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Figure 1.1: N Independent points
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Figure 1.2: Left: Eigenvalues of N ˆ N Ginibre random matrices / Coulomb particles. Right: Zeros
of random polynomial

řN
n“0Xn

zn
?
n

Figure 1.3:
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Figure 1.4: Photoreceptors in a chicken’ eye

Figure 1.5:

• Theory of point processes

• Poisson point processes

• Zeros of random complex polynomials

• Random matrices / Coulomb systems

• Determinantal point processes

Survey: Hyperuniform random measures, transport and rigidity, arXiv preprint, https:
//arxiv.org/abs/2510.18392 [?]

Other important source: [?]

TOC

https://arxiv.org/abs/2510.18392
https://arxiv.org/abs/2510.18392


Chapter 2

Some finite models

Definition 1. For A Ă Rd, call N pAq the class of subsets P of A that are “locally finite”, i.e. such
that for all compact set K Ă Rd,

#P XK ă 8.

N pAq is called the class of (point) configurations over A. If A “ Rd, we write N “ N pRdq.

A point process (on A), denoted by P in these notes, is a random element of N pAq. Before giving
a formal framework, let us examine some examples. They are all measurable in the sense that they
result from a measurable construction based on (measurable) random variables on appropriate spaces.

2.1 n IID points
Denote by L d the Lebesgue measure on Rd.

Definition 2. Let A a Borel set with L dpAq P p0,8q. The most basic example is to draw n iid points
X1, . . . , Xn uniform on A, i.e. with law L dp¨ XAq{L dpAq, and put P “ tX1, . . . , Xnu. It is called the
binomial process (of n points) on A, its law is denoted Binpn,Aq.

2.2 Random zeros
Hereafter, K represents either R or C.

Let Ak, k “ 1, . . . , n random variables in C with An ‰ 0 a.s., and the degree n random polynomial

FpXq “

n
ÿ

k“0

AkX
k.

Call ZF Ă C the (random) set of roots, or zeros, of F. The cardinality of F is random, but in many
situations we have #ZF “ n. In some setups, F only has real roots, and we consider ZF as a point
process of R. We sometimes consider a unitary polynomial, i.e. set An “ 1 a.s..

Definition 3 (Complex Gaussian variable). Let G “ A`ıA1 where A,A1 are i.i.d N p0, 1{2q Gaussian.
Equivalently, G has the elegant density in C

1

π
expp´|z|2q.

9



Figure 2.1: Binpn, r0, 1s2q

For σ ą 0, the law of σG is NCp0, σ2q. Note that

E|σG|2 “ σ2.

The law of G is invariant under rotations of C (i.e. multiplication by eiθ, θ P R).

Figure 2.2: Complex Gaussian variable

Example 1 (Weyl polynomial / truncated Planar GAF). Let Gk i.i.d NCp0, 1q ) and

F pzq “

n
ÿ

k“0

Gk
zk
?
k

It seems like

• Uniform on the disk

• Better distribution than i.i.d
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Figure 2.3: [?]

2.3 Random matrices
A random matrix is a matrix with random entries in K P tR,Cu. We consider in this course two
classes:

• (Symmetric/Hermitian matrices) Let Ai,j , i ď j random variables in K, symmetric: Aj,i :“ Ai,j

(K “ R), or Hermitian: Ai,j “ Āj,i (K “ C), and

Mn “ pAi,jq1ďi,jďn

To obtain asymptotic tractable results, we assume pAi,j , i ď jq has a density with respect to
L d

K rnpn´ 1q{2s ˆ L dRrns. Later on, we will only consider independent A1
i,js.

• Let Ai,j , 1 ď i, j ď n,

Mn “ pAi,j , 1 ď i, j ď nq,

with pAi,j , 1 ď i, j ď nq having a density with respect to L d
K rn2s (hence a.s. Mn is neither

symmetric nor Hermitian).

In both cases, let Pn the point process formed by its eigenvalues. If M is symmetric or Hermitian,
Pn Ă R. Otherwise, Pn Ă C.

2.3.1 GOE and GUE ensembles
Definition 4. Let A “ pAi,jq1ďi,jďn with the Ai,j „ N p0, 1{2q. Then MGOE

n :“ A`AT is a random
real symmetric matrix, called Gaussian Orthogonal Ensemble (GOE).

Proposition 1. Let Mi,j , 1 ď i ď j ď n the entries of MGOE
n . Then they are independent real

Gaussian variables with

Var pMi,jq “

#

1 if i ă j

2 if i “ j

and Mj,i “ Mi,j for j ą i.

Proof. For i ă j, Mi,j “ Ai,j `Aj,i „ N p0, 1q. For i “ j,Mi,i “ 2Ai,i „ N p0, 2q.

TOC



Let us explain the GOE name and the different variance on the diagonal. Let SnpRq the space of
real symmetric matrices. Form “ pmi,j , i ď jq P Cnpn`1q{2 andM “ pmi,jq P SnpRq the corresponding
symmetric matrix, the density of the vector pmi,jqiďj in m is

ź

iăj

p2πq´1{2 expp´m2
i,j{2q

n
ź

i“1

pπq´1{2 expp´m2
i,i{4q9

ź

i‰j

expp´m2
i,j{4q

n
ź

i“1

expp´m2
i,i{4q

“ expp´
ÿ

i,j

m2
i,j{4q

“ expp´}M}22{4q

with the Frobenius/Hilbert-Schmidt/2´norm

}M}22 :“
ÿ

i,j

|ai,j |2 “ TrpMM˚q

This is also the reason for the invariance under conjugation. Denote by On the orthogonal group

On “ tO P MnpRq : OOT “ Inu.

Proposition 2. For O P On, OMnO
T pdq

“ Mn.

Proof. The density in M P SnpRq is the same as in OMOT :

expp´TrpMMT q{4q “ expp´TrpOMOTOMTOT q{4q “ expp´TrppOMOT qpOMOT qT q{4q

Direct proof: X
pdq
“ OXOT hence ψpXq :“ X ` XT “ MGOE

n has the same law as ψpOXOT q “

OMGOE
n OT .

Let us now treat the GUE case. Denote

M˚ “ MT .

Let HnpCq the space of Hermitian matrices, i.e. such that M˚ “ M.

Definition 5. Let Gi,j i.i.d NCp0, 1{2q variables. Then MGUE
n “ G ` G˚ is a random Hermitian

matrix, called the GUE Hermitian model.

Proposition 3. Let Mi,j the entries of MGUE
n . Then

Mi,j
pdq
“

#

NCp0, 1q if i ă j

N p0, 1q if i “ j

and Mj,i “ M̄i,j , i ă j.

Proposition 4. MGUE
n ’s law has density 9 expp´TrpMM˚q{2q in M P HnpCq. It is invariant under

the action of the unitary group

Un :“ tU P MnpCq : UU˚ “ Inu,

i.e.

@U P Un, UMnU
˚ pdq

“ Mn.
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2.3.2 Non-Hermitian Ginibre model
Let Gi,j , 1 ď i, j ď n i.i.d NCp0, 1q variables, and

MGin
n “ pGi,jq1ďi,jďn.

Exercise 1. 1. MGin
n is invariant under the action M ÞÑ UMV for U, V unitary matrices.

2. Under what similar transformation is the real Ginibre invariant? (same definition as for complex
Ginibre but with N p0, 1q i.i.d. entries)

2.4 Number of roots

2.4.1 Random polynomials
Recall

Fpzq “

n
ÿ

k“0

Akz
k

with An ‰ 0 a.s.

Proposition 5. If pA0{An, . . . , An´1{Anq has a density with respect to Kn, #ZF “ n a.s.

Note that if pA0, . . . , Anq has a density in Kn`1, it works as well.

Proof. Call Λ1, . . . ,Λn the roots of F, repeated according to multiplicity, and sorted by lexicographic
order. Define the discriminant of F as

∆pFq “
ź

i‰j

pΛi ´ Λjq.

The important features is that it vanishes iff F has multiple roots, and it is a symmetric polynomial
in the Λ1

is. We aim to show ∆pFq “ QnpA0{An, . . . , An´1{Anq for some deterministic polynomial Qn.
Since Qn is not the null polynomial, we will prove that its zero set has zero Lebesgue measure.

For instance if n “ 2, FpXq “ A0 `A1X `A2X
2 “ A2pX ´ Λ1qpX ´ Λ2q,

∆pFq “ pΛ1 ´ Λ2qpΛ2 ´ Λ1q “ ´pΛ1 ´ Λ2q2 “ ´
“

pΛ1 ` Λ2q2 ´ 4Λ1Λ2

‰

“
4A0

A2
´

ˆ

A1

A2

˙2

and this vanishes almost never because for all a, tpb, cq : a2 “ 4bcu is L 2-negligible.
We have

Fpzq “ Anpz ´ Λ1q . . . pz ´ Λnq.

Hence

A0 “Anp´1qn
ź

i

Λi

...

An “An.

We write it as Ak “ AnskpΛ1, . . . ,Λnq where sk is symmetric, i.e. invariant under permutation of the
Λi. The sk are called elementary symmetric polynomials. We then exploit the

Theorem 1 (Fundamental theorem of symmetric polynomials). Any polynomial P pZ1, . . . , Znq sym-
metric, i.e. “ P pZσp1q, . . . , Zσpnqq for any permutation σ, can be expressed as a polynomial expression
evaluated in these elementary symmetric polynomials, i.e.

P pZ1, . . . , Znq “ Qnps0pZ1, . . . , Znq, . . . , snpZ1, . . . , Znqq

for some polynomial Qn.
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Ideas of proof.

• Leading monomial argument. Order monomials lexicographically. For a symmetric polyno-
mial P , subtract a polynomial in s1, . . . , sn whose symmetrization matches the leading monomial
of P . The remainder is symmetric with strictly smaller leading term, and an induction concludes.

• Roots–coefficients viewpoint. Consider

n
ź

i“1

pX ´ Ziq “ Xn ´ s1X
n´1 ` ¨ ¨ ¨ ` p´1qnsn.

The elementary symmetric polynomials are the coefficients of the polynomial with roots Z1, . . . , Zn.
Any symmetric polynomial in the roots can therefore be written as a polynomial in the coeffi-
cients.

• Algebraic structure. The invariant ring KrZ1, . . . , ZnsSn is generated by the elementary sym-
metric polynomials s1, . . . , sn. One shows that every symmetrized monomial can be reduced to
a polynomial in these generators.

Reference. I. G. Macdonald, Symmetric Functions and Hall Polynomials, 2nd ed., Oxford Univer-
sity Press, 1995.

Back to proof:
Consider the discriminant, which is indeed symmetric

∆pFq “ P pΛ1, . . . ,Λnq “ Qnps0pΛ1, . . . ,Λnq, . . . , snpΛ1, . . . ,Λnqq “ QnpA0{An, . . . , An´1{An, 1q,

where Q does not depend on F. This is indeed polynomial in the Ak{An. This concludes the proof
with:

Theorem 2. For Q ‰ 0 polynomial in n variables, its zero set is Lebesgue negligible in Rn or Cn.

Proof. • n “ 1: OK since Q is not the null polynomial.

• Then if it is true for n ´ 1, induction on n: Then fix z2, . . . , zn. Then the set of z1 such that it
vanishes is Let us write for z1 P Cn´1

Qpz1, z
1q “

n
ÿ

k“0

zk1 qkpz1q

with not all polynomials qk identically 0. Let E the set of z1 such that all qkpz1q vanish. By the
induction hypothesis, E is L d

Cn´1-negligible. For z1 R E, tz1 : Qpz1, z
1q “ 0u is negligible. Then

Fubini gives the result.
There is an alternate proof with the implicit function theorem.

2.4.2 Random matrices

Theorem 3. Let Mn “ pMi,jq1ďi,jďn

• (Symmetric / Hermitian) Assume Mn is Hermitian. Assume pMi,jqiďj has a density in Knpn`1q{2.
Then #Pn “ n a.s. in R.

• (Non-Hermitian) Assume that pMi,jq1ďi,jďn has a density in Kn2

. Then #Pn “ n a.s. in C.
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Proof. Consider

Fpλq “ detpλIn ´ Mnq “

n
ÿ

i“0

Aiλ
i

polynomial in the Gaussian entries forming real and imaginary parts of the matrix. It hence has
coefficients which are polynomial in the entries A0 “ P0ppAi,jqq, ..., An´1 “ PnppAi,jqq, An “ 1. Call
Λ1, . . . ,Λn the eigenvalues in LG order with possible repetitions. With the previous result, we hence
have

∆pFq “
ź

i‰j

pΛi ´ Λjq “ QnpA0, . . . , An´1q “ QnpP0ppAi,jqq, . . . , Pn´1ppAi,jqqq

is a polynomial in the Ai,j , hence its zero set is L N -negligible, with N “ npn`1q{2 or N “ n2. Hence
a.s. it is ‰ 0 and the roots are simple.

A large part of random matrix theory is devoted to deriving results under weak assumptions on
the distributions of the Ai,j , and on their dependence. In this introductory course, we only consider
Gaussian ensembles with independent coordinates up to the symmetry constraints.

Exercise 2. Let a random symmetric matrix M with centred Gaussian entries in the upper diagonal
forming a non-degenerate Gaussian vector. Prove that detpMq has a bounded density in 0

Pp| detpMq| ă aq ď Ca.
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Chapter 3

Semi-circular and circular laws

3.1 Topology
Recall the configurations space N pRdq. We consider a random element Pn with n points, and wish to
study its convergence.

Before introducing convergence for random measures, let us introduce it for deterministic ones:

Definition 6. For measures mn,m with finite mass, mn Ñ m weakly if mnpfq Ñ mpfq for f bounded
continuous. Denote it by mn

w
ÝÝÝÑ
nÑ8

m.

This actually corresponds to the convergence in law for random variables : let Xn, n ě 1 and X
whose laws are mn,m resp. Then

Xn
Law

ÝÝÝÑ
nÑ8

X ô EfpXnq “

ż

fdmn Ñ EfpXq “

ż

fdm, for f continuous bounded ô mn
w

ÝÝÝÑ
nÑ8

m.

In particular, the method of moments can be used in R, recalling the following.

Lemma 1. For X a bounded variable in R (or equivalently if m has a bounded support),

Xn
Law

ÝÝÝÑ
nÑ8

X ô @k P N,EXk
n Ñ EXk.

Proof. Convergence in law is equivalent to convergence of the characteristic function, i.e. for all t P R

E exppitXnq Ñ E exppitXq.

Then expand exp in Taylor series and apply Lebesgue’s theorem.

3.1.1 Results

The limit laws for GUE and Ginibre ensemble are the following:

• Let the semi-circular law on R

µscpdtq “ scptqdt with scptq “
1

2π

a

4 ´ t21|t|ď2, t P R

• Let the circular law on C

µcircpdzq “
1

π
1tz P Bp0, 1qudz, z P C.

17



The constants ensure that these two laws are probability laws: note that
?
4 ´ t2 is the upper height

of the half circle with radius 2 at abscissae t, hence the integral is half its surface
ż 2

´2

a

4 ´ t2dt “
1

2
π22 “ 2π.

Theorem 4. Let Pn “ tΛ1, . . . ,Λnu either the GUE or GOE or complex Ginibre eigenvalues, and the
rescaled renormalisation

P̃n “
1

n

n
ÿ

i“1

δΛi{
?
n.

Then,

• For the GOE and GUE models, P̃n
w

ÝÝÝÑ
nÑ8

µSC a.s. on R.

• For the Ginibre ensemble, on C, P̃Gin
n

w
ÝÝÝÑ
nÑ8

µcirc.a.s..

Method of proof for GOE/GUE:

• Prove convergence of moments: a.s., for all k P Nd,

P̃npxkq Ñ µpxkq.

To that end:

1. First prove convergence of expectations:

EP̃npxkq Ñ µpxkq

2. Then control the variance

Var
´

P̃npxkq

¯

Ñ 0

sufficiently fast.

3. Apply Borel-Cantelli lemma.

Figure 3.1: Empirical histogram for GOE eigenvalues

For Ginibre, the strategy is the same but we will show point 1 with the theory of DPPs.
End of first session

3.2 Symmetry considerations
Proposition 6. The sets of eigenvalues PGUE

n ,PGOE
n are invariant in law under the operation x ÞÑ ´x,

i.e. Pn
pdq
“ ´Pn.

For PGin
n Ă C, the invariance in law is under each rotation z ÞÑ eiθz for θ P R.
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Proof. GOE/GUE: Based on Mn
pdq
“ ´Mn, hence

Pn “ tλ : detpMn ´ λIq “ 0u
pdq
“ tλ : detp´Mn ´ λIq “ 0u “ ´Pn.

For Ginibre, we want to have Mn
pdq
“ eiθMn, which is the direct consequence of the fact that for

G „ NCp0, 1q, eiθG
pdq
“ G.

Then

PGin
n “ tλ : detpλ´ MIq “ 0u

pdq
“ tλ : detpλ´ eiθMIqu “ e´iθPGin

n .

Consequences on moments: For the GOE, GUE, k P N,

EPnpxkq “ E
ÿ

i

Λk
i “ E

ÿ

i

p´Λiq
k “ p´1qkEPnpxkq.

Hence the expected moments vanish for k odd. It means that the limit distribution should be even
(and indeed scptq is an even function).

Expected moments. 3.2.1 GOE Proof
For k “ 2p, treat first p “ 1 to get the idea.

EPnpt2q “E
ÿ

i

Λ2
i “ E}Mn}22 “ E

ÿ

i,j

|Ai,j |2 “
ÿ

i,j

Var pAi,jq “ n2 ` 2n „ n2.

Hence the renormalisation yields for GUE and GOE

EP̃npt2q “
1

n
E

n
ÿ

i“1

pΛi{
?
nq2 Ñ 1.

For general p ě 1,

EPnpt2pq “ Ep
ÿ

i

Λ2p
i q “E

ÿ

i1

pMpM̄pqi1,i1 “
ÿ

i1,...,i2p´1

EAi1,i2Āi2,i3Ai3,i4 . . . Āi2p,i1

Let us start with the real GOE case Ai,j “ Āi,j . Let us try to see when the variance cancels:

• If a term Ai,j is not “compensated”, it gives a factor EAi,j “ 0, and all the product vanishes.

Therefore, since EAi,j “ 0 for all i, j,

EAi1,i2 . . . Ai2p,i1 ‰ 0

if and only if each pair pi, jq appears an even number of times, example with 2p “ 8

EA3,2A2,3A3,4A4,6A6,6A6,6A6,4A4,3 “ pEA2
1,2q6pEA2

1,1q2 “ 1622 “ 4.

(This provides another proof of why odd powers vanish Eµnpt2p`1q “ 0).
Each term of the product can be seen as an opening bracket or a closing bracket, for instance

A12
loomoon

p1

A23
loomoon

p2

A32
loomoon

q2

A24
loomoon

p3

A45
loomoon

p4

A54
loomoon

q4

A46
loomoon

p5

A64
loomoon

q5

A42
loomoon

q3

A21
loomoon

q1
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We represent such terms by a graph on the locations of terms t1, . . . , 2pu (not on indexes between 1
and n). We first focus on the case where each Ai,j appears at most two times to simplify the problem.
The number of possibilities is the number of ways to pair points.

For instance above the pairings are

t1, 10u, t2, 3u, t4, 9u, t5, 6u, t7, 8u.

1

2

3

4

5

6

7

8

9

10

We say that the pairing is not crossing when there is no crossing if we represent the pairings by a
graph in the disk. The example above is non crossing with t1, 4u, t2, 5u, t3, 6u

1

2

3

4

5

6

Here is a crossing graph associated to t1, 4u, t2, 5u, t3, 6u (i.e. to for instance EA12A23A31A12A23A31)
To each term is associated a graph G on t1, 2, . . . , 2pu. Conversely there are several terms EAI

associated with one graph, which we denote I Ñ G. Hence the expectation is

EPnpt2pq “
ÿ

G

ÿ

I:GÑI

EAI .

Lemma 2. The non crossing graphs dominate the sum:
ÿ

G not crossing

ÿ

I:GÑI

EAI „ np`1

ÿ

G crossing

ÿ

I:GÑI

EAI “ opnp`1q
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This is the subtle point of the proof.

Proof. We ignore for now indexes I having diagonal terms Ai,i, or with powers larger than 2, e.g. A4
i,j ,

as they remove degrees of freedom.
To count the number of degrees of freedom, we actually have to consider the graph on rr2pss :“

t1, . . . , 2pu corresponding to constraint on the 2p bullet points

A ‚, ‚
loomoon

1,2

...A ‚, ‚
loomoon

2p´1,2p

.

For I “ pi1, i2, . . . , i2pq, call HI the corresonding graph on rr2pss depending on equality between succes-
sive indexes, and repeating terms A2

i,j or A2
j,i. For instance for I “ p1, 2, 2, 3, 3, 2, 2, 1q, corresponding

to EA12A2,3A3,2A2,1, the graph connects 2 Ñ 3, 4 Ñ 5, 6 Ñ 7, 8 Ñ 1 and 1 Ñ 8, 2 Ñ 7 because of
terms A1,2, A2,1, 3 Ñ 6, 4 Ñ 5 because of terms A2,3, A3,2. It has 3 “ p ` 1 degrees of freedom (here
p “ 2). This is typically the kind of graphs that will contribute to the dominating term. We observe
that graph HI gives a degree two to each index, but this will not matter so much (but it is a way to
ensure your pictures are right).

We see that for every I, we already have in HI the constraint that 2 is connected to 3 because of
Ai1,i2Ai2,i3 ..., and similarly 4 Ñ 5, 6 Ñ 7, . . . , 2p Ñ 1. The positions of repeating terms A2

i,j give the
rest of the connections.

We will discuss the other constraints below, but the key point is that we will count indexes I
depending on the number of connected of components of the graph HI , denoted dI , because this is
what gives the number of degrees of freedom. Indeed, all the points in the same connected component
must be equal, hence when one is chosen, all the other ones are determined, which gives a magnitude
in ndI : for d P N,

ÿ

I:dI“d

EAI “ Opndq.

We consider also the graph on G on rrpss induced by HI , but remark that several possible H might
corresponding to a given G, depending on wether one has A2

i,j or Ai,jAj,i. We will see that terms A2
i,j

induce less degrees of freedom, hence they are negligible.
Of particular importance are the I for which dI “ p ` 1. We want to prove that these are the

dominating terms, and that their contribution is
ÿ

I:dI“p`1

EAI “ #tG without crossingsunp`1.

There are several steps:

• Start from a given graph G not crossing on rrpss. There is a unique graph HG on rr2pss such that
I yielding graph G has dI “ p` 1 implies that I has graph HI “ HG (said differently, there are
indexes I giving graph G but not giving a graph HI with p` 1 degrees of freedom). The graph
HG is the unique graph that you can draw that corresponds to G where there is no crossing for
H (the best way to see that is to draw pictures of examples).

• For such a graph H without crossings corresponding to a graph G (also necessarily without
crossings), you have p` 1 connected components. You can prove it by induction.

– Ok for p “ 1.
– For any p, take such a graph H and the corresponding graph G. There are necessarily at

least two neighbours i, i` 1 connected in G, hence 2i` 1, 2i` 2 are connected in H (make
a picture). They are also connected by default, hence these two indexes form a closed loop
in H. Denote by H̃ the graph obtained after removing this loop, and G̃ the corresponding
graph on rrpss. G̃ is a not crossing graph on rrp ´ 1ss, and H̃ on rr2p ´ 2ss, hence by
induction it has p ´ 1 ` 1 “ p connected components. Since H is obtained from H̃ by
adding a component, H has p` 1 components.
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• Let us finally give the idea why other type of graph has less connected components. If one
starts from a non-crossing graph H on rr2pss and crosses two edges, you merge two connected
components, hence the number of CCs strictly decreases. Any graph with crossings can be
obtained from a graph without crossing (hence with p` 1 CCs) by crossing successively some of
its CCs, hence its number of CCs is ă p` 1. We do not give a formal prove, and encourage you
to try to convince yourself first with examples.

This finally yields the formula
ÿ

I

EAI “
ÿ

G

ÿ

H:GH“G

ÿ

I“HI“H

EAI

“
ÿ

G not crossing

ÿ

H not crossing:GH“G

ÿ

I“HI“H

EAI ` opnp`1q

“
ÿ

G not crossing

1
loomoon

only one possible H

ˆ 1
loomoon

pEAi,jAj,iqp`1

“ #tG not crossingu

Theorem 5. The number of noncrossing pairings over k “ 2p is the Catalan number

Cp “
1

p` 1

ˆ

p

2p

˙

.

Hence after renormalisation we arrive at

EP̃npt2pq “
1

n

ˆ

1
?
n

˙2p

EPnpt2pq „
1

np`1
np`1Cp Ñ Cp.

Proof. There is also a purely computational proof, more intricate. Proof by generating functions
Let

F pxq “
ÿ

pě0

Cpx
p.

Using the closed formula for Cp,

F pxq “
ÿ

pě0

1

p` 1

ˆ

2p

p

˙

xp.

Now use the standard series

ÿ

pě0

ˆ

2p

p

˙

xp “
1

?
1 ´ 4x

.

So

F pxq “
1

x

ÿ

pě0

ˆ

2p

p

˙

xp`1

p` 1
“

1

x

ż x

0

dt
?
1 ´ 4t

.

Evaluating the integral gives

F pxq “
1 ´

?
1 ´ 4x

2x
.

Now rearrange:
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2xF pxq “ 1 ´
?
1 ´ 4x.

Square both sides:

p2xF pxq ´ 1q2 “ 1 ´ 4x.

Expanding:

4x2F pxq2 ´ 4xF pxq ` 1 “ 1 ´ 4x.

Cancel 1 and divide by 4x:

xF pxq2 ´ F pxq ` 1 “ 0.

Hence

F pxq “ 1 ` xF pxq2.

Now compare coefficients of xp on both sides. For p ě 1,

Cp “ rxpsF pxq “ rxp´1sF pxq2.

But

F pxq2 “

˜

ÿ

iě0

Cix
i

¸ ˜

ÿ

jě0

Cjx
j

¸

,

so the coefficient of xp´1 is

p´1
ÿ

i“0

CiCp´1´i.

Therefore

Cp “

p´1
ÿ

i“0

CiCp´1´i.

If we set l “ i` 1, this becomes

Cp “

p
ÿ

l“1

Cl´1Cp´l,

which is exactly the desired recursion.

Let us show that the semi-circular law has the same moments using classical results. Simplify to

m2p :“

ż 2

´2

t2p
a

4 ´ t2dt “ 2

ż 2

0

t2p
a

4 ´ t2dt “ 23`2p

ż 1

0

s2p
a

1 ´ s2ds

“23`2p

ż 1

0

up´1{2p1 ´ uq1{2 du

2
“ 22p`3 1

2
Bp

2p` 1

2
,
3

2
q

and Bpa, bq “
Γpaq

Γpbq
Γpa` bq.

Method: x “ ut, y “ tp1 ´ uq

ΓpaqΓpbq “

ż

xa´1e´xdx

ż

yb´1e´ydy “

ż ż

putqa´1ptp1 ´ uqqb´1e´ttdtdu “ Γpa` bqBpa, bq
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We finally have

m2p “
1

2π
22p`2Γp3{2qΓpp2p` 1q{2q

Γpp` 2q

These are actually known values:

• Γpp` 1{2q “
p2pq

4pp

?
π

• Γp3{2q “ 2
4

?
π

• Γpp` 2q “ pp` 1q

Finally

m2p “
1

2π
22p`2

1
2 p2pq{p4ppqπ

pp` 1q
“

1

p` 1

ˆ

p

2p

˙

3.2.2 Higher moments
Proof. Let Xn,k “ P̃nptkq. We proved EXn,k Ñ EµSCptkq. Now that the expectation converges to the
right value, let us bound the variance.

E pXn,kq “

ˆ

1

np`1

˙2
ÿ

I1“pi11,...,i
1
2pq,I2“p...q

EAi11,i
1
2
. . . Ai12pi

1
1

loooooooomoooooooon

AI1

Ai21i
2
2
. . . Ai22pi

2
1

looooooomooooooon

AI2

Var pXn,kq
2

“
1

n2p`2

ÿ

I1,I2

ErAI1AI2s ´ ErAI1sErAI2s.

As before, the first term is over pairings of I1 Y I2. Say a pairing is disconnected if it is the union of
a pairing over I1 and a pairing over I2. Such pairings give a 0 contribution to the variance. It only
remains connected pairings, that we have to count.

To be more explicit, a connected pairing is such that one pi2m, j
2
mq is the closing bracket of some

pi1l , i
1
l`1q, i.e. pi2m, j

2
mq “ ppi1l`1, i

1
l qq. Denote by Np the number of connected pairings over 4p indexes.

Once the way to pair indexes has been chosen, it remains to “fill the locations” with indexes from
t1, . . . , nu. The major difference with before is that we cannot choose pi2m, j

2
mq, which removes two

degrees of freedom. In total there will be 2p “set of brackets”. The final number of degrees of freedom
is

choice of pi11, i
1
2q

looooooooomooooooooon

2

` choice of second index in “opening bracket”
looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

2p´1

.

Therefore it yields

Var pXn,kq „
1

n2p`2
Npn

2p`1 “ Opn´1q.

It yields convergence in probability with Byenaimé-Tchebyshev inequality:

Pp|Xn,k ´ EXn,k| ą εq ď
Var pXn,kq

ε2
Ñ 0.

Unfortunately n´1 is not summable, we cannot deduce a.s. convergence. We have still proved a.s.
convergence for some subsequences:

ř

n
1
2n ă 8 hence

X2n,k Ñ Xk a.s.
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To prove a.s. convergence Xn,k Ñ Xk, we must look at the 4th moment:

E

˜

ÿ

I

AI ´ EAI

¸4

“EA4 ´ 4EA3EA` 6EA2EA2 ´ 4EAEA3 ` EA4

“
ÿ

I1,I2,I3,I4

EAI1...I4 ´ 3EAI1EAI2,I3,I4 ` ...

We can show that if one I l, say I3, is disconnected from the others (i.e. it has its own opening
and closing brackets), or if two of them are disconnected from the two others, then separating the
expectations the corresponding term directly vanishes, as for the variance computation. It remains the
tuples I1, . . . , I4 completely connected. Reasoning similarly, we can show that constraining to such
tuples removes 2 degrees of freedom. Finally

E|P̃npt2pq ´ EP̃npt2pq|4 ď
1

n4pp`1q
n4pp`1q´2 “ Opn´2q.

We can then use Borel Cantelli lemma with ε “ εn “ 1{ lnpnq,

ÿ

n

Pp|Xn,k ´Xk| ą εnq ď
ÿ

n

E|Xn,k ´Xk|4

ε4n
ă 8

hence a.s., for n sufficiently large, |Xn,k ´Xk| ă εn, and Xn,k Ñ Xk a.s.. Formally, to talk about a.s.
convergence, one must first make sure that variables are built on the same probability space, but it
changes nothing to the computation.

Exercise 3. Make the same proof for the GUE model.

Let Pn “
ř

i δΛi the empirical measure of the GUE, and P̃n “ n´1
ř

i δΛi{
?
n. Let

Yn,k “ P̃nptkq “ n´1
ÿ

i

ˆ

Λi
?
n

˙k

“
1

nk`1
Pnptkq.

The method is the same as for the GOE. The only difference is the following: for G „ NCp0, 1q,

EG2 “

ż

z2e´|z|
2

dz “ 0

with the change of variables w “ iz. Hence with M “ MGUE
n , in the sum

EPnpt2pq “E
ÿ

i

Λ2p
i “ ETrppPMM̄P˚qpq “ TrppMM̄qpq

“
ÿ

i

EpMM̄MM̄...MM̄qi,i

“
ÿ

i1,...,i2p´1

EAi1,i2Āi2,i3Ai3,i4 . . . Āi2p,i1

We will treat the Ginibre case later with DPPs and hyperuniformity.
End of 2d course
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Chapter 4

Gibbs measures

4.1 Systems of particles

The GOE, GUE, and Ginibre models, descend from a more general class of models in statistical physics
defined through a Hamiltonian. Consider a pairwise potential, i.e. a function φ : Rd Ñ R, and the
energy function

H˝ptx1, . . . , xnuq :“
ÿ

iăj

φpxi ´ xjq.

A Gibbs measure with energy H˝ is roughly speaking a system of particles that tend to arrange
themselves randomly while keeping a low-energy configuration. Traditionnally, φpxq is a decreasing
function of }x}, hence the more the particles shift apart at infinity the lowest is, in general, the energy,
one must add a confinement term to ensure the particles have an antagonising force to localise them.
This could be a hard confinment in a ball (or another shape) so that each particle has approximately
a constant volume for itself. There are also smoother ways to confine the particles, we will typically
consider an energy term of the form

Hpx1, . . . , xnq “ H˝px1, . . . , xnq `
ÿ

i

V pxiq

and Vn is called a confinment potential, it is supposed to have compact sublevel sets. A hard confinment
penalisation consists formally in choosing V pxiq “ 8 ˆ 1t}xi} ą 1u (with 8 ˆ 0 “ 0), but this is less
usual in the mathematics literature. A frequent and convenient choice is V pxiq9 }xi}

2, and it emerges
naturally in the theory of random matrices as we saw with previous models. We indicate [?, ?, ?] as
an introduction to the mathematical aspects of such topics.

The deterministic configurations minimising this energy are called ground states, or optimal con-
figurations, and are highly ordered. To add some randomness among low energy configurations and
reflect disordered states of matter such as gases and liquids, one balances the energy by an entropy
term, favoring more disordered random states, parametrized by some temperature T ą 0, or the inverse
temperature β “ 1{T . The minimisers of this combined quantity called free energy are random point
configurations called Gibbs measure at inverse temperature β ą 0, see [?, ?] for details. The Gibbs
measure PH

n with n particles and energy H is defined by the density

ρnHpx1, . . . , xnq9 expp´βHpx1, . . . , xnqq. (4.1)

The particles of PH
n tend to approach global minimisers of the energy in the low temperature regime

β Ñ 8, and at the opposite converge towards independent “totally disorded” processes with density
9

ś

i e
´

ř

i V pziq when β Ñ 0 in the “high temperature regime”.
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A popular example is s-Riesz gases, s P R, where φpx´yq “ }x´y}´s. When s ą d, φ is integrable
at 8 and the model is said to be short range.

A particular case is obtained with Coulomb gases, also known under the terminology jellium, or
One Component Plasmas (OCPs). Call φd the Coulomb potential in dimension d, i.e.

φdpxq “

#

´ lnp}x}q if d “ 2
1

}x}d´2 if d ‰ 2,

easily seen to satisfy in the distributional sense with some κd

∆φdpxq “ ´κdδ0 (4.2)

and κd ą 0 in dimension d ě 2. The Coulomb gas in dimension 1 also exists with φ1pxq “ |x| (clearly
the Laplacian vanishes on Rzt0u).

Exercise 4. Prove that ∆φdpxq “ ´κdδ0.

Many recent studies instead focus on the so-called log-gas, or β-ensemble (more in the context of
random matrices), with potential that we denote φlogpxq “ ´ lnp}x}q, in particular for its importance
in random matrices (but this is not the Coulomb potential ).

Call Pd,β
n P N pRdq the simple point process with exactly n points and inverse temperature β ě 0

whose density is

ρnd,βpx1, . . . , xnq9 expp´β
ÿ

iăj

φdpxi ´ xjqq expp´β
ÿ

i

}xi}
2 ˆ pd{4qq (4.3)

and Plog,β with the logarithmic potential in dimension 1. Note that Plog,β “ P2,β . It indeed corresponds
to Boltzmann density (4.1) with potential φd (the reason for the p4{dq-renormalisation simplifies the
connection with random matrices).

Remark 1. We study the potential φd here because of its relations with random matrices, but it is
a “complicated Gibbs measures”. If φd is replaced with an integrable potential, i.e. in the short-range
case, a probabilistic study is much easier.

4.2 Coulomb systems and random matrices
A striking fact of random matrix theory is that many ensembles of eigenvalues can be represented as
a Coulomb gas.

Theorem 6. We have

PGOE
n

pdq
“ Plog,1

n

PGUE
n

pdq
“ Plog,2

n

PGin
n

pdq
“ P2,2

n

pdq
“ Plog,2.

The proof of this result is pretty involved through a matrix decomposition and a change of variables
and we only present here the GOE and GUE cases below.

We also study the possible existence of a limit point process Pd,β such that for some rescaling
an ą 0,

anP
d,β
n

w
ÝÝÝÑ
nÑ8

Pd,β .

Several (difficult) questions arise, that we will not study here:
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• Such a limit exists? Is it stationary?

• Such a limit is unique? The answer is in general yes for d “ 1 and it is believed to be no for d ě 2,
and there might be limit processes P that are stationary and others that are not stationary. An
exception is the Ginibre case, i.e. d “ 2, β “ 2, where there is a unique limit PGin “ limn P

Gin
n .

• Does the set of limit points change if we change the confining potential V pxq “ }x}2?

• It is believed in dimension 2 from physical experiments that the structure of the set of limit
points (unique or not unique) changes around β « 140, but proving is not currently possible as
one cannot even prove that there exists β with several limit points.

There are other examples not covered in this course. For any β ą 0, the β-ensemble P1,β
n has been

shown by [?] to constitute the eigenvalues of an explicit tridiagonal matrix model Mβ,pnq. The case
β “ 4 involves matrices of quaternions and is called the Gaussian Symplectic Ensemble (GSE), but we
will not explicit further cases β R t1, 2u. Furthermore, Valko and Virag [?] recently shown the following:
there exists a stationary point process P1,β on R, called Sineβ process such that

?
nPlog,β

n
w

ÝÝÝÑ
nÑ8

P1,β .

4.3 Change of variables
We refer to the monographs [?, ?, ?] for other models.

Proof that the eigenvalues of MGOE
n have density (4.3) for β “ 1. Denote by Mn “ MGOE

n the GOE
random matrix. Since M is a symmetric matrix, there is a.s. a random matrix Qn in the orthogonal
group On and a random matrix Dn “ diagpΛ1, . . . ,Λnq in the space Dn of diagonal matrices such that
M “ QnDnQ

T
n . Dn is assimilated to Rn with the Euclidean metric and endowed with L n.

The fact that the eigenvalues of M are a.s. distinct is proved at Theorem 3. Hence M is .a.s in S˚
n

the set of real symmetric matrices with distinct eigenvalues, and Dn is a.s. in D˚
n the class of diagonal

matrices with distinct entries.
Our interest is the exact density of Dn “ pΛ1, . . . ,Λnq, i.e. to identify the law ν on R, such that

for a test function ψ on Rn

EψpΛ1, . . . ,Λnq “ cn

ż

Rn

ψpλ1, . . . , λnqdνpλ1, . . . , λnq.

Recall the density of Mn in M P Sn: for φ a test function,

EφpMnq “ c1
n

ż

S ˚
n

φpMq expp´
1

4
TrpMMT qqdM. (4.4)

We drop the “1/4” for notational simplification in the rest of the proof (it amounts to a global rescaling).
There is no unicity for the law of Qn.

Lemma 3. There is a Haar measure on OnpRq, i.e. a probability measure σ such that for Q „ σ, for

all Q P On, QQ
pdq
“ QQ

pdq
“ Q.

Proof. It is a consequence of Haar theorem on the compact topological group On. We can also build
it explicitly:

• Let V1 random uniform in Sn´1 (in particular V1’s law is invariant under multiplication by
Q P On).

• Let V2 uniform in V K
1 X Sn´1

• Let V3 uniform in pRV1 ` RVnqK X Sn´1
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• ...

• Let Vn a coin flip to choose between the two elements of p‘
n´1
i“1 RViq X Sn´1.

Then the matrix Q with columns pV1, . . . , Vnq is invariant under rotations.

Lemma 4. Let Q1
n with law σ independent of Mn. Then

Mn
pdq
“ Q1

nDnpQ1
nqT

Proof. Let Q „ σ independent. Let Q1
n “ QQn. Let µ the joint law of pQn,Mnq. We characterise the

joint law pQ1
n,Mnq with bounded continuous test functions φ,ψ

E
“

φpQ1
nqψpMnq

‰

“EφpQQnqψpMnq

“

ż ż

φpQQ1qσpdQqφpMqdµpQ1,Mq

“

ż

¨

˚

˚

˚

˝

ż

φpQQ1qσpdQq
loooooooomoooooooon

“
ş

φpQqσpdQq

˛

‹

‹

‹

‚

ψpMqdµpQ1,Mq

“

ż

φpQqσpdQq

ż

ψpMqµpdQ1, dMq

which proves at the same time that Q1
n „ σ and is independent of pQn,Mnq.

Remember that for fixed Q P On, QMnQ
T pdq

“ Mn (this is a property of the GOE). Hence

E
“

φpQ1
nMnpQ1

nqT q
‰

“EE
“

φpMnq|Q1
n

‰

“ ErφpMnqs

therefore

Mn
pdq
“ QQnDnQ

T
nQ

T “ Q1
nDnpQ1

nqT

which concludes the proof.

Hence without loss of generality (up to changing Qn) we write Mn “ QnDnQ
T
n with the law of

pQn,Dnq is σ ˆ ν for some measure ν on D˚
n that we seek to explicit.

The idea of the proof is to compute the Jacobian of the mapping pQ,Dq ÞÑ M “ QDQT for
pQ,Dq P On ˆ D˚

n . It is tricky to directly perform a change of variables on the non-Euclidean manifold
On, we therefore locally linearise it first with the space of skew-symmetric matrices

AnpRq “ tA P MnpRq : AT “ ´Au

, assimilated to Rnpn´1q{2 and endowed with L npn´1q{2.

Lemma 5. The exponential function induces a bijective mapping from some neighbourhood U of 0 in
An to exppUq in On.

Proof. expp0 ` Hq “ I ` H ` opHq, clearly implies that the derivative of exp at 0 is bijective. The
inverse function theorem gives the conclusion.

We introduce the mapping Γ : An ˆ D˚
n Ñ S ˚

n

ΓpA,Dq :“ exppAqD exppAqT .

Let some diagonal matrix D0. We wish to compute the density of ν at the point D0. To that end, let
us compute the absolute Jacobian determinant JΓp¨, ¨q in p0, D0q.
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Lemma 6. For D0 “ diagpλ1, . . . , λnq P D˚
n , the Jacobian matrix of Γ has absolute determinant in

the VanderMonde form
JΓp0, D0q “ cn

ź

iăj

|λi ´ λj | for some cn ą 0.

This lemma is proved later. In particular, the determinant does not vanish. By the inverse function
theorem, Γ is a C1-diffeomorphism on a neighbourhood V ˆ UD0 of p0, D0q in An ˆ D˚

n , and for
M P ΓpV ˆ UD0q, there is a unique pAM , DM q P V ˆ UD0 satisfying M “ ΓpAM , DM q (there is no
such unicity on S ˚

n ). By independence, the law of pexp´1pQnq,Dnq is of the form σ̃pdAqνpdDq on this
neighbourhood.

For ψ supported on UD0
and another “mute” test function ξ supported by V , and φpMq :“

ψpDM qξpQM q,

EψpDnqξpQnq “ EφpMnq “

ż

W

ψpDM qξpQM qe´TrξpQnqpMMT
qdM

“

ż

V ˆUD0

ψpDqξpexppAqqe´TrpDDT
qJΓpA,DqdAdD

On the other hand

EφpMnq “

ż

φpQDQT qσpdQqνpdDq “

ż

φpexppAqD expp´AqqξpexppAqqσ̃pdAqνpdDq.

We can therefore identify on this neighbourhood

e´TrpDDT
q{4JΓpA,Dq9σ̃pdAqdνpDq.

It yields that ν has a density fpD0q9
ś

iăj |λi ´ λj |, and this Jacobian form is valid for any D P UD0 ,
which concludes the proof because expp´TrpDDT qq “ expp´

ř

i λ
2
i q.

Let us finally prove Lemma 6. We see Γ as a function from Rnpn´1q{2 ˆRn to Rnpn`1q{2, and denote
its components Γi,j , i ď j. Let δ “ diagpλ1, . . . , λnq P Dn, H “ pHi,jq1ďi,jďn P U.

ΓpH,D0 ` δq “pI `H ` opHqqpD0 ` δqpI ´H ` opHqq

“Γp0, D0q ` δ `HD0 ´D0H ` oppH, δqq.

Note that HD0 ´ D0H “ pHi,jpλj ´ λiqq1ďi,jďn vanishes on the diagonal, and at the opposite δ is
supported by the diagonal. For i ă j, we can read the partial derivatives on the lower diagonal

BΓi,j

BHk,l
p0, D0q “λi ´ λj iff pi, jq “ pk, lq, for k ă l

BΓi,j

Bλk
p0, D0q “0, 1 ď k ď n,

and for 1 ď i ď n

BΓi,i

Bλk
p0, D0q “δk,i

BΓi,i

BHk,l
p0, D0q “0, k ă l.

Seeing the Jacobian matrix ∇Γ as blocks of dimension npn´1q{2 or n, the nˆn block gives determinant
1, the npn´ 1q{2 block is diagonal and gives

ś

iăjpλi ´λjq, and the other blocks vanish; this gives the
desired expression.
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4.3.1 GUE Case
End of 4th course

The proof is essentially the same with Mn “ M
p2q
n . The main difference is that the decomposition

is

Mn “ UDnU
˚
n P H ˚

n

where Dn P D˚
n ,Un P Un and H ˚

n is the class of Hermitian matrices with n simple eigenvalues. We
still use the exponential mapping with the space of skew-hermitian matrices

AnpCq :“ tA P MnpCq : ĀT “ ´Au,

and we have the decomposition

Mn “ exppAqDn exppĀT q

recalling expp´Aq “ exppĀT q “ exppAqT . Such matrices A decompose in

A “ AR ` iAC

with AR P AnpRq, AC P SnpRq. The main difference occurs in the Jacobian determinant for the
mapping

ΓCpA,Dq “ exppAqD expp´Aq.

We have as before

ΓCpH,D0 ` δq “ δ `AD0 ´D0A` opδq ` opHq

and ΓC has more components than Γ :

• n real diagonal Γi,i

• npn´ 1q{2 real anti-diagonal Γi,j,R, i ă j

• npn` 1q{2 real diagonal Γi,j,C, i ă j

And the antidiagonal expression is for i ă j

Γi,j “ Γi,j,R ` iΓi,jC “ Hi,jpλi ´ λjq ` opδq ` opHq “ HR
i,jpλi ´ λjq ` iHC

i,jpλi ´ λjq

which yields more non-zero diagonal Jacobian components

BΓi,j,R

BHR
i,j

“λi ´ λj

BΓi,j,C

BHC
i,j

“λi ´ λj

it ultimately gives products of pλi ´ λjq2 instead of pλi ´ λjq for the GOE.

4.3.2 Ginibre case:
Based on Schur decomposition M “ QTQ´1. See the proof of Dyson in [?], or [?].
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Chapter 5

Point processes theory

For n Ñ 8, in many cases, the Pn seem to converge to an infinite object P. It raises several questions:

• Weak topology is supposed to apply to finite measures. What topology and σ-algebra?

• How to describe its law?

• How to prove a convergence Pn Ñ P?

Let Λn be a cube with volume n

Λn “ r´n1{d{2, n1{d{2sd.

5.1 Vague topology

As before a point configuration P P N can be seen as a measure P̃ :“
ř

xPP δx, i.e.

P̃ pBq “ #P XB,B Ă Rd.

We often use the abuse of notation

P pAq “ P̃ pAq, P pfq “

ż

fdP̃ “
ÿ

xPP

fpxq.

A locally finite set P is necessarily countable:

P “ Y8
n“0 pP X Λnq

loooomoooon

finite

hence we can label its points P “ tx1, x2, . . . u. We sometimes write without specification “let P “

txi; i ě 1u” a point process.
Let us endow N with a classical topology on the space of measures. Let P, Pn P N , n ě 1. Say

that Pn Ñ P in the vague topology if for any f P C0
cpRdq (continuous function with compact support),

Pnpfq Ñ P pfq.

Compact support ensures that it is well defined. It is a local convergence, it means that Pn Ñ P in a
reasonable sense on each compact.

We consider convergence in distributions of random point processes weakly in the vague topology,
denoted

Pn
w

ÝÝÝÑ
nÑ8

P

it means by definition EΦpPnq Ñ EΦpPq for Φ bounded continuous.
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Theorem 7 ( Th. 14.16-(ii) of Kallenberg [?]). Pn
w

ÝÝÝÑ
nÑ8

P if and only if

Pnpfq
Law

ÝÝÝÑ
nÑ8

Ppfq, f P C0
cpRdq.

if and only if for all A Ă Rd bounded such that PpBAq “ 0 a.s.,

PnpAq
Law

ÝÝÝÑ PpAq.

Sets A such that P pBAq “ 0 for some configuration P P N are called continuity sets for P because
Q ÞÑ QpAq is continuous in P .

The general idea of this result is to approximate any continuous bounded functional Φ by a function
over finitely many “coordinates” formed by linear statistics

ΦpPq « F pPpf1q, . . . ,Ppfmqq

for F bounded continuous function on Rn. The joint convergence pPpf1q, . . . ,Ppfmqq based on individual
convergences Ppfq is based on Laplace transforms of linear combinations

ř

i tiPpfiq “ Ppfq with
f “

ř

i tifi.

Exercise 5. Pn :“ t1` 1{nu converges weakly to P :“ t1u, but Pnpr´1, 1sq “ 0 does not converge to
Ppr´1, 1sq “ 1.

We can then apply the following general theorem:

Theorem 8 (Continuous mapping theorem). Let Pn, n ě 1 point processes converging weakly to some
point process P. Let Φ : N Ñ Rpmq a mapping continuous a.s. in P. Then

ΦpPnq
Law

ÝÝÝÑ ΦpPq.

Equality in law and tightness are dealt with the following result:

Theorem 9 ( [?, ?]). 1. Any point processes P,P1 have the same law iff PpAq
pdq
“ P1pAq for every

compact A Ă Rd.

2. A sequence of random measures Pn, n ě 1 is tight if for all A compact,

sup
n

EPnpAq ă 8.

Since N is metrisable (closed subspace of a metrisable Polish separated space), tight sequences have
converging subsequences.

[Admitted] Some insights:

1. The first point means that the σ-algebra is generated by functionals Φ1A : P Ñ P pAq.

2. The second point can be decomposed in two facts: Pn is tight if for all bounded sets B, the
restriction Pn,B “ Pn XB is a compact sequence of point processes (i.e. of laws on N pBq), this
is a diagonal extraction argument. Secondly, on N pBq, Pn

w
ÝÝÝÑ
nÑ8

P if PnpAq
w

ÝÝÝÑ
nÑ8

PpAq for
A Ă B closed.

To better understand these results, we can draw a parellel with random variables Xn, n ě 1, X, Y
on the real line R :

• Two real random variables X,Y have the same law if and only if EfpXq “ EfpY q for f bounded
continuous, if and only if PpX P Aq “ PpY P Aq for all A with PpX P BAq “ 0
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• Xn
w

ÝÝÝÑ
nÑ8

X if and only if

EfpXnq Ñ EfpXq

for f bounded continuous, if and only if PpXn P Aq Ñ PpX P Aq for A with PpX P BAq = 0.

• The sequence tXn;n ě 1u is tight if

sup
n

E|Xn| ă 8

(but this is not necessary).

Real random variables can be seen as point processes with a.s. one point.

5.1.1 The homogeneous Poisson process

Proposition 7. Binpn,Λnq converges to some point process P on Rd called homogeneous Poisson point
process with intensity 1. It is characterised by

PpAq
pdq
“ PoisspL dpAqq

for bounded measurable A Ă Rd.

Proof. Let A fixed bounded. For n sufficiently large (such that A Ă Λn), each point has a probability
n´1L dpAq to fall in A, hence the number of points falling into A has law Binomialpn, n´1L dpAqq.
In particular, the expectation is ď L dpAq ă 8, hence the compactness result applies and Pn has at
least one limit point. We have the classical exercise: convergence in law Binomialpn, n´1L dpAqq Ñ

PoisspL dpAqq, i.e. for all k P N

PpBinomialpn, n´1L dpAqq “ kq “

ˆ

k

n

˙

pn´1L dpAqqkp1 ´ n´1L dpAqqn´k

“...

Ñe´L d
pAq pL dpAqqk

k!

“PpPoisspL dpAqq “ kq.

Therefore PpAq
pdq
“ PoisspL dpAqq, which gives uniqueness of the limit.

Henceforth, we will by default assume intensity 1.

Theorem 10 (Complete randomness). For P a Poisson process, for A1, . . . , Am disjoint with L dpBAjq “

0, the PpAjq, j “ 1, . . . ,m are independent Poisson variables.

Proof. Let Pn “ tX1, . . . , Xnu the binomial process on Λn.
The basic point is actually pretty intuitive: for A Ă Λn, 0 ď k ď n, conditionally on the event that

exactly k points fall into A, i.e. PnpAq “ k, then PnzA is binomial with n´ k points: for B Ă ΛnzA,

pPnpBq|PnpAq “ kq „ Binomialpn´ k,L dpBq{pn´ kqq

A formal proof can be derived with probabilities of the binomial law by summing over all k-tuple of
indexes of the points falling into A.
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Let Nj independent Poisson variables with resp. parameters L dpAjq. Let m “ 2. For k1, k2 P N,
let P1

n a binomial point process on ΛnzA

P pPnpA1q “ k1|PnpA2q “ k2q “PpP1
n´k2

pA1qq Ñ PpN1 “ k1q

P pPnpA1q “ k1,PnpA2q “ k2q “PpPnpA1q “ k1|PnpA2q “ k2qPpPnpA2q “ k2q Ñ PpN1 “ k1qPpN2 “ k2q

For an arbitrary number m, integers k1, . . . , km P N, we have the same facts that if one conditions
on k2 points falling in A2, k3 points falling in A3, etc..., until km points in Am, then the remaining
points have law Binpn´ p

řm´1
j“0 kjq,ΛnzpA1 Y ¨ ¨ ¨ YAm´1qq:

PpPnpA1q “ k1|PnpAjq “ kj ; 2 ď j ď mq Ñ PpN1 “ k1q

successive conditionings (or an induction) gives

PpPnpAjq “ kj ; 1 ď j ď mq “PpPnpA1q “ k1 |PnpAjq “ kj , j “ 2, . . . ,mqPpPnpAjq “ kj , j “ 2, . . . ,mq

„PpN1 “ k1qPpPnpAjq “ kj , j “ 2, . . . ,mq

„PpN1 “ k1qPpN2 “ k2qPpPnpAjq “ kj , j “ 3, . . . ,mq

„ . . .

Ñ PpN1 “ k1q . . .PpNm “ kmq.

Hence pPnpA1q, . . . ,PnpAmqq converge in law towards pN1, . . . , Nmq where the Nj are independent
(and Poisson).

Does it mean that pN1, . . . , Nmq
pdq
“ pPpA1q, . . . ,PpAmqq?

We saw that PpBAjq “ 0 a.s., hence the Aj are continuity sets, and the functions

Φj : P ÞÑ P pAjq

are a.s. continuous in P. Hence the function

Φ̃pP q “ p1tPpAjq “ kjuq1ďjďm

is bounded and is continuous in P . The continuous mapping theorem gives

EΦ̃pPnq Ñ EΦ̃pP q

by uniqueness of the limit, we have independence

PpPpAjq “ kj ; 1 ď j ď mq “ EΦ̃pP q “ lim
n

EΦ̃pPnq “
ź

j

PpNj “ kjq “
ź

j

PpPpAjq “ kjq.

Remark 2. There is a much simpler characterisation of law equality and convergence for point pro-
cesses by [?, 14.17] but it is not intuitive: Pn

w
ÝÝÝÑ
nÑ8

P if and only if for A a continuity set of P,

PpPnpAq “ 0q “ PpPpAq “ 0q.

For P1 another point process, P
pdq
“ P1 if PpPpAq “ 0q “ PpP1pAq “ 0q for all continuity set A.
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5.2 Stationarity and intensity
Definition 7. For a point process P, denote by µPpAq “ EPpAq. It is a measure called intensity
measure of P.

Denote by τx the translation operator by x P Rd.

Definition 8 (Stationarity). A (random) point process P is invariant, or stationary, if for all x P Rd,

τxP :“ tx` y; y P Pu
pdq
“ P.

Proposition 8. Let P a stationary point process. Then its intensity measure is λL d, a multiple of
Lebesgue measure for some λ ě 0. λ is also called the intensity of P.

Any measure invariant under translations is a multiple of Lebesgue measure by construction.

Proposition 9. Let λ ą 0 and P a homogeneous Poisson point process. Let Pλ :“ λ´1{dP “

tλ´1{dx;x P Pu. Then Pλ is a stationary point process with intensity λ, called Poisson process with
intensity λ.

Proof. • intensity For A Ă Rd,

PλpAq “ Ppλ1{dAq
pdq
“ PoisspL dpλ1{dAqq

hence the intensity measure in indeed λL dpAq.

• Stationary (Proof for λ “ 1)

τxPpAq “ Ppτ´xAq
pdq
“ PoisspL dpτ´xAqq “ PoisspL dpAqq

pdq
“ PpAq.

Remark 3. For any topological measured space pX, µq with µ locally finite, a point process P on X such

that for A Ă X, PpAq
pdq
“ PoisspµpAqq is called a Poisson point process with intensity µ (the σ-algebra

is also that induced by continuous functions with compact support).

Proposition 10. For a stationary point process P, the intensity measure is of the form µP “ λL d for
some λ ě 0. The “intensity” λ can be computed on any bounded set A that is not Lebesgue-negligible:

λ “
EPpAq

L dpAq
.

Proof. First of all, the intensity measure is invariant under shifts: since P
pdq
“ τ´xP,

µPpτxAq “ EPpτxAq “ Eτ´xPpAq “ EPpAq “ µPpAq

hence µP is a multiple of Lebesgue measure.
We know EPpAq “ λL dpAq, hence the result follows immediately.

Exercise 6. 1. Let U uniform in r0, 1sd, and

P “ tk ` U ; k P Zdu.

Show that P is stationary with intensity 1.

2. Let Xk, k P Zd i.i.d variables with law Ur0,1sd . Let P “ tk`Xk; k P Zu. Show that P has Lebesgue
intensity but is not stationary.

3. Assume U and the Xk are independent. Show that tk`U`Xku is stationary with unit intensity.

End of 3d course
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5.3 Factorial moment measures
Factorial moment measures give a more analytic way to decompose P’s law in projections of orders
1, 2, ... and characterise it in the same way that the law of a reasonable real random variable is char-
acterised by its moments of every order.

Say that P has finite moments of order m (or finite m-moments) if for A bounded, ErPpAqms ă 8.
Denote the diagonal of pRdqm by ∆m “ tpx1, . . . , xmq : Di ‰ j, xi “ xju

Definition 9. Let P “ txi; i ě 1u with finite m-moments. Define µpmq

P the m-th factorial moment
measure of P on pRdqm by

• µ
pmq

P p∆mq “ 0

• for disjoint sets A1, . . . , Am

µ
pmq

P pA1 ˆ ¨ ¨ ¨ ˆAm
loooooooomoooooooon

ĂRdz∆m

q “ EPpA1q . . .PpAmq

Also characterised on test functions f P C0
cpRdq by

µ
pmq

P pfq “ E

«

ÿ

i1,...,im distinct

fpxi1 , . . . , ximq

ff

Proof. The formula with f is true with f “ 1tA1 ˆ ¨ ¨ ¨ ˆAmu.
For f supported by pRdqmz∆m, it is a general fact from measure theory that f can be approximated

by linear combinations of such products with 1tAn
1 ˆ¨ ¨ ¨ˆAn

mu where the diameter of the An
j is bounded

by 1
n . Use MCT to approximate f ě 0 and prove equality, then decompose f “ f` ´ f´.
For general f , it can be approximated on Rdz∆m by fn supported by Rdz∆m.

For instance for m “ 2,

µ
p2q

P pfq “ E
ÿ

x‰yPP

fpx, yq.

It is a measure because

• “ 0 if f ” 0

• Additive in f

• σ-additivity: monotone convergence theorem on the right hand side.

The number of terms in the sum is determined by the number of point in P “ txi; i ě 1u. When µpmq

P

has a density with respect to pL dqm, it is denoted by ρpmq

P .
It is furthermore symmetric: if one applies a permutation to the coordinates, the result does not

change

µ
pmq

P pA1 ˆ ¨ ¨ ¨ ˆAmq “ µ
pmq

P pAσp1q ˆ ¨ ¨ ¨ ˆAσpmqq.

Theorem 11. For the Poisson process Pλ, we have ρpmq

Pλ
“ λm.

Proof. By independence,

µ
pmq

Pλ
pA1 ˆ ¨ ¨ ¨ ˆAmq “ E

«

ź

i

PλpAiq

ff

“
ź

i

E rPλpAiqs “
ź

i

pλL dpAiqq “ λmpL dqmpA1 ˆ ¨ ¨ ¨ ˆAmq
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• For k “ 1, one retrieves the intensity µ
p1q

P pAq “ EPpAq for A Ă Rd. If P is stationary, µp1q

P is
invariant under translations, hence ρp1q

P ” λ, with the intensity λ ě 0.

The variance of a linear statistic Ppfq “
ř

i fpxiq is directly expressible in terms of µp1q

P , µ
p2q

P :

Proposition 11. Let P with finite second moments. Then for f P Cb
cpRdq,

Var pPpfqq “ µPpf2q ` µ
p2q

P pf b fq ´ µPpfq2.

For Pλ a Poisson process with intensity λ ě 0,

Var pPλpfqq “ λ

ż

Rd

fpxq2dx.

Var pPpfqq “E

«

ÿ

x,yPP

fpxqfpyq

ff

´

˜

E

«

ÿ

xPP

fpxq

ff¸2

“E
ÿ

xPP

fpxq2 ` E
ÿ

x‰y

fpxqfpyq ´ µPpfq2

“µPpf2q `

ż

fpxqfpyqdµ
p2q

P px, yq ´ µPpfq2.

Exercise 7. Prove the inclusion exclusion formula:

PpPpBq “ 0q “

8
ÿ

m“0

p´1qpmq

m!
µ

pmq

P pBmq. (5.1)

5.3.1 Law characterisation and convergence

See [?, Chap. 9] for a more complete treatment. Recall the result on non-negative real variables:

Proposition 12. Let X a variable with some exponential moment, i.e. Dt ą 0 : E expptXq ă 8.

If a variable Y has the same moments as X,Y
pdq
“ X.

If some variables Xn satisfy for all k P N,EXk
n Ñ EXk, then Xn

Law
ÝÝÝÑ X.

Proof. Use characteristic function and Lebesgue theorem.

E exppiuY q “
ÿ piuqk

k!
EY k “ E exppiuXq.

pXnqn is tight by Markov’s inequality.
We will prove that any subsequential limit has the same moments as X under the assumption

X ě 0, Xn ě 0. Take a subsequence. By tightness, there is a further subsequence, denoted Xnj , such
that

Xnj

d
ÝÑ Y

for some Y ě 0.
Fix k ě 1. Choose r ą k. Since mpnq

r Ñ mr ă 8,

sup
j

ErXr
nj

s ă 8.
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For M ą 0, define
φM pxq :“ xk ^Mk.

This is bounded and continuous, so from Xnj
ñ Y ,

ErφM pXnj
qs Ñ ErφM pY qs.

Also,
0 ď Xk

nj
´ φM pXnj q ď Xk

nj
1tXnj

ąMu ď Mk´rXr
nj
.

Therefore
0 ď ErXk

nj
s ´ ErφM pXnj qs ď Mk´r sup

j
ErXr

nj
s.

Letting j Ñ 8,
0 ď mk ´ ErφM pY qs ď CrM

k´r,

where Cr :“ supj ErXr
nj

s ă 8.
Now let M Ñ 8. Since φM pY q Ò Y k, monotone convergence gives

ErY ks “ mk “ ErXks.

So Y and X have the same moments of every order. Hence Y
pdq
“ X.

Definition 10. Say a point process P has exponential moments if for all A bounded, DtA ą 0 such
that

E expptPpAqq ă 8.

Proposition 13. The law of a point process P having some exponential moments is characterised by
the µpmq

P pAq,m ě 1 for A a bounded P-continuity set.

Example 2. A Poisson point process has exponential moments because N
pdq
“ PoisspλL dpAqq has

exponential moments:

E expptNq “
ÿ

k

expptkq
pλL dpAqqk

k!
e´λL d

pAq “ e´λL d
pAq exppexpptqλL dpAqq.

This is actually the MGF of Poisson’s law.

Proof. It is classical that the law of a real random variable X is characterised by its moments
EXpmq,m ě 1 if E exppt|X|q ă 8 for some t ą 0. Similarly, if some point process P satisfies
E expptAPpAqq ă 8 for some tA ą 0 for all A bounded, in which case we say that P has some
exponential moments, then the law of the PpAq, A bounded, and hence the law of P ([?, Th. 9.2.XII]),
is characterised by the moments EPpAqm,m ě 1, A bounded. In turn, the EPpAqm,m ě 1 can be
recovered from the µpmq

P ,m ě 1 with (??).

Proposition 14. If the factorial moment measures are known to satisfy µpmq

P pBmq ď c
pmq

B for some
cB ă 8, it implies finite exponential moments on B:

E expptPpBqq ă 8, (5.2)

Proof. Let X “ PpBq P N. Denote by

Xpmq :“ XpX ´ 1q ¨ ¨ ¨ pX ´m` 1q,
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hence by assumption
@m ě 0, µ

pmq

P pBmq “ ErXpmqs ď cm

(with pXq0 “ 1), then for all u ě 0,

p1 ` uqX “

X
ÿ

m“0

ˆ

X

m

˙

um “

8
ÿ

m“0

Xpmq

m!
um.

Since all terms are non-negative, Tonelli gives

Erp1 ` uqX s “

8
ÿ

m“0

um

m!
ErXpmqs ď

8
ÿ

m“0

pcuqm

m!
“ ecu.

Now, for t ě 0, let u “ et ´ 1. Then

etX “ petqX “ p1 ` uqX ,

hence
EretX s “ Erp1 ` uqX s ď ecpet´1q ă 8.

ErpXqms ď cm @m ùñ EretX s ă 8 @t ě 0.

hence under such an assumption for all B, the µpmq

P uniquely define a distribution. This will in par-
ticular allow to define properly the class of DPPs in Section 6 through their factorial moment measures.

Similarly, the convergence between random variablesXn Ñ X forX with some exponential moment
is implied by the convergence of the m-th moment EX

pmq
n Ñ EXpmq for each m ě 1. Recall that the

convergence between point processes Pn
Law

ÝÝÝÑ
nÑ8

P is implied by PnpAq
Law

ÝÝÝÑ
nÑ8

PpAq for each bounded A
([?, 11.1.VII]). Hence if for all A bounded, for all m ě 1,EPnpAqm Ñ EPpAqm, we have indeed the
weak convergence Pn Ñ P. Finally, since EPpAqm is a linear combination of the µpkq

P pAq, 1 ď k ď m,
we have:

Proposition 15. If for some random measures Pn,P with P having some exponential moments, we
have µpmq

Pn
pAmq Ñ µ

pmq

P pAmq, for each P-continuity bounded A, then Pn
Law

ÝÝÝÑ
nÑ8

P.

End of 5th course
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Chapter 6

Determinantal point processes

In order to prove results for the GUE and Ginibre process, we must derive some basic definitions
and concepts related to the theory of determinantal processes. Even though instances of determinan-
tal processes occur throughout probability theory and statistical physics, the general concept in the
continuous space was introduced by Macchi [?], see references in [?].

6.1 DPPs and Ginibre
Definition 11. Let K : Rd ˆ Rd Ñ C a Hermitian function, i.e.

Kpx, yq “ Kpy, xq, x, y P Rd.

A point process P on Rd is a DPP with kernel K if it admits factorial moment densities of the form,
for m ě 1,

ρ
pmq

K px1, . . . , xmq :“ detppKpxi, xjqq1ďi,jďmq, x1, . . . , xm P Rd. (6.1)

In this case P is denoted by PK .

The first example, sometimes considered degenerate, is the homogeneous Poisson process with
intensity λ ą 0, for which Kpx, yq “ λ1tx “ yu. More generally, ρp1q

K pxq “ Kpx, xq P R` on Rd.
Denote by PK the DPP with kernel K, if it exists.

We make the running assumption in this course that px, yq ÞÑ Kpx, yq is locally bounded: for
A Ă Rd bounded,

MA :“ sup
x,yPA

|Kpx, yq| ă 8.

It implies that P has finite moments of all orders, in particular

µPpAq “ EPpAq “

ż

A

Kpx, xqdx ă 8. (L1
loc)

We actually have much more:

Lemma 7. for B bounded,

µ
pmq

P pBmq ď M
pmq

B L dpBqm

whence P has exponential moments.

43



Proof. Remark that by (6.1), each principal minor of K has a non-negative determinant, hence each
submatrix pKpxi, xjqq is necessarily semi-definite positive. Therefore, Hadamard’s inequality

detpMq ď
ź

i

}(column i)}2

yields for a SDP matrix S “ M2 (for some Hermitian M)

| detpSq| “ | detpMq|2 ď
ź

i

}pMqi}
2

looomooon

ř

k M2
i,k

“
ź

i

Si,i
loomoon

ř

k Mi,kMk,i

hence for compact measurable B Ă Rd

|µ
pmq

P pBnq| ď

ż

Bn

ź

i

Kpxi, xiqdx1 . . . dxm “

ˆ
ż

B

Kpx, xqdx

˙pmq

ď L dpBqpmqM
pmq

B .

From Propositions 14, 13 we have the following uniqueness result: There is at most one DPP with
a given kernel K that is locally bounded. The convergence to a DPP is also simplified with Proposition
15: a sequence of point processes Pn, n ě 1 converges towards DPP PK if for all m ě 1, A bounded
continuity set

ρ
pmq

Pn
pAmq Ñ ρ

pmq

K pAmq.

A particularly important class is that of projection canonical kernels, defined to be of the form

Kpx, yq “

n
ÿ

k“1

φkpxqφ̄kpyq (6.2)

where the φk form an orthonormal family over Rd.
Let us illustrate this concept with the Ginibre process. Denote Pn “ PGin

n the n-th order Ginibre
process.

Theorem 12. The Ginibre Pn is a DPP with canonical projector kernel

Knpz, wq “

n´1
ÿ

k“0

φkpzqφ̄kpwq.

with φkpzq :“ 1?
πk!
zke´|z|

2
{2.

Let us first check that the φk form an orthonormal family. Let αk :“ pπk!q´1{2 :

ż

C
φkpzqφ̄jpzqdz “ αkᾱj

ż

zkz̄je´|z|
2

dz “ αkᾱj

ż 8

0

ż 2π

0

ρk`jeiθpk´jqe´ρ2

ρdρdθ

in polar coordinates. We see in particular that it vanishes for k ‰ j due to the angular integral, and
for k “ j, it gives with the change of variables u “ ρ2

2π|αk|2
ż 8

0

ρ2k`1dρe´ρ2

“ π|αk|2Γpk ` 1q “ 1.

The proof is in 3 steps:
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1. Let us first treat the ρpmq

Pn
,m ą n.

For Pn, we have

µ
pmq

Pn
pfq “ E

»

–

ÿ

px1,...,xmq distinct

fpx1, . . . , xmq

fi

fl “ 0

because there are no such m distinct points in Pn because Pn has a.s. n points. For a DPP
with canonical kernel with n terms, the matrix ppKpxi, xjqq1ďi,jďmq has 0 determinant: indeed,
each matrix pφkpxiqφ̄kpxjqq1ďi,jďm has rank 1, and a sum of n rank-1 matrices has rank at most
n : Consider the column vector Vk “ pφkpxiqq1ďiďn`1. Column j is

ř

k φ̄kpxjqVk the linear
combination of column vectors pφ̄kpxiqq “ Vk. Therefore it is rank n.

We therefore proved ρpmq

Pn
“ ρ

pmq

Kn
” 0 for m ą n.

2. Let us now prove it for m “ n. The starting point is the density of the Ginibre process as a
Coulomb gas

ρnpz1, . . . , znq “
1

Zn

ź

iăj

|zi ´ zj |2
n

ź

i“1

expp´|zi|
2q

in the sense that calling Z1, . . . , Zn the points of Pn, for a symmetric test function f

ErfpP1, . . . , Pnqs “

ż

pRdqn
fρn,

see Chapter 4.

Remark 4. If the factorial densities of a point process P are of the form

ρ
pkq

P px1, . . . , xkq “ detpK̃pxi, xjqqφpx1q . . . φpxnq

then they correspond to the DPP with kernel

Kpx, yq “ K̃px, yq
a

φpxqφ̄pyq

by multilinearity of the determinant. More explicitly

detppKpxi, xjqqq “detppK̃pxi, xjq

b

φpxiqφpxjqqq “
ÿ

σ

εpσq
ź

i

...
b

φpxiqφpxσpiqq

“ detppK̃pxi, xjqqq
ź

i

φpxiq

because each φpxiq appears twice, once as a line and once as a column. This corresponds to a
change of measure dx ÞÑ

a

φpxqdx.

So in our case it is enough to prove
ź

iăj

|zi ´ zj |2 “ detpK̃pzi, zjqq

for the kernel

K̃pz, wq “
ÿ

k

zkw̄k

πk!
.

In general, Ginibre is rather considered a DPP on C endowed with the measure e´|z|
2

dz.
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We recognize for the first term the Vandermonde determinant. For z “ pz1, . . . , znq P Cn,

ź

iăj

pzi ´ zjq “ detppzk´1
i q1ďi,kďnq.

Let us multiply each column by the scalar αk´1 and take the square modulus: let Mpzq “

pαk´1z
k´1
i q1ďi,kďn, then

ź

iăj

|zi ´ zj |29| detpMpzqq|2 “ detpMpzqMpzq˚q “ detpK̃npzi, zjqq

with

K̃npz, wq :“
n

ÿ

k“1

|αk´1|2zk´1w̄k´1.

It proves that ρpnq

Pn
has the DPP form (6.1) with the kernel Knpz, wq “ K̃npz, wqe´

|z|2`|w|2

2 , up
to a constant. We write ρpnq

Pn
“ λnρ

pnq

K and we show later λn “ 1 (because we know that Pn

exists...).

Note that it could imply that Pn and the Kn-DPP have the same density ρn, and therefore they
have the same law. Unfortunately we do not know (yet) if a DPP with kernel Kn exists at all,
so we really have to prove that all factorial moment measures of Pn correspond. Our strategy in
particular proves that any DPP with CPK exists.

3. We are missing other factorial measures ρpkq

Pn
, k ă n. We will discuss that now.

Those are typically the form of kernels for finite point processes Pn coming from finite matrix
models. These kernels enjoy the reproducing property:

Definition 12. Say that K is reproducing if for x, y P Rd,

Kpx, yq “

ż

Rd

Kpx, zqKpz, yqdz.

Proposition 16. Let K a projection canonical kernel. Then K is reproducing.

Proof.

ż

Rd

Kpx, zqKpz, yqdz “

n
ÿ

k,j“1

ż

φkpxqφ̄kpzqφjpzqφ̄jpyqdz

“
ÿ

k,j

xφk, φjy
looomooon

δk“j

φkpxqφ̄jpyq

“

n
ÿ

k“1

φkpxqφ̄kpyq.

Hence indeed it is Kpx, yq.

This property is more conceptually seen as a projection property in the L2 space. If (6.2) is
satisfied, for f P L2pRdq with compact support,

LKf :“ px ÞÑ

ż

fpyqKpx, yqdyq
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is the projection of f onto the space spanned by the φk:

LKfpxq “
ÿ

k

ż

φkpxqfpyqφ̄kpyqdy “
ÿ

k

xf, φkyφk.

For a general reproducing kernel that induces an operator on L2pRdq

LKpLKfqpxq “

ż

Kpx, zqp

ż

fpyqKpz, yqdyqdz “

ż

fpyq

ż

Kpx, zqKpz, yqdz “

ż

fpyqKpx, yqdy “ LKfpxq.

As a counterexample, the Poisson kernel Kpx, yq “ 1tx “ yu neither satisfies (6.2) nor is repro-
ducing.
This reproducing property is especially useful if P has a fixed number of points n. In general,
the fact that the defining DPP property (6.1) holds for ρpnq

P does not imply automatically that
it holds for ρpkq

P , k ď n, except for reproducing kernels:

Proposition 17 (Dyson identity [?]). For a CPK K on Rd ˆ Rd with n terms: for k ă n,
ż

ρ
pnq

K px1, . . . , xk, xk`1qdxk`1 . . . dxn “ pn´ kq!ρ
pkq

K px1, . . . , xkq.

Hence the reproducing property saves us a lot of effort in the proof that a point process is
determinantal, as we will see with the GUE and Ginibre ensembles.

Exercise 8. • Let Kpx, yq “ φ̂px´ yq where φ “ 1A for some bounded symmetric A. Prove
that PK is reproducing.

• Prove that the sine kernel Kpx, yq “
sinpπpx´yqq

πpx´yq
is reproducing. This is the kernel of the

limit GUE process.

Lemma 8. Let Pn a point process with n points. Then for 1 ď k ă n, we have the projection

µ
pkq

Pn
“

1

pn´ kq!
µ

pnq

Pn
p¨, . . . , ¨,Rd ˆ ¨ ¨ ¨ ˆ Rdq

Proof. For each test function f symmetric in k arguments let

f̃px1, . . . , xnq “
ÿ

distinct pi1,...,ikq

fpxi1 , . . . , xikq

Then

µkpfq “E
ÿ

px1,...,xkq‰

fpx1, . . . , xkq

“Ef̃pZ1, . . . , Znq

“
1

n!
E

»

–

ÿ

px1,...,xnq‰

fpx1, . . . , xnq

fi

fl

“
1

n!

ż

f̃px1, . . . , xnqµnpdx1 . . . dxnq

“
1

n!

ÿ

pi1,...,ikq‰

ż

fpxi1 , . . . , xikqµnpdx1 . . . dxnq

“
1

n!
#tordered k-tuplesu
loooooooooooomoooooooooooon

pk
nqˆk!

ˆ

ż

fpx1, . . . , xkqµ̃pkqpdx1 . . . dxkq
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where

µ̃pkqpdx1, . . . , dxkq :“

ż

µnpdxk`1 . . . dxnq

using that µn is symmetric, i.e. invariant under permutation of its arguments. Seeing that the
prefactor is pn´ kq!´1, it completes the proof.

Proof of Proposition 17. It suffices to show it for k “ n´ 1 by induction. We use the projection
property:

ρ
pn´1q

P pz1, . . . , zn´1q “
1

1!

ż

Rd

ρ
pnq

P pz1, . . . , znqdzn “

ż

Rd

ρ
pnq

K pz1, . . . , znqdzn.

We must come back to the representation of the determinant with permutations:

detpMq “
ÿ

σPΣn

εpσq

n
ź

i“1

Mi,σpiq.

We decompose the set of permutations Σn in Σ1
n for which σpnq “ n and Σ˚

n the complement. For
σ P Σ1

n, let σ̃ P Σn´1 the restriction of σ to J1, n´ 1K. For σ P Σ˚
n, call cnpσq the cycle containing

n, and σ̃ P Σn´1 bypassing n (i.e. σ̃pσ´1pnqq :“ σpnq, others values do not change). Denote
by εpσq the signature of a permutation σ. Then for fixed z1, . . . , zn´1 P Rd, by the projection
property of factorial moment measures for a system with a.s. n points:
ż

Rd

ρ
pmq

P pz1, . . . , dznqdzn “

ż

Rd

detppKpzi, zjqqi,jďnqdzn

“
ÿ

σPΣ1
n

εpσq
ź

iďn´1

Kpzi, zσpiqq

ż

Kpdzn, dznqdzn `
ÿ

σPΣ˚
n

εpσq
ź

iRcnpσq

Kpzi, zσpiqq

ż

ź

iPcnpσq

Kpzi, zσpiqqdzn

“I
ÿ

σPΣ1
n

εpσ̃q
ź

iďn´1

Kpzi, zσ̃piqq

`
ÿ

σPΣ˚
n

εpσq
ź

iRcnpσq

Kpzi, zσpiqq
ź

iPcnpσqztn,σ´1pnqu

Kpzi, zσpiqq ˆ

ż

Kpzσ´1pnq, dznqKpdzn, zσpnqqdzn

“I
ÿ

σ̃PΣn´1

εpσ̃q
ź

iďn´1

Kpzi, zσ̃piqq

`
ÿ

σPΣ˚
n

εpσq
loomoon

´εpσ̃q

ź

iRcnpσq

Kpzi, zσ̃piqq
ź

iPcnpσqztn,σ´1pnqu

Kpzi, zσpiqq ˆKpzσ´1pnq, zσpnqq

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

“
ś

iPcnpσqztnu Kpzi,zσ̃piqq

“I detppKpzi, zjqqi,jďn´1q ´
ÿ

σ1PΣn´1

#tσ P Σ˚
n : σ̃ “ σ1uεpσ1q

ź

iďn´1

Kpzi, zσ1piqq.

To conclude, notice that for each σ1, there are n ´ 1 ways to choose where to insert index n in
permutation σ1 to obtain σ̃ P Σ˚

n, in particular it does not depend on σ1. It gives the conclusion
that

ż

ρ
pnq

K pz1, . . . , znqdzn “ pI ´ pn` 1qqρn´1
K pz1, . . . , zn´1q.

We only used the reproducing property, hence this relation works for every k ă n with I ´ k
instead of I ´ pn` 1q, with the same value for I:

I “

ż

Knpz, zqdz “

n´1
ÿ

k“0

ż

|φkpzq|2dz “ nˆ 1 “ n.
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Then one can interate on k :
ż

pRdqn´k

ρ
pnq

K pz1, . . . , znqdzk`1 . . . dzn “pI ´ pn´ 1qqpI ´ pn´ 2qq . . . pI ´ kqρ
pkq

K pz1, . . . , zkq

“pn´ kq!ρ
pkq

K pz1, . . . , zkq

It implies that up to the constant λn Ginibre is the Kn-DPP:

ρ
pkq

Pn
pz1, . . . , zkq “

1

pn´ kq!

ż

λnρ
pnq

K pz1, . . . , znqdzk`1 . . . dzn “ λnρ
pkq

K pz1, . . . , znq.

For k “ 1, integrating gives

n “ EPnpRdq “

ż

ρ1Pn
“ λn

ż

Knpz, zq “ nλn.

Hence λn “ 1. This concludes the proof that Ginibre is the Kn-DPP.

Exercise 9. 1. Prove Cauchy-Binet formula

detpΦΦ˚q “
ÿ

IĂt1,...,nu, |I|“m

| detpΦIq|2,

2. Give another proof of Dyson’s identity.

6.2 Ginibre circular law
We can use the DPP representation to prove the circular law:

Theorem 13. The Ginibre process Pn “ tZ1, . . . , Znu satisfies the circular law: define

P̃n “
1

n

ÿ

i“1

δZi{
?
n

then a.s. for A bounded and L d-regular

P̃npAq Ñ µcircpAq “
1

π
L dpAXBp0, 1qq.

Remark that this time we must dilate points. As before, we have two steps: for A Ă Rd bounded

1. EP̃npAq Ñ 1
πL dpAXBp0, π´1{2qq.

2. Var
´

P̃npAq

¯

“ Opn´2q for A with negligible boundary.

In fact we do not prove that for set indicators, but rather for smoother functions. We prove that for
ψ Lipschitz with compact support,

Var
´

P̃npψq

¯

“ Opn´2q.

We use the following lemma, that we admit:
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Lemma 9. The Lipschitz functions with compact support form a convergence-determining class: there
exists a countable family ψq, q ě 1 of such functions such that if some measures µn, µ satisfy µnpψqq Ñ

µpψqq for all q ě 1, then µn Ñ µ weakly.

Then we have a.s. that @q, P̃npψqq Ñ µcircpψqq, which implies that P̃n Ñ µcirc weakly a.s.. It
implies in particular that for A bounded with negligible boundary, P̃npAq Ñ µcircpAq a.s.

Proof. For the first order, since we have a DPP, we have access to the intensity measure

EP̃npAq “
1

n
EPnp

?
nAq “

1

n
µ

p1q

Pn
p
?
nAq “

1

n

ż

?
nA

Knpz, zqdz “

ż

A

Knp
?
nz,

?
nzqdz.

We have

πKnp
?
nz,

?
nzq “

n´1
ÿ

k“0

p
?
n|z|q2k

k!
expp´n|z|2q “ PpPoisspn|z|2q ď n´ 1q “: pn,z.

Since 0 ď pn,z ď 1 on A, we just need to prove pointwise convergence. At fixed z, Poisspn|z|2q is the
sum of n iid Poisson variables with parameter |z|2, hence the LLN gives the convergence in law

1

n
Poisspn|z|2q Ñ E

“

Poissp|z|2q
‰

“ |z|2.

In particular,

PpPoisspn|z|2q ď n´ 1q Ñ Pp|z|2 ď 1q “ 1t|z| ď 1u

gives with Lebesgue’s domination theorem

EP̃npAq Ñ
1

π

ż

A

1t|z| ď 1udz “ µcircpAq.

For a.s. convergence,we have the more general result:

Proposition 18. For a projector kernel K and a K-DPP P,

Var pPnpψqq “
1

2

ż

pRdq2
pψpzq ´ ψpwqq2Kpz, wq2dzdw.

Let Pn a reproducing Kn-DPP with n points, then Var
`

1
nPnpψq

˘

“ Op1{nq. This gives convergence
in probability for Ginibre.

Furthermore for Ginibre, for ψ Lipschitz with compact support,

Var
ˆ

1

n
Pnpψq

˙

“ Op1{n2q

hence we have a.s. convergence P̃n Ñ µcirc vaguely.

Proof. Recall that by the DPP property

ρp2qpz, wq “ Kpz, zq2 ´Kpz, wqKpw, zq “ Kpz, zqKpw,wq ´ |Kpz, wq|2.
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Let us compute the variance for ψ a test function

Var pPnpψqq “E
ÿ

zPPn

ψpzq2 ` E
ÿ

z‰wPPn

ψpzqψpwq ´

ˇ

ˇ

ˇ

ˇ

ˇ

E
ÿ

zPPn

ψpzq

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

ż

C
ψpzq2Knpz, zq `

ż

C2

ψpzqψpwqpKnpz, zqKnpw,wq ´ |Knpz, wq|2qdzdw ´

ˆ
ż

ψpzqKnpz, zqdz

˙2

Two terms cancel out, then use reproducing property Kpz, zq “

ż

|Kpz, wq|2dw

“

ż

C2

ψpzq2
ż

C

|Kpz, wq|2dzdw ´ ψpzqψpwq|Kpz, wq|2dzdw

then use
ż

ψ2pzqKpz, wq “
1

2

ż

ψ2pzqKpz, wqdz `

ż

ψ2pwqKpz, wqdw.

For the general Op1{nq bound for P̃npψq “ n´1Pnpψp¨{
?
nqq with n points, for ψ bounded

ż

|ψpz{
?
nq ´ ψpw{

?
nq|2|Knpz, wq|2dzdw ď2}ψ}28

ż

pRdq2
|Kpz, wq|2dzdw

“2}ψ}28

ż

pRdq

Knpz, zqdz “ 2}ψ}28EPnpRdq “ 2}ψ}28n.

Therefore Var pPnpψqq “ Opnq and

Var
´

P̃npψq

¯

“ Op
1

n2
nq Ñ 0

which shows convergence in proba by Byenaimé/Tchebyshev.
For Ginibre we need a further cancellation. The important fact is that Knpz, wq decays fast off the

diagonal. Assume ψ is L-Lipschitz with compact support C

Var
`

Pnpψp¨{
?
nqq

˘

ď
L2

n

ż

p
?
nCq2

pz ´ wq2Knpz, wq2dzdw

For Ginibre,

|Knpz, wq| “ |
ÿ 1

πk!
zkw̄ke´p|z|

2
`|w|

2
q{2 ď

1

π
|ezw̄e´p|z|

2
`|w|

2
q{2| “

1

π
|ez̄we´p|z|

2
`|w|

2
q{2| “

1

π
expp´|w ´ z|2{2q.

Hence

Var pPnpψqq ď
L2

n

ż

p
?
nCq2

|pz ´ wq|2 expp´|pz ´ wq|2qdzdw ď
L2

n

ż

?
nC

ż

C
|v|2 expp´|v|2{2qdv “

1

n
OpL dp

?
nCqq “ Op1q.

We therefore finally have

Var
´

P̃npψq

¯

“ Opn´2q

hence for each φ, P̃npψq Ñ µcircpψq a.s.. Hence a.s. it holds for a countable family ψq, q ě 1. We can
choose a convergence determining family ψq, therefore we have a.s. P̃n Ñ µcirc.
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6.3 Infinite Ginibre ensemble

Convergence: remark that

Knpz, wq “

n´1
ÿ

k“0

zkw̄k

πk!
e´|z|

2
{2´|w|

2
{2 Ñ

1

π
ezw̄´

|z|2`|w|2

2 .

Theorem 14. The Ginibre process Pn converges weakly in law to a stationary point process P which
is a DPP with reproducing kernel

Kpz, wq “
1

π
ezw̄´

|z|2`|w|2

2 .

Furthermore P is stationary and isotropic (i.e. its law is invariant under Euclidean rotations).

Proof. As we already saw, since K is locally bounded, it suffices to prove that for each fixed m, µpmq

Pn

converges to µpmq

P on each bounded A, more precisely

µ
pmq

Pn
pAmq “

ż

Am

detKn Ñ µ
pmq

P pAq “

ż

Am

detK.

For pL dqm-a.e. px1, . . . , xmq, we have pointwise convergence. Also A is contained in a ball Bp0, rq.
We have

|Kpz, wq ´Knpz, wq| ď

8
ÿ

k“n

r2k

πk!
Ñ 0.

Hence

|detpKnpzi, zjqq ´ detpKpzi, zjqq| ď
ÿ

σ

mMm´1
A sup

i,j
|Knpzi, zjq ´Kpzi, zjq| ď Cm,A

8
ÿ

k“n`1

r2k

k!
.

Therefore we have uniform convergence.
The reproducing property passes to the limit: for z, w P C

ż

Kpz, uqKpu,wq2du “

ż

lim
n

|Knpz, uqKnpu,wqdu “ lim
n

ż

Knpz, uqKnpu,wq “ lim
n
Knpz, wq “ Knpz, wq.

to switch limn and
ż

C
we use Lebesgue’s theorem with the domination

|Knpz, uq| ď expp´|z ´ u|2q.

Hence by Proposition 15, PGin
n converges to PGin, the DPP with kernel K, weakly in the vague

topology.
End of 7th session
The invariance of P “ PGin under rotations is inherited from the invariance of Pn “ PGin

n un-
der rotations, because the random complex Ginibre matrix Mn is invariant under the action of the
orthogonal group: for O P OnpRq,

OPn
pdq
“ Pn
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hence for f continuous with bounded support

OPnpfq “ PnpfpO´1¨qq
pdq
“ Pnpfq

and since f and fpO´1¨q are continuous with bounded support,

OPpfq
pdq
“ Ppfq,

meaning OP
pdq
“ P.

Finally, for the stationarity of P,

Kpz ` v, w ` vq “ eiφpz,vqKpz, wqe´iφpw,vq

for some real function φ. The kernel K is not invariant under the action of shifts, but it does not
prevent P to be stationary because for each m P N,

ρ
pmq

P pz1 ` w, . . . , zm ` wq “ detpKpzi ` w, zj ` wqi,jďmq “
ÿ

σ

εpσq
ź

i

Kpzi ` w, zσpiq ` wq

where the sum is over permutations of t1, . . . ,mu, and with i1 “ σpiq

ź

i

Kpzi ` w, zi1 ` wq “
ź

i

eiφpzi,wqKpzi, zi1 qe´iφpzi1 ,wq “ exp

˜

i
ÿ

i

φpzi, wq ´ i
ÿ

i

φpzi1 , wq

¸

ź

i

Kpzi, zi1 q

and the first exponential equals 1. Therefore the kernels ρpmq

P are invariant under the action of shifts,
which proves by Proposition 13 that the point processes τwPGin and PGin have the same law, i.e. PGin

is stationary.

6.4 GUE as a DPP

Theorem 15. The GUE ensemble is a DPP with kernel

Knpx, yq “

n´1
ÿ

k“0

HkpxqHkpyq

where the Hk are the Hermite polynomials defined as: the degree of Hk is k, and they form the
orthonormal family

xHk, Hjy “

ż

R
HkpxqHjpxq expp´x2{2qdx “ δk“j .

It converges to the “Sine process”, a stationary DPP with reproducing kernel

Kpx, yq “
sinpπpx´ yqq

πpx´ yq
“ sincpπpx´ yqq.

The GUE has a very similar density
ź

iăj

pλi ´ λjq2
ź

i

expp´λ2i {2q,

but this time it is on R. What changes in the proof?
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The φk are not orthogonal anymore:
ż

C
z2 expp´|z|2qdz “ 0 but

ż

R
x2 expp´x2{2qdx ‰ 0,

and for k ´ j ‰ 0 and even,
ż

R
xk´j expp´x2{2qdx ‰ 0.

We can still get the DPP form almost for free.
Let us go back to the Vandermonde determinant. For z “ pz1, . . . , znq P Cn,

ź

iăj

pzi ´ zjq “ detppzk´1
i q1ďi,kďnq.

We can multiply each column by the scalar αk´1, but we can also add linear combinations of previous
columns: Mpxq “ pαk´1x

k´1
i `Qk´1pxiqq1ďi,kďn where Qk is a polynomial with degree ă k ´ 1. Let

Hkpxq “ φkpxq `Qkpxq

Then
ź

iăj

|xi ´ xj |29| detpMpzqq|2 “ detpMpxqMpxqT q “ detpK̃npzi, zjqq

with

K̃npx, yq :“
n´1
ÿ

k“0

HkpxqHkpyq.

With the Gram Schmidt orthonormalisation procedure, we can recursively choose the αk and Qk

to have an orthonormal family for the scalar product

xf, gy “

ż

R
fpxqgpxqe´x2

{2dx,

i.e. H0 “ c00, H1 “ c11x` c10, ... satisfy

1 “ xH0, H0y “ c20

ż

R
expp´x2{2qdx “ c20

?
2π

therefore c0 “ p2πq´1{4. Then H1 with degree 1 is uniquely defined by
ż

c0pc11x` c10q expp´x2{2qdx “ 0

ż

pc11x` c10q2 expp´x2{2qdx “ 1,

etc... xHk, Hjy “ δk“j . The Hkpxq are the renormalised Hermite polynomials.
For the GUE we have

n
ÿ

k“0

HkpxqHkpyq Ñ
sinpπpx´ yqq

πpx´ yq
.

This limit kernel is immediately seen to be invariant under translations, hence the limit process is
stationary.

The convergence is based on the Christoffel-Darboux formula
n´1
ÿ

k“0

ψkpxqψkpyq “
a

n{2pψnpxqψn´1pyq ´ ψn´1pxqψnpyqq{px´ yq.
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Chapter 7

General hyperuniformity and Zeros of
the planar GAF

As a concluding section, let us study a common feature of obtained processes P for Ginibre and GUE
DPPs. Hyperuniformity is assessed with the behaviour of the variance of rescaled linear statistics:
define for ψ bounded with compact support, for R ą 0,

Ppψq “
ÿ

xPP

pψq

ψRpxq “ ψpx{Rq.

For instance the number of points in Bp0, Rq is obtained with ψpxq “ 1Bp0,1qpxq,

#P XBp0, Rq “ Pp1Bp0,Rqq “ PpψRq.

By stationarity, the variance does not depend on the centring:

Var pPpBpx,Rqqq “ Var pPpBp0, Rqqq .

Definition 13. Let α ą 0. A stationary point process on Rd is said to be α-hyperuniform if for some
non-negative f P C8

c pRdqzt0u,

Var pPpfRqq “ OpRd´αq.

This has to be put in perspective with the infinite stationary Poisson process for which

Var pPpfRqq “

ż

f2R — R2.

This cannot happen “by chance”, it shows there is some cancellation phenomenon coming from long
distance interaction.

Theorem 16. The infinite Ginibre process is 2-hyperuniform on C ” R2 and the Sine process is
1-hyperuniform on R. We have furthermore the number variance over balls

Var pPpBp0, Rqqq “

#

OpRd´1 lnpRqq if α “ 1

OpRd´minpα,1qq if α ‰ 1.
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Exercise 10. 1. Let P a stationary DPP with a reproducing kernel K satisfying for some C ą

0, α P p0, 2q

|Kpx, yq|2 ď Cp1 ` }x´ y}q´α´d.

Then P is α-hyperuniform. If this is true for some α ą 2, then P is 2-hyperuniform.

2. We have the number variance over balls

Var pPpBp0, Rqqq “

#

OplnpRqq if α “ 1

OpRd´minpα,1qq if α ‰ 1.

Proof. We will use the radial change of variable on Rd: for f bounded with compact support on R,
ż

Rd

fp}x}qdx “

ż

Sd´1

ż 8

0

fpρqρd´1dρσpdθq

“ H d´1pSd´1q
loooooomoooooon

κd

ż 8

0

fpρqρd´1dρ.

It also works on C with d “ 2.
Let ψ P C8

c pRdqzt0u non-negative with support on Bp0, cq. Hence ψR is supported by Bp0, cRq.
The starting point is that the Ginibre kernel satisfies

|Kpx, yq|2 “ expp´|x´ y|2q ď Cp1 ` }x´ y}q´5

(it could be actually any power ą 4).
Since P is a reproducing DPP, we have the following computation on C with d “ 2, a “ 5 :

Var pPpψRqq “

ż

Bp0,cRq2
|ψpx{Rq ´ ψpy{Rq|2|Kpx, yq|2dxdy ď

}∇ψ}

R2

ż

Bp0,cRq2
}x´ y}2Kpx, yq2dxdy

ď
}∇ψ}

R2

ż

Bp0,cRq2
p1 ` }x´ y}q2´adxdy

ďCR´2

ż

Bp0,cRq

ż

Bpx,2cRq

p1 ` }x´ y}q2´adydx

ďCR´2

ż

Bp0,cRq

ż 2cR

0

p1 ` ρq2´aρd´1dρdx

ďCR´2

ż

Bp0,cRq

dρdxˆ

ż 8

0

p1 ` ρq1`d´adρ using a ą 4

ďCR´2RdR2´α “ CRd´2.

That proves 2-HU.
For GUE, the same computation on C with d “ 1, a “ 2, using

psincp}x´ y}qq
2

ď

#

1
}x´y}

if }x´ y} ě 1
}x´y}`op}x´y}q

}x´y}
if }x´ y} ă 1

ď cp1 ` }x´ y}q´2

gives

Var pPpψRqq ď CR´2

ż

r´cR,cRs

ż

r´2cR,2cRs

p1 ` ρq0dρdx ď C.
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For the number variance over balls,

Var pPnpψRqq ď

ż

Bp0,RqˆBp0,Rqc
p1 ` }x´ y}q´adxdy

ďC

ż

Bp0,Rq

ż

Bpx,R´}x}qc
p1 ` }x´ y}q´adxdy

ďC

ż

Bp0,Rq

ż 8

R´}x}

p1 ` ρq´aρd´1dρdx

ďC

ż

Bp0,Rq

p1 `R ´ }x}qd´adx using α ą 0

ďC

ż R

0

p1 `R ´ ρqd´aρd´1dρ

ďCRd´1

ż R

0

p1 ` rqd´adr with r “ R ´ ρ

ďRd´1

$

’

&

’

%

Op1q if a ą d` 1

OplnpRqq if a “ d` 1

OpR1´αq

7.1 The planar Gaussian analytic function
Let Gk, k ě 0 i.i.d NCp0, 1q variables. Recall the Weyl random polynomials

Fnpzq “

n
ÿ

k“0

Gk
zk

?
k!
.

and the planar GAF

Fpzq “

8
ÿ

k“0

Gk
zk

?
k!
.

Well defined a.s. because

E|F pzq|2 ď

8
ÿ

k“0

|z|2k

k!
ď expp|z|2q ă 8.

The zero set is a random element of N denoted by

ZF “ tz : F pzq “ 0u.

Theorem 17. The process ZF is stationary, isotropic and 4-hyperuniform. In particular for f smooth

Var pZFpRqq “ OpR´2q.

The proof relies on the theory of Gaussian analytic functions, andmore deeply of CGVs. See
[?, ?, ?, ?] or the surveys [?], [?, Section 3.2].

The 4-HU comes from the following lemma, proved later.

Lemma 10. There is a constant C such that for f in the class C 2
c pCq of C 2-smooth functions with

compact support,

Var pPpfqq ď C}∆f}2L2pCq.
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This entails 4-HU because as R Ñ 8,

Var pPpfRqq “ OpR´2q “ OpR2´αq with α “ 4.

Definition 14. A CGV is a vector of the form Mα where α consists in i.i.d NCp1q variables and M
is a deterministic complex matrix.

Definition 15. A GAF is a centred random function which is a.s. analytic and whose FIDIs are
CGVs.

Proposition 19. The law of a centred GAF F is characterised by its complex covariance function

Cpz, wq “ E
“

FpzqF̄pwq
‰

.

The covariance of the planar GAF is

Cpz, wq “ ezw̄.

Proof. The fact that complex covariance characterises the law of CGVs can be proved with the char-
acteristic function with the following ingredients: for a real centred Gaussian vector V P Rn with
covariance Σ, for t P Rn

E rexppixt, V yqs “ exp

ˆ

´
1

2
tΣ´1tT

˙

.

Writing it as power series, the identity can be extended to

E rexp pxt, V yqs “ E rexp pix´it, V yqs “ expp
1

2
p´itqΣ´1ptqT q. “ expp

1

2
tΣ´1tT q.

it can be extended to complex z “ tR ` itI P Cn and then to complex V “ VR ` iVI . The complex
covariance is

S “ EV V ˚ “ EpVR ` iVIqpV T
R ´ iVIq “ EVRV

T
R ´ EVIV

T
I ` iEVRVI ` EVIVR.

Proof of stationarity. We have the computation

Cpz ` v, w ` vq “ eφpz,vqCpz, wqe´φpz,vq.

with φpz, vq “ e
1
2 |v|

2

exppzv̄q, which is holomorphic in z.
This is the covariance of Fpz ` vq,Fpw ` vq. Therefore the field

f̃pzq “ e´iφpz,vqFpz ` vq

has complex covariance

e´iφpz,vqCpz ` v, w ` vqeiφpz,wq “ Cpz, wq

identical as F. Why is F̃ a GAF? Its FIDIs are the

pf̃pz1q, . . . , f̃pzmqq “ e
1
2 |v|

2

peφpz1,vqFpz1q, . . . , eφpzm,vqFpzqq

it is the product of a matrix with a CGV, hence it is a CGV.
Since they both are GAFs, it means that F

pdq
“ F̃. Since τvF and F̃ have the same zero sets, it means

Z
pdq
“ τvZ

Since this is true for all z P C, Z is stationary.
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Proposition 20. The Weyl polynomials and planar GAF are GAFs.

Proof. They are clearly both analytic. We must prove their FIDIs are CGVs. Recall

Fnpzq “
ÿ

k

akpzqαkz
k “ αapzq

where α “ pα0, . . . , αnq consists of i.i.d. NCp0, 1q variables and akpzq :“ k!´1{2zk.

pFnpz1q, . . . ,Fnpzmqq “ αˆ papz1q, . . . , apzmqq

it is the product of a CGV and a matrix, hence it is a CGV.
Then

pFpz1q, . . . ,Fpzmqq “ lim
n

pFnpz1q, . . . ,Fnpzmqq

and the L2 limit of CGVs is a CGV.

Proof of Lemma 10. Morally, the proof follows from the a.s. analycity of F and the stationarity of P.
It relies on two claims: a (non-random) analytic function F on D Ă C with zero set P satisfies

P pfq “
1

2π

ż

D

∆fpzq ln |F pzq|dz (7.1)

and the zero set P of a GAF F satisfies for f P C 2
c pCq

Var pPpfqq “
1

4π2

ż

∆fpzq∆fpwqCov
´

ln |rFpzq|, ln |rFpwq|

¯

dzdw, (7.2)

where rFpzq “ Var pFpzqq
´1{2 Fpzq. For the first claim, the starting point is the harmonicity of the log

on the complex plane: ∆ lnp| ¨ |q “ 1
2π δ0 in the distributional sense, i.e. for f P C 2

c pCq,

fp0q “
1

2π

ż

∆fpzq lnp|z|qdz. (7.3)

Hereafter, fix f and denote by Λ its support. A non null holomorphic function F has finitely many
zeros zi in Λ, and the logarithm has an analytic determination on Λ, hence F can be written

F pzq “ egpzq
ź

i

pz ´ ziqdz, z P Λ,

for some analytic function g. Therefore with P “
ř

i δzi P N pCq, the smooth linear statistic can be
expressed

P pfq “

n
ÿ

i“1

fpziq “
1

2π

n
ÿ

i“1

ż

∆fpzq lnp|zi ´ z|qdz “
1

2π

ż

∆fpzq ln |F pzqe´gpzq|dz “
1

2π

ż

∆fpzq ln |F pzq|dz

which yields (7.1), exploiting the fact that the real part of an analytic function g is harmonic:
ż

∆fpzqRgpzqdz “ 0.
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Let us apply this to a GAF F. Denoting by κpzq2 “ E|Fpzq|2, the variable F̃pzq “ Fpzq{κpzq is
complex Gaussian with constant variance, hence ℓ :“ E ln |F̃pzq| is constant as well, and

2πEPpfq “

ż

Λ

∆fpzqE ln |Fpzq|dz “

ż

Λ

∆fpzqE ln |F̃pzq|dz `

ż

∆fpzq lnpκpzqqdz “ 0 `

ż

Λ

∆fpzq lnpκpzqqdz

4π2E|Ppfq|2 “

ż

Λ2

∆fpzq∆fpwqErln |Fpzq| ln |Fpwq|sdzdw

“

ż

Λ2

∆fpzq∆fpwqErln |F̃pzq| ln |F̃pwq|sdzdw `

ż

∆fpzq∆fpwq lnpκpzqq lnpκpwqqdzdw ` 0 ` 0

“

ż

∆fpzq∆fpwqCov
´

ln |F̃pzq|, ln |F̃pwq|

¯

dzdw ` 0 ` 0 `

ż

∆fpzq∆fpwq lnpκpzqq lnpκpwqqdzdw

which yields (7.2). Let us apply this to F . The final idea is that |F̃Plpzq|, |F̃Plpwq| have a small
correlation when z, w are far away. We have the general inequality ([?, Lemma 3.5.2]) for NCp0, 1q

variables Z,Z 1, Cov pln |Z|, ln |Z 1|q ď 1
2 |EZZ 1|2, hence

Cov
´

ln |F̃Plpzq|, ln |F̃Plpwq|

¯

ď
1

2
|EF̃PlpzqF̃Plpwq|2.

By (??), the right hand side is 1
2e

´|z´w|
2

“: σpz ´ wq. Hence by Cauchy-Schwarz inequality

4π2Var pPpfqq “

ż

∆fpzq∆fpwqσpz ´ wqdzdw ď }∆f}L2pCq}∆f ‹ σ}L2pCq ď }∆f}2L2pCq}σ}2L1pCq

which concludes the proof.
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Exam Topics
1. Conditions under which a random nˆ n matrix has n zeros a.s. (in R or C)

2. Semi-circular law for the GOE and GUE ensembles.

3. Relations between Gibbs measures and random matrices eigenvalues.

4. Characterisation of the law of a point process, convergence between point processes.

5. Definitions and properties of Determinantal point processes.

6. GUE and Ginibre processes as DPPs.

7. Infinite GUE and Ginibre processes and hyperunformity.
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