
parameters [/ and o, mean p-values are all above 0.3, indicating that hypotheses H{ of
adequacy are not rejected at low risks. Besides, the mean p-values seems to reach an upper
bound which is below 1 (around 0.5). This is probably due to both the approximation

error and estimator inacurracy.

t
t

FIGURE 8. Mean p-values p&) of adequacy tests relative to the number
K of samples for elementary fields with different values of H and «a: (1)
H=0.2,(2) H=0.5, (3) H=0..8.
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5. DISCUSSION

We have constructed turning-band fields suited to the simulation of AFBF. This con-
struction is based on the resolution of an integral equation specific to the non-stationary
anisotropic context of AFBF. This ensures the convergence of simulation fields to target
fields as the precision increases. Moreover, the band processes involved in the definition
of simulation fields are simulated exactly using a circulant embedding method. Hence,
errors produced by the simulation method are exclusively due to the approximation of the
target field by the simulation field. This approximation error was evaluated theoretically
and numerically. From a numerical point of view, we observed that it does not depend
significantly on the regularity of target fields, nor on their degree of anisotropy. Experi-
ments have also suggested that simulations preserve the statistical properties of the target
field. Besides, we obtained good simulation results with few bands (around 150) at a low
computational cost.

The evaluation was achieved on some elementary fields. However, simulation possibili-
ties offered by the TBM go far beyond those fields, as there is a large choice of parameter
definitions and tunings. Using the TBM, it chiefly becomes possible to visualize truthfully
realizations of different anisotropic field models studied in the literature |9, 6, 16, 36]. In
the generic model defined by Equation (2), we recall that the field anisotropy is intro-
duced through two direction-dependent and m-periodic functions: the Hurst index function
h and the topothesy function c. So as to illustrate the effect of varying these parameter

functions, we considered three functions of increasing regularity:

e a discontinuous function gi: for py,pue € (0,1), gi(w) = if w € (=%, 7) and
gr(w) = pp if w e (=m,M\(=F, 7),

e a continuous but not differentiable function go: for py, pe € (0,1), g2(0) = p,
g2(—m/2) = g(7/2) = po, and go is piecewise linear on (—m/2,0) and (0,7/2).

e an infinitely differentiable function g3: g3(w) = pr(w) + p2(1 — r(w)) with r(w) =
(14 sin(2w + 7/2))/2 for w € [0,7/2], and g3(w) = g3(—w) for w € [—7/2,0].
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Fixing the topothesy function to a constant (¢ = 1), we first simulated field realizations
with Hurst index functions h = g; for i = 1,2, 3 and different pairs of parameter values
(11, p12); results are shown on Figure 9. In these realizations, the degree of anisotropy can
be measured as the difference ps — 7 between maximal and minimal Hurst indices. It
is the same for realizations of the first and second columns (p9 — p; = 0.3), and higher
for those of the third column (us — p; = 0.5). Moreover, the Holder regularity of those
realizations is equal to uq. It is the same for realizations of the first and third columns
(u = 0.2) and higher for those of the second column (x = 0.5). Comparing realizations
on a same row, we clearly see the effect of anisotropy and regularity variations on field
textures: as the field regularity decreases, the texture gets rougher, and, as the field
anisotropy increases, texture patterns get more obviously oriented. Besides, comparing
realizations on a same column, we can observe texture differences induced by changing the
regularity of the Hurst index function A in the model. In particular, realizations obtained
with a discontinous function h (on the first row) have some linear patterns which are not
present on those obtained with a more regular function A (on the second and third rows).

Fixing the Hurst index function to a constant (h = 0.5), we also simulated field realiza-
tions with topothesy functions ¢ = g; for ¢« = 1, 2, 3 and different pairs of parameter values
(1, p2); results are shown on Figure 10. In these realizations, the degree of anisotropy
can be defined as the difference py — py between maximal and minimal topothesy values.
From a column to the next one, it is increased, while the field regularity remains the
same for all realizations (H = 0.2). As it can be observed by comparing realizations on
a same row, variations of the anisotropy degree cannot be visually detected on textures.
However, comparing realizations on a same column, we can notice that the regularity of
the topothesy function has an effect on the field texture. As previously, some line patterns
are present on textures when the topothesy function is discontinous.

In the simulations we presented, field realizations were generated on a regular subgrid of
[0, 1]%. Using our TBM approach, it is however possible to simulate fields on other sets of

non-uniformly spaced positions. To do so, the only condition is that position coordinates
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FIGURE 9. Field realizations obtained with different Hurst index functions
h. For all realizations, the topothesy function ¢ = 1. On the first, second
and third rows, Hurst index functions are h = g; (discontinuous), h = go
(continuous but not differentiable), and A = g3 (infinitely differentiable), re-
spectively. On the first, second and third columns, Hurst index functions are
specified by parameter pair values (p1, 2) = (0.2,0.5), (u1, po) = (0.5,0.8),
and (w1, p2) = (0.2,0.8), respectively.

are all rational; this is required for the exact simulation of fractional Brownian motions
on turning bands (refer to Section 3.1). The pseudo-polar grid is an example of a set
of points satisfying this simulation condition [1]. Such a grid is of particular interest for
computing discrete Radon transforms [2], as its points are uniformly spread on different
lines radiating from the origin. But Radon transforms are one of the key features for the
construction of parameter estimators for AFBF [7, 36]. Hence, those estimators could be

better discretized and evaluated using simulations on a pseudo-polar grid.
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FI1GURE 10. Field realizations obtained with different topothesy functions.
For all realizations, the Hurst index function A = 0.2. On the first, second
and third rows, topothesy functions are ¢ = ¢; (discontinuous), ¢ = g9
(continuous but not differentiable), and ¢ = g3 (infinitely differentiable),
respectively. On the first, second and third columns, topothesy functions
are specified by parameter pair values (u1, o) = (1,5), (p1, pe) = (1,100),
and (1, p2) = (1,1000), respectively.

Due to the ability of the TBM to simulate fields on quasi-arbitrary points, it also
becomes possible to simulate field deformations. For instance, let A be the 2 x 2-matrix
of an affine transform (with rational components) and X = X o A the deformation of the
random field X by the affine transform A. Realization of X on a uniform grid G of [0, 1)
can be obtained by applying the TBM to the simulation of X on {Ax,z € G}. Figure 11

presents an illustration corresponding to the deformation of a fractional Brownian field of
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1 2
Hurst index H = 0.5 by a shear in the horizontal direction, that is, A = . This

0 1
example also shows that deformating isotropic fields is a means to construct anisotropic

fields.

FIGURE 11. Shear of a fractional Brownian field of Hurst index 0.5.

Simulation is a central issue concerning the investigation of anisotropic fields. As shown
previously, a simulation technique such as the TBM can serve as a tool for visualizing
mathematical properties of anisotropic models under study. From an application view-
point, it can also help assessing the similarity between model realizations and real-world
images. Besides, having reliable simulations is critical for the evaluation of model parame-
ter estimators. In future works, we plan to use TBM simulations of AFBF to evaluate the
estimators we constructed using quadratic variations [7, 36]. We also intend to use those
simulations to refine the adequacy between models and radiographic images we analyze

for the characterization of osteoporosis and breast cancer [5, 8, 36].
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APPENDIX A. PROOF OF PROPOSITION 2.1

Proof. According to Proposition 2.2, for all x € R?,

1 w/2
UH,QI,QZ(x) = 5/ /27(h(9))0(0)|:p-u(9)|2h(9)d9
1

= Sl [ Jeos(o - arg(a)as.

We will use the following lemma.

Lemma A.1. Let a,b € R with —7/2 < a < b < 7/2, then

b . .
/ | cos(0)|21d = 221 (ﬁH (—1 i S’an(b)) - B, (—1 - me))) .
Proof. Since we assume that —7/2 < a < b < 7/2,
b b H-1/2
/ lcos(@)Pdo = / (1— sin(0))""7* cos(0)d0

sin(b)
= / (1 —u?)H=12qy,

in(a)

by the change of variables v = sin(d). Then, by the change of variables v = HT“, we
obtain
1+s12n(b)
| cos(0)|*#dh = (1 — ) H Y2 =12y,
1+sm(a)
which gives the result. 0

This allows us to get the next result, which concludes the proof.

Corollary A.2. Let a,b € R with 0 <b—a <, then

b B (B52) -8, (B3| W @hngza=0
/ | cos(0)2do = 221 {3, (1+sm ) v 3, (”Sln d ) if (a,b) N =T +2Z7 £ 0
a By (539) + 8, (552) i (ab)ng+22m A0
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Proof. We first assume that (a,b) N5 + Zm = (). Since 0 <b—a < 7, one can find k € Z
such that —7/2 < a+km < b+ kr < 7/2. The result follows from Lemma A.1 when £ is
even. When £ is odd,

[ 1cosoas = [ osotan =2 (5, (A0 -, (L))

according to Lemma A.1. Note that by a change of variables, for all # € R

(25) 5 (FSTHM)) _5.1)- 3, (1 —1—82in(9)>

and the result follows.
Let assume that —5 + 2Zn # (). Then, one can find k € Z such that a + 2kr < —7/2 <
b+ 2km, and according to Lemma A.1,

b b+ 2k
/‘COS(Q)’QHdQ = / | cos(6) > db

+2km

—7/2 b+2km
_ / | cos(0)|df + / | cos(6) |6

+2km /2

/2 .
= / | cos(0)[*1d6 + 223, (1+s—m(b)>

+m42km 2

- (g, (LY g, (1RO )

which concludes this case using (25). The last case is similar. O

APPENDIX B. PROOFS OF SECTION 2.3

Proof of Proposition 2.4. Note that X 2(0) = X 0) = 0 a.s. so that dx.(Xea(0), X (0)) =

H,al,ag( ) H,aq,a9

0. Let # € R? with # # 0. Then, the error of approximation is bounded by

UH,al,QQ (x) - U®7A(x)

z)

v (
H,aq,09

with v, (x) = 37(H)[|=[*" f;Q | cos(8 — arg(x))|*"df and

vor(®) = ()2l 3" A cos(6; — arg(x)) "

=1
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First let us remark that since @' — | cos(6—6")|*! is continuous, non negative and non iden-
tically equal to 0 one can find ¢; > 0 such that for all z € R?, [ | cos( —arg(x))[*" df >
cy. It follows that

dro(Xo (), Xt o o (7)) <)t (/Oé2 | cos(6 — arg(a:))]szG — Z Ai| cos(0; — arg(x))]2H> )

1 =1

Now, let us write

(26) 9.(6) = | cos(8 — arg(a)) ",

and remark that

(27) 19:(6) — g.(0")] < 2|6 — &' for all 6,6 € R,

using the fact that |[t|2 — |¢/|?H| < 2|t — ¢/|™CHY for all ¢,¢' € [—1,1]. It follows that

there exists ¢y > 0 such that for 0 <17 < n,

Oit1 .
(28) / (9:(0) — g.(0:)) dG‘ < cp(fs41 — 6;)Hmin(L2H)
0;

Then, choosing A\y = 6y — 0y and \; = 0;,,1 — 6; for 2 <1 < n, one has

/Oé2 gr(0> - Z )\zgr(ez)

Moreover g, is of class C* on R \ {arg(z) — 7/2 + nZ} with

< 62(042 — 041) On<1?<§(9”1 _ Qi)min(l,QH).

(29) 92 (0)] < cs|cos(f — arg(x))|*?=2, for all @ ¢ arg(z) — 7/2 + 7Z,

for some ¢3 > 0 (non depending on z). According to the trapezoidal rule, when [0;,6;,1] N

{arg(x) — 7/2 + 7L} = 0,

Oit1 . . Y I Y
/ (gx(e) . gm<ez) + gx(eerl)) d@‘ S 9 sup |g$//(0)| (01+1 ez) )
92' €

(30)
2 600] 12

Note also that using (27) one always has

Oit1 . . |
/ <g:r(9) — gz(ez) + gm(eﬁ—l)) d(g‘ < 02(0i+1 . ei)lerm(l,QH).
0;

(31) 5
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For sake of simplicity let us consider the case where arg(x) = 7/2 such that —7/2 < ay <

0 —arg(x)+7m/2 <oy <7m/2and
2 2
|cos(8 — arg(x))| > ;|9 —arg(x) +7/2| = ;|0|

If6,,1 <Oweset m=n+1,if 6 > 0 we set m = 0 and otherwise we choose m €
{0,...,n} such that 6,, < 0 < 60,,41. Then, according to (29), since 2H — 2 < 0, for

1>m+ 2,

9\ 2H2 9\ 2H~2 1 0,
sup 1g."(0)] < 5 (—) 022 < ¢, <_> ﬁ/ 62 -2p.
0€[0;,0i+1] ™ T i1 —0i Jo,_,

with, when m <n — 3,

(32)
n—1 0; O Hm . Hm —1+min(2H,1) if H 1/2
3 / 92249 = / 02249 < ¢, Bz = o) #1/ ,
i=m+3 0;—1 Om+2 | 10g(9m+2 — 9m+1)| 1f H = ]_/2

for some constants c3, ¢y > 0. While for i < m — 1 one has
2 2H-2 1 0i42
o o0 < (2) 0t [ e
0€(6:.0:11] m Oive — 0it1 Jo,.,

with, when m > 3,
(33)

m—2 .9, Om—2 em— _ em— —14min(2H,1) if H 1/2
3 / 621240 — / g2 < ¢ (Om1 T Im?) #12
i=1 Y0 %o |1og((0rm—1 — Om—2))| it H=1/2

for some constant ¢; > 0. Let us choose A\; = (01 —6y) + 92;61, A= (01 —0,)+ %

and \; = % for 2 <i <n — 1. Then, let us remark that for 2 <7 <n — 1 one has

\ = 9i+12_9i + ei_g“. Therefore

n—1 n—1 9 6 71729 6
Nao(0) = S Uil gy Nl =0,
Do hal) = 3 TG+ 3 S Ou)
n—2
+(0;) + g.(0; 0, —0,_ Oy — 0

=2



34 HERMINE BIERME 12, LIONEL MOISAN !, AND FREDERIC RICHARD?

It follows that

D Niga(0) = Z(eiﬂ—ei)gx(@i) 0] (0, 00)g01) + (s — 0,)0.000)

Bi1 T 91 T 91 o Bt
0

i 0o 0

i=1

Then,

/a2 gac(9> - Z /\zgac(ez)

1

n—1 9i+1 - 01 + . 01 91 9n+1
< S| [ ooy - 2O gl | [ 0) — gnran| 4| [ 0a0) - 0,100
i=1 i 0 n
m—2 n—1 m+2 01 Ont1
<>y >+ gx<e>—gx<el>de'+ [ 00 - gut00)],
i=1  i=m+3  i=m—1 bo On

which gives the result using (30) with (32) and (33) for the two first sums and using (28)
and (31) for the other terms. The general case where arg(z) # m/2 can be computed
similarly. 0

Proof of Proposition 2.5. The proof is similar to the proof of Proposition 2.4, considering
Go(8) = v(h(80))c(9) |z - w ()" = 5 ((8))c(B)||][*" ] cos(6 — arg(a))[*"®.

instead of g,(f) given by (26). Note that when h and c are assumed of class C' (I =1 or

2) on [ay, an] C [—7/2,7/2], one can find C' > 0 such that for all x € T,

1G2(0) — G.(8")| < C|§ — ¢/|minCH@2)D) “for all 0,6 € [0, a),

and when [ = 2,
4o (8)] < C|cos(0 — arg(z)) 22272 for all § € [y, o] with 6 ¢ arg(z) — /2 + 72,

where H(aq,ap) = , r[nin }h(@). These estimates allow to proceed as in the proof of
€lag,a

Proposition 2.4. The result follows by summing the integrals over which the functions h

and c are regular using the fact that H < H(aq, az) for all aq, as. 0J
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input : a1, as, defining the considered angular interval
€: the maximum angular distance between two adjacent bands
r: resolution parameter (the sampling step is 1/r)
output: a finite sequence of integer vectors (P, Gk )1<k<s
1 N1+ (ta}m}
2 Build the set V of all integer vectors (¢,p) € {1,...,N} x {—=N,..., N} such
that ged(p,q) =1 and a1 < Z(q,p) < a2
3 Sort V into a sequence (pg, qr)1<k<n With k — 0 := Z(qy, ki) increasing
4 Compute the angle 0y := Z(qx, pr) and the cost ey associated to each (g, px)
5 Add extremal angles: 0y < a3 (eg « 0) and 6,41 — ao
6 Cn+1 — 0
7 fori=n,n—1,...0do
8 cmin «— oo
9 je—1+1
10 while j <n+1 and §; < 6;+¢ do
11 if ¢; < cmin then
12 cmin < ¢;
13 ki —J
14 end
15 je—jg+1
16 end
17 c; «— €; +cmin
18 end
19 1+ 0
20 s—1
21 while 7 < n do
22 i — k;
23 (Ps, s) < (pi» Gi)
24 s—s+1
25 end
26 return (P, Gk)1<k<s
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