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Chapter 1

Introduction and examples

When one has to generate a sample of random points in a window W of Rd, the default strategy across
many fields is to choose a large number n and draw n i.i.d points uniformly in W . The asymptotic
mathematical object as n Ñ 8 is the celebrated homogeneous Poisson process, used as a universal
reference, especially in theoretical studies, due to its nice mathematical properties. Such finite (n i.i.d
points) or infinite (Poisson) samples of independent points has some downsides, such as their tendency
to leave large empty spaces, or on the contrary, regions cluttered with too many points (see the picture
on the right, below), but this is an inevitable consequence of total randomness.

Hyperuniformity is a property exhibited by many mathematical models presenting instead a regular
spatial arrangement, remedying some flaws of independent samples. This type of arrangement is
reminiscent of the way particles subject to mutual repulsive forces would be distributed; moreover,
many natural models from statistical physics, biology, or other fields, exhibit hyperuniform behavior.

A hyperuniform sample A Poisson sample

Figure 1.3 (left) shows the photoreceptor locations of a bird’s eye, a class of animals renowned
for their excellent long-distance vision. This sample can be categorised as hyperuniform due to its
spatial statistical characteristics [40]. In image analysis and optimal transport, hyperuniformity is
also present, sometimes under the term blue noise, because regular samples can be useful for many
tasks, such as texture synthesis, dithering, or else, and variance reduction is an essential feature of blue
noise samples [88, 84, 67, 19]. The rendering picture in Figure 1.2, for instance, has been obtained by
replacing greyscale levels by blue noise samples with the corresponding density. For many applications,
the samples should be disordered, i.e. non-periodic, it can otherwise cause in Monte Carlo integration
or image processing undesired aliasing or structured artifacts [67].

This regularity is difficult to define rigorously in a non-ambiguous way, but the good fortune of
mathematicians and the reason why this field of study exists is that hyperuniformity is a very natural
and universal way to mathematically define a certain form of regularity, as we shall see. Roughly
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Figure 1.2: Dithering - Greyscale levels replaced by hyperuniform samples [19], ACM Trans. Graph.

speaking, a sample is hyperuniform if the variance of the number of points in each large window is
smaller than if the points were independent (Poisson or i.i.d). Hyperuniformity is a simple second-order
assumption, which does not involves higher order structure of the process, but it surprisingly implies
many macroscopic phenomena, related to optimal transport, or rigidity. It is also quite universal since
it can equivalently be defined by low variance for not-too-irregular linear statistics, and the whole
theory extends to general random measures, including for instance Gaussian fields, spin systems and
nodal domains. The systematic study of processes from the perspective of hyperuniformity essentially
originates from theoretical physics, in particular with the team of S. Torquato at Princeton, who
popularised the term hyperuniformity, or J. Lebowitz at Rutgers University, sometimes under the
terminology of superhomogeneity.

Besides its usefulness and appearances in other sciences, many popular mathematical models turned
out to be hyperuniform, in random matrices, statistical physics, random polynomials, quasicrystals,
see the surveys [82, 17] for an in depth collection. Reading the literature gives the impression that
hyperuniform point processes can be categorised in two classes: the class of lattices that eventually
undergo a perturbation, having properties similar to those of crystalline structures, and the class of
particle systems that look like spontaneous organisation of particles that arrange themselves due to
a pairwise repulsive force, and conserve some sort of local disorder. To draw a parallel with the way
animal visual receptors sample space, the latter models seem visually more disordered, somewhat like
the bird photoreceptors in the figure below (left), whereas one can make a parallel between crystalline
models and the regular arrangement of the eyes of insects (right). A remarkable property of disordered
hyperuniform processes is that they often display the same large-scale properties as their crystalline
counterparts, which is why physicists sometimes subtitle hyperuniformity as global order and local
disorder.

The scope of this survey is to study hyperuniformity and its consequences under a mathemati-
cal perspective. We also present most stationary models for which hyperuniformity has been proven
rigourously: determinantal processes, zeros of random Gaussian functions, Coulomb gases ... We give
a first definition in Section 1.1 and discuss the concept of disordered sample, we give some emblematic
examples in Sections 1.2, 1.4. In Chapter 2, the mathematical core of this book, we explore hyperuni-
formity from the spectral viewpoint, which allows for a practical and universal characterization in the
direct space. The most natural framework for studying hyperuniformity is in fact that of (wide sense)
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Figure 1.3: Left. Disordered hyperuniform receptors [40]. Right. Periodic “ordered” receptors

stationary random measures, generalising point processes. In this setting, we also provide universal
bounds on the variance of linear statistics, useful for parameterizing measures by their hyperuniformity
exponent. Section 3 is devoted to a deeper study of certain classes of hyperuniform point processes,
which requires delving into the world of Gaussian analytic functions (GAFs), determinantal point
processes (DPPs), and quasicrystals. Sections 4 and 5 present surprising macroscopic properties of
hyperuniform processes in dimension 1 and 2: in Section 4, we show that they enjoy good optimal
transport properties, which allows crystalline/periodic structures to be merged with the class of disor-
dered hyperuniform processes into a single continuum. Section 5 deals with another property, rigidity,
which states that for many hyperuniform processes, the number of particles in a region of space can
be completely inferred by observing the process on the rest of the space. This rigidity can take more
extreme forms as the hyperuniformity exponent increases, leading us to the study of stealthy processes,
with infinite exponent, showcasing even more fascinating properties.

Context and objectives

These notes were written at the occasion of the mini-course Hyperuniformity of random samples given
at the 2025 GeoSto conference at Grenoble-Alpes University, the slides can be found at https:
//helios2.mi.parisdescartes.fr/~rlachiez/recherche/talks/slides-hu.pdf. This version is
intended to take part in the Springer series Stochastic Geometry, I expect to produce a longer version
containing additional models and proofs, and more insights into numerical aspects.

There already exists general studies about hyperuniformity. The survey [81] lists many different
physical models experiencing hyperuniformity at different orders, and presents most important proper-
ties, and some conjectures on hyperuniform and stealthy processes. The more mathematical discussion
of Coste [17] contains some of the material treated here. Since its publication, there have been several
theoretical advances that we report here, notably concerning spectral characterization [10], transport
properties [52, 13, 37, 41, 21, 25], rigidity [21, 50, 51], linear statistics and limit theorems [58, 39, 47],
Gibbs measures [20, 54, 53], and others. The excellent book [36] describes several models of hyperuni-
form DPPs and random GAF zeros, and provides their properties, it constitutes an essential source
for this work.

1.1 Point processes formalism and first definition of HU

Even though many general results will be stated without additional cost to general random measures,
the main objects of this branch of litterature are simple point processes. To define them properly,
introduce the space of configurations N “ N pRdq which elements are the atomic measures P “

ř

i δxi ,
where the xi are countably many isolated points in Rd. A configuration P can unambiguously be

https://helios2.mi.parisdescartes.fr/~rlachiez/recherche/talks/slides-hu.pdf
https://helios2.mi.parisdescartes.fr/~rlachiez/recherche/talks/slides-hu.pdf
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assimilated to its support and we often use set-related notation such as, for P, P 1 P N ,

P Y P 1 “ supppP q Y supppP 1q, P X P 1 “ supppP q X supppP 1q, P zA “ supppP qzA, ...

Endow N with the vague topology, generated by the mappings

φf : P P N Ñ P pfq :“

ż

fdP

for f continuous with compact support. The corresponding Borel σ-algebra BpN q is alternatively
generated by mappings f1A for A Ă Rd bounded measurable. A simple point process, or just point pro-
cess in the following, is a random element P of pN ,BpN qq. Equivalently, it is a family of measurable
mappings

A ÞÑ PpAq P N

for A Ă Rd bounded measurable, and the family of laws tPpAq;A Ă Rdu uniquely defines the law of
P as a probability measure over N . An essential assumption for the modelisation of homogeneous
structures is that of stationarity. Call τx the operator of shift by x P Rd, lifted to a set P Ă Rd with
τxP “ ty ` x; y P P u, and say that a point process P is stationary if for all x P Rd τxP

pdq
“ P, using the

set notation.
Let us introduce the Poisson process, fundamental brick in the realm of point processes. Given

a non-zero non-negative locally finite measure µ on Rd without atoms, Pµ is defined as the unique
process satisfying

PµpAq
pdq
“ PoipµpAqq, A Ă Rd,

where Poipλq denotes the law of a Poisson variable with parameter λ P R Y t8u (Poip8q “ 8 a.s. by
convention). One way to explicitly build Pµ is to start from i.i.d. variables uniform in the ball Bn

centred in 0 with volume n, i.e. Pµ
n :“ tX

pnq

1 , . . . , X
pnq
n u with law 1

µpBnq
µ1Bn

(for n sufficiently large).
We have for A Ă Rd bounded,

#tk : X
pnq

k P Au
Law

ÝÝÝÑ
nÑ8

PoipµpAqq,

hence Pµ exists in N as the weak limit of the Pµ
n in the vague topology. Let L d be Lebesgue measure.

To obtain a stationary model, one must necessarily choose µ “ λL d for some λ ą 0, and λ is called
the intensity of P. More generally, for any stationary point process P, the intensity λ is defined by

λ “
EPpAq

L dpAq
, A Ă Rd bounded non-negligible,

and this definition does not depend on A; the finiteness of λ is by no means automatic, but we will
implicitly assume it by default. Since we mainly conduct here second order analyses of such processes,
we will in fact always assume local square integrability (denoted by L2

loc), i.e. EPpBq2 ă 8 for B
bounded.

As a Poisson variable, the variance of the number of points in the ball BR centered in 0 with radius
R ą 0 for a Poisson process is the volume of the ball

Var
´

PλL d

pBRq

¯

“ Var
`

PoipL dpBRqq
˘

“ L dpBRq “ κdR
d with κd “ L dpB1q.

In general, a random measure with variance proportionnal to the volume on large domains is said to
be extensive, and is in fact expected for most natural stationary point processes where particles only
interact locally.

The study of perturbed lattices, random matrices, particle systems, random polynomials, and
many other natural objects, that will be the main topic of the current work, made emerge a huge
class of stationary processes where there is no extensivity, and some cancellation seems to equilibrate
fluctuations of points, in what we call a hyperuniform, or superhomogeneous behaviour. The reasons
for this compensation are not always clear, and generally different for each system.
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Definition 1.1. A stationary point process P of Rd is hyperuniform if

lim
RÑ8

Var pPpBRqq

L dpBRq
“ 0. (1.1)

1.2 Perturbed lattices
The most basic example of a hyperuniform infinite sample is the shifted lattice, i.e. in Rd

Zd :“ tk ` U ;k P Zdu,

where U has the uniform distribution on r0, 1sd, denoted by Ur0,1sd . The shift by U ensures stationary,
i.e. invariance under Rd translations. This model is not very rich from the mathematical point of
view, it still serves as a reference or as a counter-example for many phenomena. Any other Bravais
lattice, i.e. obtained through a linear mapping applied to Zd, would do as well, for simplicity we mostly
consider Zd. We shall introduce the more general concept of independently perturbed lattice (IPL).
Example 1.1 (IPL). For µ a probability measure on Rd, let Zd,µ :“ tk ` U ` Uk;k P Zdu where the
Uk are i.i.d. with law µ, called IPL with law µ.

The hyperuniformity of Zd,µ is not trivial, especially when µ “ δ0, i.e. Zd,µ “ Zd, where it is
related to Gauss’s circle problem. A general proof in the spectral domain is a corollary of Theorem
2.1. We can still give some geometric intuition when the Uk are bounded and not deterministic: there
are approximately OpRd´1q points close to BBR, hence likely to cross the boundary under application
of the shift U , and they would cross approximately independently of one another. The variance of the
number of particles inside is the sum of variances of indicators for such points, which therefore gives
a sum with OpRd´1q uniformly bounded terms, which is indeed negligible with respect to Rd.

This model can be refined by introducing dependency among the Uk, but to ensure stationarity we
will always require the perturbations to form a stationary field of Zd, i.e. for m P Zd, tτmUk;k P Zdu

pdq
“

tUk;k P Zdu. At chapter 4, we will see that hyperuniformity persists if the assumption of independence
of the Uk is dropped, as long as the Uk form a sufficiently mixing field. More surpsisingly, we will see
that, conversely, most hyperuniform processes can be written as a (non-mixing) stationary perturbating
field applied to a lattice. In this framework, the Uk can be interpreted as a transport between Zd and
the obtained point process P.

1.3 Disordered samples
Like chicken photoreceptors (Figure 1.3), many hyperuniform processes observed in physics or biology
seem to be disordered. Physicist sometimes present disorder as the absence of peaks in the spectrum,
which can be reminiscent of an underlying periodic structure. Another often used requirement is
isotropy, where no direction is priviledged: P “

ř

i δxi
is isotropic if for any orthogonal matrix O of

size d, OP :“
ř

i δOxi

pdq
“ P. It is sometimes additionally assumed that C´ δ0 has a density, and/or has

finite total mass. The latter assumption, and most of the results in this survey, pertain to second order
analysis, i.e. variance and covariance behaviour. Still, one might have order at this level and disorder
from a more global perspective, see for instance the example of cloaked lattices [56], see Example 2.4.
It is not hard to build counter-examples which satisfy the above properties but cannot be categorised
as disordered, but they are probably physically unnatural. A more satisfying mathematical concept is
that of mixing. This property is another interpretation of disorder where the behaviour of the model
at distant locations should be asymptotically independent.
Definition 1.2. Say that a stationary point process P is mixing if for A,B Ă Rd Bounded Borel sets,

PpPpAq “ 0,PpτxBq “ 0q ÝÝÝÑ
xÑ8

PpPpAq “ 0qPpPpBq “ 0q



R. Lachièze-Rey Hyperuniformity and rigidity 10

The fact that empty intersection events characterise the law comes from the fact that the σ-algebra
is generated by the corresponding indicators. Mixing extends to general events Ω,Ω1 of BpN q (see
[18, Lm. 12.3.II]). If P is mixing, we have

PpP P Ω, τxP P Ω1q Ñ PpP P ΩqPpP P Ω1q.

This definition is not completely satisfactory either as some models, such as the stationary Poisson
line intersection process (see [42] and references therein), satisfies it and still exhibits very long range
dependency. We introduce at Section 2.5 the concept of Brillinger mixing, which seems ideal from
many points of view, but hard to verify in practice.

1.4 Three emblematic examples
We present here three examples that emerge from different branches of mathematics and can be
considered disordered. The first examples come from random matrices, more precisely they are the
scaling limit of points in the bulk of the eigenvalues of two prominent models. Two of them, the
GUE and Ginibre ensemble, are also determinantal processes, which will lead us to introduce this very
important class at Chapter 3. The third example comes from the unrelated field of random polynomials
and functions. It still bears a flavour similar to the Ginibre ensemble in that they are naturally defined
on the Complex plane, through Gaussian Standard Complex Variables, and are connected to the
theory of analytic functions through the complex covariance Cpz, wq “ ezw̄. Together with the Ginibre
ensemble, they really are the two seminal examples for which have been uncovered in first the universal
properties of hyperuniform processes such as rigidity or good transport properties, partly because they
are tractable, up to a certain point, among the jungle of all physically relevant point processes. Beyond
hyperuniformity, showing that they are stationary is actually non trivial in both cases, in some sense
they are just at the right place in the world of particle models, between relevancy and tractability.

We say a random complex variable G is a Standard Complex Gaussian (SCG), denoted G „

NCp0, 1q, if it has density

1

π
e´|z|

2

, z P C.

Equivalently, G “ X ` iY , where X,Y are i.i.d. with law N p0, 1{2q. The simplicity of this definition,
without square root or factor 2, and the easy computation of the normalisation constant with Gauss’s
integral, sometimes identifies it as more natural than real Gaussian variables.

1.4.1 The Sineβ processes.
Let β ą 0. Consider the random vector pΛ1, . . . ,Λnq on Rn with joint density

9
ź

1ďiăjďn

|λi ´ λj |β
n

ź

i“1

expp´βλ2i {4q, (1.2)

where the symbol 9 means proportionnal to, which essentially allows to avoid mentionning the renor-
malising constant. This density can be rewritten 9 expp´βHpλ1, . . . , λnqq with the Hamiltonian

Hpλ1, . . . , λnq “ ´
1

2

ÿ

i‰j

lnp|λi ´ λj |q `
1

4

ÿ

i

λ2i .

This can be interpreted in terms of a system, called β-ensemble, where particles are individually
attracted to 0 due to the confinment term expp´βλ2i {4q term, and this tendancy is compensated by
the pairwise repulsion terms |λi ´λj |β , that favor configurations where particles are not too close from
one another. A fundamental point is that Pβ

n :“ tΛ1, . . . ,Λnu can also be seen as the set of eigenvalues
of a random matrix:
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• If β “ 1, P1
n has the same law as the set of eigenvalues of the Gaussian Orthogonal Ensemble

(GOE). The GOE is the random matrix M1,pnq “ pMi,jq1ďi,jďn in the space SnpRq of n ˆ n
symmetric matrices, where the Mi,i are i.i.d. with law N p0, 2q, and Mj,i “ Mi,j , 1 ď i ă j ď n
are i.i.d. with law N p0, 1q (proved at Section 3.3.1 through a change of variables). The reason
for a different variance on the diagonal is that the density of M1,pnq in SnpRq at some M P SnpRq

has a neat expression in terms of M ’s eigenvalues λ1, . . . , λn: the density is by definition

9
ź

iăj

expp´M2
i,j{2q

ź

i

expp´M2
i {4q “

ź

i‰j

expp´M2
i,j{2q1{2

ź

i

expp´M2
i {4q

“ expp´TrpMMT q{4q (1.3)

“ expp´

n
ÿ

i“1

λ2i {4q.

This expression differs from (1.2) as it is the density of the matrix itself, not its eigenvalues (see
Section 3.3.1). It is clear under this form that the law of M1,pnq is invariant under conjugation by
the orthogonal group, which is the reason for the name orthogonal ensemble: for O an orthogonal
matrix,

OM1,pnqOT pdq
“ M1,pnq.

• If β “ 2, the Λ1
is are the eigenvalues of the Gaussian Unitary Ensemble (GUE), the random matrix

M2,pnq “ pMi,jqi,j which entries are independent complex Gaussian variables with variance 1 on
the diagonal and 2 on the upper diagonal. We then define a Hermitian model through Mj,i :“ Mi,j

for i ă j. Similarly as for the GOE, the matrix M2,pnq has a density in each Hermitian matrix H

9 expp´
ÿ

i

λ2i {2q “ expp´TrpHH̄T q{2q,

invariant under the conjugation by a unitary matrix.

• For any β ą 0, the β-ensemble has been showed by [23] to constitute the eigenvalues of an explicit
matrix model Mβ,pnq. The case β “ 4 involves matrices of quaternions and is called the Gaussian
Symplectic Ensemble (GSE), but we will not explicit further cases β R t1, 2u.

Recently, Valko and Viràg [85] derived the construction for each β ą 0 of the Brownian carrousel, a set
of SDEs which limit points form a point process of R, and which is the weak limit of the β-ensembles
as n Ñ 8. Under the formulation (1.2), the mean number of particles per unit volume goes to infinity,
which is why a rescaling by

?
n is necessary:

Theorem 1.1 ([85]). For β ą 0, there is a stationary point process Pβ Ă R, called Sineβ process, such
that

?
nPβ

n
Law

ÝÝÝÑ
nÑ8

Pβ .

Furthermore, Pβ is hyperuniform.
The scaling

?
n is not immediate to justify from (1.2). Let us compare with i.i.d. points X1, . . . , Xn

uniform on r´n, ns, where indeed the mean number of points per unit volume remains constant:

E
ÿ

i

X2
i — n3,

which matches the rescaled eigenvalues

E
ÿ

i

p
?
nλiq

2 “ nE
ÿ

i,j

pM
β,pnq

i,j q2 — n3.
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Most proofs of those results are pretty involved, and often parts of classical textbooks about random
matrices, so we will mostly omit them. We still provide at Section 3.3.1 a proof that for β “ 1, (1.2)
indeed is the density of the eigenvalues of M1,pnq, to illustrate the fundamental link between statistical
physics and random matrices. The process Sine1 turns out to be a member of the class of Pfaffian point
processes [36]. The case β “ 2 is also special as Sine2 process is a member of the class of Determinantal
Point Processes (DPPs), important in the theory of hyperuniformity, which we will prove at Section
3.3.4. Determinantal point processes, central in random matrix theory, are probably the main source
of mathematically tractable hyperuniform point processes in any dimension.

1.4.2 The Ginibre ensemble

The next example is again a system of particles, and at the same time the eigenvalues of a random
matrix model, but in dimension 2, more naturally in C. Let Gi,j „ NCp0, 1q i.i.d, 1 ď i, j ď n, and the
(non-Hermitian) random matrix Ginn “ pGi,jq1ďi,jďn. Let PGin

n Ă C the random subset of C formed
by the a.s. distinct n eigenvalues of Ginn. A change of variable yields that PGin

n yields an interpretation
in terms of statistical physics, namely it corresponds to the equilibrium state of n particles with the
so-called Coulomb interaction potential:
Proposition 1.1. PGin

n has density

9
ź

1ďiăjďn

|zi ´ zj |2 expp´
ÿ

i

|zi|
2q. (1.4)

Here again, the density (1.4) translates an antagonism between an individual confinment term and
a repulsive pairwise interaction.
Theorem 1.2. The point processes Pn converge weakly in the vague topology to a point process
PGin Ă C that is stationary, isotropic, hyperuniform.

Note the absence of rescaling, which can again be justified by comparing with i.i.d. variables
X1, . . . , Xn uniform on B?

n:

E
ÿ

i

X2
i — n2 — E

ÿ

i,j

G2
i,j “ ETrpGinnGin

T
q.

The proof of Theorem 1.2 is at Section 3.3.3, it relies as for Sine2 in dimension 1 on the fact that Pn

is a determinantal point process, those two proofs are actually very similar.

1.4.3 Zeros of the planar GAF

Another important class of point processes, or more generally random measures, is that of nodal sets
of random functions, i.e. P “ tx : Fpxq “ 0u Ă Rd for some random F : Rd Ñ Rq. In general these
systems are extensive, i.e. they present no hyperuniformity [49, 28]. A notable exception is the zero set
of the planar Gaussian Analytic Function (GAF). Let Gk, k ě 1, i.i.d. NCp0, 1q distributed variables,
and the random function

FPlpzq “
ÿ

kě1

Gk
?
k!
zk,

where a.s. the series converges absolutely. Let its zero set be

PGAF “ tz : FPlpzq “ 0u. (1.5)

Theorem 1.3. PGAF is a stationary hyperuniform isotropic point process.
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A surprising point is that the law of GAF is not invariant under C-translations, but its zero set
is. This can be explained by the fact that for v P C, τvFPl :“ FPlpv ` ¨q

pdq
“ exppφpv, ¨qqFPl for some

deterministic function φ : C2 Ñ C. From this identity, it is clear that the zero sets of FPl and τvFPl have
the same law. One can also define PGAF as the weak limit PGAF

n of the zeros of the n-degree polynomial
FGAF,npzq “

řn
k“1

Gk?
k!
zk. More background and results about GAFs and a proof are provided at Section

3.2, based on [36].

Figure 1.4: Left. Ginibre ensemble. Right. GAF zeros.
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Chapter 2

Mathematical hyperuniformity of
random measures

Physicists often define the hyperuniformity of a point process as the property that its Fourier transform
vanishes at 0. We provide here the mathematical material to justify this assertion in full generality
and deduce other characterisations of hyperuniformity easier to handle technically, and prepare some
of the proofs of Chapter 3.

Even though point processes provide the main motivation and featured examples, the theory can
be applied most generally in the framework of wide sense stationary measures, which will allow us to
illustrate technical considerations with examples drawn from random Gaussian fields, spin systems,
or nodal lines. We also give universal lower bounds on the variance and Central Limit theorems, and
other insights about general hyperuniformity.

2.1 Wide sense stationary random measures

We consider the space M pRdq of complex-valued measures on Rd, endowed with the vague topol-
ogy, generated by the mappings φf : M P M pRdq ÞÑ Mpfq “

ş

fdM , for f a continuous complex-
valued function with compact support, and the corresponding Borel σ-algebra BpM pRdqq. A Locally
Square Integrable random measure (denoted L2

loc measure) is a random element M of M pRdq such
that EpMpAq2q ă 8 for A bounded. We extend the notation Mpfq “

ş

fdM to the class of bounded
functions with compact support C b

c pRdq, or other classes when available, and say M is stationary, or

strongly stationary, if Mpτxfq
pdq
“ Mpfq for x P Rd. See the fundamental books [8, 69] or the more

recent work [10] for a justification of the facts presented below. A disintegration theorem gives the
existence of the covariance measure C, sometimes called auto-correlation, characterised by

Cov pMpfq,Mpgqq “

ż

fpxqḡpx` yqCpdyqdx, f, g P C b
c pRdq. (2.1)

When f, g,M have complex values, recall that we consider the complex covariance Cov pU, V q “ EUV̄ ´

EUEV̄ . Taking for f, g approximations of Dirac masses in resp. 0 and some y P Rdzt0u, we see that
Cpdyq measures the covariance between infinitesimal masses around 0 and y. Despite its name, C is
well-defined as a signed measure only on bounded subsets of Rd (see Example 2.3), it is formally
considered as a tempered distribution.

The covariance measure is semi-definite positive in the sense that
ż

fpxqf̄px` yqCpdyqdx “ Var pMpfqq ě 0

15
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for f P C b
c pRdq, hence Bochner’s theorem yields the existence of a non-negative measure S such that

Var pMpfqq “ p2πq´d

ż

Rd

|f̂puq|2Spduq (2.2)

where the Fourier transform is defined by

f̂puq :“

ż

Rd

fpxqe´iu¨xdx.

Note that this identity extends to Schwarz functions f , i.e. such that f, f̂ and their derivatives are
integrable against any function }x}α, α ą 0. S is called the spectral measure, or structure factor when
it is continuous with respect to L d. One can also view C as a tempered distribution on Rd, and then
S “ FC, where F denotes the Fourier transform on tempered distributions.

More axiomatically and without mention to M pRdq, we can define a wide sense, or weakly, station-
ary random measure (WSRM) as a collection of complex-valued square integrable random variables
Mpfq that satisfy Mpf ` gq “ Mpfq ` Mpgq, f, g P C b

c and (2.2) for some non-negative measure S. It
yields Var pMpτxfqq “ Var pMpfqq. The property (2.2) might seem secondary, but it is really what we
need for most purposes, we give several examples below.

The more investigated examples of linear statistics are ball indicators f “ 1BR
, R ą 0. Understand-

ing the behaviour of their Fourier transform is essential to study fluctuations of the number variance
of point processes, i.e. the variance of the number of points in BR, as R Ñ 8.

Lemma 2.1. We have

y1B1puq “ }u}´d{2Bd{2puq

where Bd{2 is the Bessel function of order d{2, it implies in particular for some Cd ą 0, cd P R [1, Sec.
9.2]

y1B1
puq “ Cd}u}´

d`1
2 sinp}u} ´ cdqp1 ` ouÑ8p1qq. (2.3)

A first consequence of this lemma is that not any non-negative measure S can be the spectral
measure of a L2

loc (wide-sense) stationary random measure M; S is locally finite and its growth at 8 is
controlled by }u}d`1:
Lemma 2.2. For any L2

loc wide sense stationary random measure M, the spectral measure S satisfies
ż

Rd

p1 ` }u}q´d´1Spduq ă 8. (2.4)

This lemma also provides a proof that S is a tempered measure.
Example 2.1 (Gaussian processes). Any finite measure S is the Fourier transform of some continuous
covariance function C, and there exists a random Gaussian process Gpxq, x P Rd, and the corresponding
random measure Mpdxq “ Gpxqdx, characterised by

Cov pGpxq, Gpyqq “ Cpx´ yq,

see for instance [3, Th. 5.4.2]. Minimal regularity assumptions on C (or tail decay on S) imply that G
can be chosen to have regular sample paths, see for instance [3, Th.1.4.2].
Example 2.2 (Point processes). A L2

loc random measure P taking only integer values is called a point
process as it can a.s. be represented as P “

ř

i niδxi
for some isolated points xi and ni P N˚. As in the

previous chapter, we shall generally require here that the process is simple, i.e. ni “ Pptxiuq “ 1 , so
that P can be unambiguously associated with its support, we sometimes abusively write PpAq “ #PXA.
Local square integrability implies that supppPq is a.s. locally finite.
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The most important example is certainly the unit intensity homogeneous Poisson point process
(defined at Section 1.1), which satisfies Var pPpAqq “ L dpAq, hence (2.2),(2.1) readily imply C “

δ0, S “ L d. This is the traduction that there is no interaction between different locations (the Dirac
mass in 0 is an artifact of the atomic nature of point processes). A general disordered point process,
supposed to have asymptotic independence for distant points, is expected to have a covariance measure
of the form C “ δ0 `gL d for some integrable g, and a structure factor S “ sL d where s´1 is expected
to be integrable.
Example 2.3 (Shifted lattices). Following up on Section 1.2, we have for test functions f, g

EZdpfqZdpgq “
ÿ

k,mPZd

Efpk ` Uqgpm ` Uq

“
ÿ

k,mPZd

ż

r0,1sd
fpk ` uqgpm ` uqdu

“
ÿ

kPZd

ż

r0,1sd
fpk ` uq

ÿ

lPZd

gpk ` l ` uq

hence we have

Cov
`

Zdpfq,Zdpgq
˘

“

ż

fpxqgpx` yq
ÿ

lPZd

δlpyqdx´

ż

fpxqgpx` yqdxdy

and the covariance is C “
ř

lPZd δl ´ L d (remark that CpRdq is not well defined). We then use the
Poisson summation formula

ÿ

lPZd

fplq “
ÿ

kP2πZd

f̂pkq

to have by the Plancherel formula, with S “ FC,

p2πqdxS, fy “ xC, f̂y “
ÿ

lPZd

f̂plq ´

ż

f̂ “
ÿ

kP2πZd

p2πqdfpkq ´ p2πqdfp0q,

i.e. S “
ř

kP2πZdzt0u δk. We will see at the next section that this form of the spectral measure, in
particular the gap around 0, neatly proves the hyperuniformity of Zd, a fact that is not obvious
through direct geometric computations.
Example 2.4 (Independently perturbed lattices). Following up on Example 1.1, let us now give
the spectral measure for the perturbed lattice Zd,µ, where µ is a probability measure on Rd. Let
ψpuq “

ş

e´iu¨tdµptq. We have

Spduq “ p1 ´ |ψpuq|2qdu`
ÿ

mP2πZdzt0u

|ψpmq|2 (2.5)

This is a particular case of the more general Proposition 4.1 where a point process is perturbed
by clusters. We can observe that the periodic structure of the lattice is present through the atomic
component in the second term, while the continuous component expresses the slight disorder introduced
in the system.

As for shifted lattices with no perturbations, we observe that the spectral measure vanishes around
0. Still using the next section, this shall imply the hyperuniformity of such models. A nice observation
by Klatt and Torquato [56] is that if µ is Ur0,1sd , then the singular component vanishes. It means that
the periodic structure is not detectable by a second order analysis. It is still present at higher orders,
in the sense of factorial moment measures defined at Section 3.1; more generally it is likely not mixing,
and the cloaking of the second order periodic structure does not kill the anisotropy of Zd.
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2.2 Spectral characterisation of hyperuniformity
Coste [17] derived the spectral characterisation of hyperuniformity of a weakly disordered L2

loc point
process, i.e. when C is integrable or with constant sign [17, Prop. 2.2]: hyperuniformity is equivalent
to SpBεq “ opεdq as ε Ñ 0; Bjorklünd and Hartnick [10] removed this assumption. This is in particular
useful to show that hyperuniformity can be equivalently characterised using smooth linear statistics
instead of discontinuous ball indicators. For f : Rd Ñ C, let fRpxq “ fpx{Rq, R ą 0. To give an
optimal statement, recall that (2.2) holds for Schwarz functions and bounded measurable functions
with compact support, but often it also holds for a wider class of functions. Without discussing this
further, we call S-admissible an integrable function fsuch that (2.2) holds for all fR, R ą 0, but the
two afore-mentionned classes are sufficient for most purposes.
Theorem 2.1. Let a wide sense stationary random measure M with spectral measure S. The three
following are equivalent.

• (i) M is hyperuniform, i.e. Var pMpBRqq “ opRdq.

• (ii) there exists f S-admissible such that
ş

f ‰ 0 and Var pMpfRqq “ opRdq.

• (iii) We have spectral hyperuniformity:

lim
εÑ0

SpBεq

εd
“ 0.

Point (iii) immediately implies that (independently perturbed) shifted lattices Zd,µ from Examples
2.3,2.4 are hyperuniform, since the structure factor vanishes at the origin. Importantly, the class of
regular functions admissible for hyperuniformity, i.e. satisfying (ii), includes the indicator of a sphere
by Lemma 2.1, but not the indicator of all shapes, as for instance a direct geometric reasoning yields
the hyperfluctuating variance

Var
`

Zdpr´n, n` 1{2sdq
˘

— n2pd´1q

for n P N going to infinity. Geometrically, the large variance comes from the possibility of large groups
of nd´1 points to cross the border of a large cube in the same direction without being compensated.
This irregularity hence does not come from the sharp corners of the rectangles, rather from its flat
edges; a similar reasoning yields that the indicator of the rectangle with “rounded corners” W “

tx ` y : x P r´10, 10sd, y P Bp0, 1qu does not satisfy (ii) either. [10, Theorem 3.6] shows that the
number variance cancellation holds for so-called Fourier smooth shapes. Possible number variance
fluctuations are further discussed at Section 2.3.

Proof. We intensively use the scaling identity xfR “ Rdf̂pR ¨q for f P L1pRdq. We immediately have (i)
implies (ii) since 1B1 P Cb

cpRdq.

• (ii)ñ (iii). Since f is integrable, f̂ is continuous with f̂p0q “
ş

f ‰ 0. Hence there is a, κ ą 0

such that κ1Ba
ď |f̂ |. Then by (2.2)

κ2SpBa{Rq ď

ż

Ba{R

R´2d|f̂R|2Spduq ď R´2d

ż

Rd

|f̂R|2Spduq “ p2πqdR´2dVar pMpfRqq “ opR´dq

by assumption, which gives (iii).

• (iii) ñ (i). We have with f “ 1B1
and Lemma 2.1, using (2.2), for some c ă 8,

p2πqdVar pMpfRqq “

ż

|f̂R|2Spduq

ďR2d sup |f̂ |2SpB10{Rq `R2dc

ż

B1zB10{R

p1 ` }u}Rq´d´1Spduq ` cR2d

ż

Bc
1

p}u}Rq´d´1Spduq.
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Lemma 2.2 shows that the last term is in OpRd´1q, and (iii) implies that the first term is in opRdq,
hence we must show that the second term is in opRdq. It would be easy under the simplifying
assumption that S has a density spuq Ñ 0 as u Ñ 0. In the general case, one needs the identity,
for a bounded test function φ and a probability measure µ,

ż

φpuqµpduq “

ż sup |φ|

0

µptu : φpuq ą tuqdt,

applied to µ “ c1B1zB10{R
S with the right renormalising constant c, and φpuq “ p1 ` }u}Rq´d´1.

Since 1 ` }u}R ă 2}u}R for }u} ą 10{R, it yields for some finite c

p2πqdVar pMpfRqq ďcR2d

ż 1

0

Sptu P B1zB10{R : 2}u}R ă t´
1

d`1 quqdt` opRdq

ďcRd

ż 1

R´d´1

RdS

ˆ

B
t

´ 1
d`1 {2R

˙

dt` cR2dR´pd`1qSpB1q ` opRdq.

By (iii), RdSpB
t

´ 1
d`1 {2R

q “ t´
d

d`1 ξpt´
1

d`1 {2Rq where limvÑ0 ξpvq “ 0. Then Lebesgue’s theorem

yield that R´dVar pMpfRqq Ñ 0, as desired.

2.3 Universal variance lower bounds and non-spherical windows
A celebrated result of [7] shows that for a deterministic point configuration P , the fluctuations of the
number of points in a large window BR are at least of the order

?
Rd´1, which leads in general to

a variance lower bound of the order Rd´1 for arbitrarily large R. This principle is not restricted to
atomic measures, as we shall see here, stating the generalisation of [14, Theorem 1.1].
Theorem 2.2 (Beck). Let M a wide sense stationary random measure that is not identically 0 a.s..
Then for some c ą 0, for R sufficiently large,

ż R

1

Var pMpBRqq

Rd´1
dR ě cR

which in particular yields

lim sup
RÑ8

Var pMpBRqq

Rd´1
ą 0.

Proof. Let f “ 1B1 . By Lemma 2.1, |f̂ |2 is larger than p1 ` }u}q´d´1 “on average”, i.e. there is
κ ą 0, ρ0 ą 0,R0 ą 0 such that SpBc

ρ0
q ą 0 and for u R Bρ0 ,R ą R0,

ż R

1

Rd`1|f̂pRuq|2dR ěκ

ż R

1

Rd`1p1 ` }u}Rq´d´1dR. (2.6)

We then have by (2.2), for R ą R0,

p2πqd
ż R

1

R1´dVar pMpfRqq dR ě

ż

RdzBρ0

ż R

1

Rd`1|f̂pRuq|2dRSpduq

ěκ

ż

RdzBρ0

ż R

1

Rd`1p1 ` }u}Rq´d´1dRSpduq

“κ

ż

RdzBu0

}u}´d´2

ż }u}R

}u}

ρd`1p1 ` ρq´d´1dρSpduq

ěκ

ż

RdzBρ0

}u}´d´2p1 ` 1{ρ0q´d´1}u}pR ´ 1qSpduq.
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The proof above actually works for any kernel f satisfying (2.6). Since the ball is the most regular
shape in many aspects, one could imagine that it has the lowest Fourier transform in some sense, hence
this lower bound could hold for any shape. This is in fact not the case for rectangular shapes, which
Fourier transform is indeed larger in some directions, but also smaller in others. The class of admissible
shapes, called Fourier smooth, is discussed around [10, Theorem 3.6]. In the complex plane, Sodin,
Wennman and Yakir [77] give variance asymptotics for Jordan domains with rectifiable boundary for
a class of weakly disordered point processes. Let us make some further remarks:

• (vanishing lim inf) Björklund and Bylehn [14, Prop. 2.2.3] show that, iff d ” 1 mod 4,

lim inf
RÑ8

Var
`

ZdpBRq
˘

Rd´1
“ 0.

• (General shape dependence) The lim sup bound is invalid on rectangular windows when one
studies non-atomic random measures, even with short range dependencies. Consider for instance
the spectral measure S “ 1SL d where S “ tpuiq P Rd : @i, 2 ą |ui| ą 1u, and the unique
centred Gaussian field which spectral measure is S (Example 2.1). One can directly show that
the variance is bounded: from (2.2)

p2πqdVar
`

Mpr´R,Rsdq
˘

“

ż

S

R2d|

d
ź

i“1

sinpRuiq{pRuiq|2du

ď

ż

S

c
ź

i

u´2
i du ă 8.

One can refine this example by taking S with support on all Rd, as long as it vanishes sufficiently
fast close to the axes and at infinity.

• (shape-dependance for point processes) In a private communication, M. Bylehn mentions that
there are some admissible orthogonal transformations O such that the previous lim sup bounds
does not hold for the rotated lattice OZd, using a bound of Skryganov [73]:

Var
`

OZdpr´R,Rsdq
˘

“ OplnpRq2pd´1qq.

• (no shape-dependence for disordered point processes) Nazarov & Sodin [62, Lemma 1.6] show
that under the weak disorder assumption that C ´ δ0 is integrable for some point process P, for
any bounded window W with non-empty interior, Var pPpRW qq satisfies Beck’s lower bound.

Remark 2.1. When the variance of a point process is subextensive, i.e. in opRdq, then under mild
integrability conditions, it behaves necessarily in Rd´1, see [57, Proposition 2].

2.4 Hyperuniformity exponent and classification
The speed of decay of the structure factor in 0 actually matters, for the decay of smooth linear statistics,
but also for other phenomena, such as rigidity (Chapter 5). It is traditionally said that some number
α ą 0 is a hyperuniformity exponent of S (or M) if Spduq „ c}u}αdu as u Ñ 0 for some c ą 0. We
shall more generally say without requiring a density that S admits hyperuniformity index α ą 0 if
SpBεq “ Opεd`αq as ε Ñ 0.

Proposition 2.1. Let S the spectral measure of a L2
loc wide sense stationary random measure M.

Assume S admits exponent α ą 0. Let f an S´admissible function such that for some β ě pd ` 1q{2,
as u Ñ 8,

|f̂puq| “ Op}u}´βq.
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(For the unit ball indicator, β “ pd` 1q{2.) Then

Var pMpfRqq “ OpR2dq ˆ

#

R´pd`αq_2βq id d` α ‰ 2β.

R´d´α lnpRqq if d` α “ 2β.

If conversely Var pPpfRqq “ OpRd´αq holds for some S-admissible function f with
ş

f ‰ 0, then S
admits exponent α.

A version of this result for Schwartz functions appears in [58] under an integrability assumption on
S. Variance estimation for linear statistics is also a central topic in [47], under the running assumption
that the covariance measure C is integrable, or has finite higher order moments. They notice in
particular that the decay exponent is even when the covariance is integrable. Due to the reciprocal
relation with the hyperuniformity exponent exhibited by the previous proposition, one can also see it
as a consequence of the symmetry of S. They also give sufficient conditions for S to admit exponent
α, and discuss the class of admissible kernels f.

Proof. The proof is strongly similar to the step (iii) implies (i) in the proof of Theorem 2.1, with
SpBεq “ Opεd`αq: Using a usual (2.2) and Lemma 2.2,

p2πqdR´2dVar pMpfRqq ď sup |f̂ |2SpB10{Rq ` c

ż

B1zB10{R

p1 ` }u}Rq´2βSpduq ` c

ż

Bc
1

p}u}Rq´2βSpduq

ďOpR´d´αq ` (II) `OpR´2βq.

As before, (II) is easily dealt with when S has a density s satisfying spuq ď c}u}α close to 0, with the
change of variables v “ Ru. In the general case, proceed also as in (iii) ñ(i) but with 2β instead of
d` 1. It yields for some c ă 8 changing at each line

(II) ďc

ż 1

R´2β

SpB
t

´ 1
2β {R

qdt` c

ż R´2β

0

SpB1qdt

ďc

ż 1

R´2β

pt´1{2β{Rqd`αdt` cR´2β

ďc

#

R´α´dpR´2βq1´pd`αq{2β ` cR´2β ď R´2β ` cR´2β if d` α ‰ 2β

R´d´αOplnpRqq `R´2β otherwise.

For the converse, as in (ii) implies (iii), |f̂ | ě κ1Ba
for some κ, a ą 0, and

p2πqdVar pMpfRqq ě

ż

Ba{R

R2d|f̂pRuq|2dSpuq ě κ2R2dSpBa{Rq

hence indeed S admits index α if Var pMpfRqq “ OpRd´αq.

Example 3.1 and Theorem 4.3 provide examples of point processes with arbitrary decay for S around
0. The optimal exponent α is related to a classification of hyperuniform point processes relevant in the
physics litterature [82], depending on the number variance behaviour (i.e. for f “ 1B1

and 2β “ d`1):

• Class I if Var pPpBRqq “ OpRd´1q, corresponding to α ą 1. Recall that by Beck’s theorem
(Theorem 2.2), Rd´1 is also the smallest possible magnitude for the number variance.

• Class II, when α “ 1, which yields Var pPpBRqq “ OpRd´1 lnpRqq

• Class III, when α P p0, 1q, giving Var pPpBRqq “ OpRd´αq.

Let us make two remarks:
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• This classification encompasses most “useful models”, i.e. arising in a genuine physical or biolog-
ical phenomenon, but some mathematical hyperuniform systems are not represented here, when
the reduced variance decreases to 0 at a logarithmic scale, see Example 3.1 or examples in [21].

• By Beck’s theorem, using the variance on a large ball indeed restricts the variance range at Rd´1

and above, but when one uses smoother linear statistics, by Proposition 2.1, one can discriminate
more efficiently between hyperuniform systems. For instance, The GAF zeros PGAF and Ginibre
process PGin of Section 1.4 are both in class I, but they have respective optimal indexes 4 and 2,
and in agreement exhibit different macroscopic properties, for instance regarding rigidity ([31],
see Theorem 5.1). See also Section 4.1.1, which yields examples for arbitrarily large α. The
extreme case α “ 8 corresponds to stealthy processes, discussed at Section 5.2.

Let us conclude with a lemma that yields that most point processes have exponent at most 2.

Lemma 2.3. Let µ a symmetric non-negative finite measure which is not supported by a hyperplane.
Then there is σ ą 0, ρ0 ą 0 such that for }u} ă ρ0,

ˇ

ˇ

ˇ

ˇ

ż

p1 ´ e´iu¨xqµpdxq

ˇ

ˇ

ˇ

ˇ

ě σ}u}2.

This conclusion also holds if the assumption of symmetry is dropped, if instead µ is assumed to have
a finite second moment and be centred, i.e.

ş

xdµ “ 0.

Proof. Let R ą 0 such that
ż

Bp0,Rq

}x}2µpdxq ą 0

and ρ ą 0 such that 1 ´ cosptq ě t2{4 for |t| ď Rρ, and let u P Bp0, ρq.
We have

spuq :“

ż

p1 ´ eiu¨xqµpdxq “

ż

p1 ´ cospx ¨ uqqµpdxq

ě

ż

Bp0,Rq

|x ¨ u|2

4
µpdxq. (2.7)

Call Cεpuq the cone of x such that |x ¨ u| ě ε}x}}u} (and C0puq “ Rd). Define the function

Σpv, εq :“

ż

CεpvqXBp0,Rq

}x}2µpdxq, v P BBp0, 1q.

Since by assumption µ is not supported by the hyperplane orthogonal to v P BBp0, 1q, Σpv, εvq ą 0 for
some εv ą 0. We wish to show by contradiction that

Dσ0 ą 0, ε ą 0 : @v P BBp0, 1q,Σpv, εq ě σ0.

If it is not the case, there is vn P BBp0, 1q such that Σpvn, 1{nq ď 1{n. By compacity we can choose
vn that converges to some v, and it yields a contradiction when Cεv pvq Ă C1{npvnq. In consequence,
for u P Bp0, ρq, we can conclude the proof with

spuq ě ε2}u}2σ0{4.

This lemma implies that stationary determinantal processes have exponent at most 2 (see Theorem
5.2), and with (2.5) yields the following corollary for some IPLs:
Corollary 2.1. Let µ a non-null probability measure on Rd which is symmetric.Then the perturbed
lattice Zd,µ has exponent at most 2.

Even if µ is supported by a hyperplane, doing the same analysis on a subspace of minimal dimension
supporting µ, we have spuq ě σ|ui|

2 at least for one coordinate i, which forbids exponent more than 2.
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2.5 CLTs and Brillinger mixing
We investigate the Central Limit Theorem for the mass of a large ball MpBRq for a wide sense stationary
random measureM. The cumulants method, classical for extensive systems, fortunately extends to
hyperuniform systems, due to the universality of Beck’s lower bound (Theorem 2.2). Recall that the
m-th cumulant of a real random variable X is the m-th order derivative in 0, when it exists, of the log
of the moment generative function KXptq “ lnEetX , i.e.

κmpXq “
dm

dtm
KXptq|t“0.

We have a familiar interpretation for low order cumulants: for X̄ “ X ´ EX,

κ1pXq “EX

κ2pXq “Var pXq

κ3pXq “EX̄3

κ4pXq “EX̄4 ´ Var pXq
2
.

For instance for X „ Ppλq, λ ą 0, we have easily KXptq “ λpet ´ 1q “ λ
ř

kě1
tk

k! , hence for all m

κmpXq “ λ.

The Gaussian variables are characterised as those variables such that κkpXq “ 0 for k ě 3, indeed
KXptq “ t2 for X „ N p0, 1q. Marcinkiewicz refined this result by showing that a variable is Gaussian
as soon as only finitely many cumulants do not vanish.

Recall that a sequence of variables Xn, n ě 1 converge to a standard Gaussian variable X if
all moments converge, i.e. for each m ě 1, EXm

n Ñ EXm as n Ñ 8. Since moments are linear
combination of cumulants, the convergence still holds if for each m ě 1, κmpXnq Ñ κmpXq. Using
Marcinkiewicz theorem, one can show that this convergence holds if one only assumes Var pXnq Ñ 1
and κmpXnq Ñ 0 for all m ě m0, for some m0 ě 3, see for instance [78, Lemma 3].

Define in general

ČMpBRq “
MpBRq ´ EMpBRq

a

Var pMpBRqq
.

The previous method applies to the number of points of a Poisson point process in a large ball because
PpBRq

pdq
“ PoisspL dpRdqq. Hence Var pPpBRqq — Rd and

κm

´

ČPpBRq

¯

“ Var pPpBRqq
´m{2

κmpPpBRqq — R´md{2Rd,

it indeed goes to 0 for m ě 3. More generally, it applies to many standard and hyperuniform random
measures:
Theorem 2.3. Let M a wide sense stationary random measure in dimension d ě 2 having finite
moments of all orders on a compact set. Assume that for some m0 ě 3, for m ě m0, the cumulants
have Poison / sub-Poisson decay

κmpMpBRqq “OpRdq. (2.8)

Then we have the CLT for some sequence Rn Ñ 8

ČMpBRnq Ñ N p0, 1q.

In dimension 1, if (2.8) holds and Var pMpBRqq ě cRα with α ą 0, as R Ñ 8,

ČMpBRq Ñ N p0, 1q.
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Proof. Let Xn “ MpBRn
q, ĂXn “ ČMpBRq, n ě 1. Recalling Beck’s Theorem 2.2, Var pXnq ě cRd´1

n for
some Rn Ñ 8 and

κmp ČMpBRn
qq “

κmpMpBRnqq

Var pMpBRnqq
m{2

ď c
Rd

n

R
pd´1qm{2
n

.

We see that indeed for d ą 1 and m sufficiently large, the right hand side goes to 0, and Marcinkiewicz’s
theorem allows to conclude to the CLT. In dimension d “ 1, the bound is Rd´αk{2, and we can conclude
similarly.

Remark that the Rd´1 lower bound in Theorem 2.2 actually holds for a set of radii R with positive
Lebesgue density, it is not just a marginal sequence of Rn’s. For other linear statistics MpfRq, Beck’s
bound might not hold, see in particular Proposition 2.1. It can still happen that there is a CLT even if
the variance is bounded or, surprisingly, goes to 0, see for instance [75], but this is rather exceptionnal.
See [47, Section 4.1] for a discussion, and for more general results than Theorem 2.3.

Assumption (2.8) is the manifestation of a property which is expected for strongly disordered point
processes, named Brillinger mixing, but hard to prove apart from some well understood classes such
as Poisson, determinantal, and permanental processes, or zeros of random Gaussian fields. One can
strictly weaken this assumption to κmpMpBRqq “ opRmpd´1q{2q (for m above some m0 P N) but there
is no immediate interpretation for the relevancy of such an hypothesis.

This theorem has been applied successfully to many linear statistics over point processes, but also
to random measures. In [11], the authors consider more generally a geometric functional over a point
process P under the form

Xn “
ÿ

xPPXBn

ξpx,Pq

for some score function ξ that does not only depend on the location x. It can be interpreted as a linear
statistic over the stationary random measure

M “
ÿ

xPP

δxξpx,Pq.

Under some assumptions of stabilisation and dependency decay related to Brillinger mixing on P and
ξ, they are able to show a CLT for MpBRq.

2.6 Non-Euclidean hyperuniformity
A rescaling yields that the hyperuniformity of a point process P on Rd can be equivalently stated by

lim
rÑ8

Var pPrpB1qq

EPrpB1q
“ 0;

where Prp¨q :“ Ppr¨q. We can exploit this to define asymptotic hyperuniformity for a sequence of point
processes which are finite and, obviously, do not satisfy stationarity.
Definition 2.1. Let Pn random measures supported by some K Ă Rd. Say the family tPn;n ě 1u is
asymptotically hyperuniform over K Ă Rd if for each “smooth” compact B Ă K

lim
n

Var pPnpBqq

EPnpBq
“ 0.

This can be relevant for finite models, such as Coulomb / Riesz gases, or eigenvalues of random
matrices. For such models, particles near the edge behave in general differently. The good framework
is to choose K containing a.s. the bulk, i.e. a number of particles in Opp1 ´ εqnq for some ε ą 0 that
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seem to behave in a homogeneous way, see Theorem 3.2 for Coulomb gases.

This definition is not adapted to random measures of a different nature. For instance, if M is a
hyperuniform random measure of one-dimensional object of R2 (lines, cuves, etc...), then MnpBq “
?
nL 2pBq. Hence the renormalisation in the definition of hyperuniformity must be adapted to the

intrinsic dimension of the model.
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Chapter 3

Hyperuniform point processes

In this chapter, we develop the examples from the introduction and give some proofs. We start by
defining factorial moment measures, central in the study of determinantal processes. We then discuss
the planar GAF zeros, as it is a striking and isolated example, easy to define formally. Random matrices
and DPPs form the core of hyperuniform point processes, but require more context and preparation.
Non-integrable Gibbs measures are discussed after, but their high mathematical complexity leaves less
room for rigourous results, let alone proofs. We conclude with models presenting an aperiodic order,
such as quasicrystals.

3.1 Factorial moment measures
We saw that the law of a point process P “

ř

i δxi
is characterised by the laws Ppfq for f P C b

c pRdq.
Factorial moment measures give a more analytic way to decompose P’s law in projections of orders
1, 2, ... and characterise it in the same way that the law of a reasonable random variable is characterised
by its moments of every order. Let µm

P the m-th factorial moment measure of P, characterised through
non-negative test functions f P Cb

cppRdqmq applied to m-tuples of distinct xi’s with

E
ÿ

i1,...,im distinct

fpxi1 , . . . , ximq “

ż

fµM
m.

The number of terms in the sum is determined by the number of Dirac masses in P “
ř

i δxi
. When µ

has a density with respect to L m, it is denoted by ρmP .

• For k “ 1, one retrieves the intensity µ1
PpAq “ EPpAq for A Ă Rd. If P is stationary, µ1

P is
invariant under translations, hence µ1

P “ λL d, with the intensity λ ě 0.

• For 1 ď k ď m, µk
P is proportionnal to the projection of µm

P on k arguments (recall that those
measures are symmetric).
projection

• The first and second order properties of P can be equivalently described by the couple pλ, ρ2Pq or
by the couple pλ,Cq (or obviously the couple pλ, Sq): combine (2.1) with

Cov pPpfq,Ppgqq “E
ÿ

i,j

fpxiqḡpxjq ´ E pPpfqqEpPpḡqq

“E
ÿ

i‰j

fpxiqḡpxjq ´

ż

fpxqλdx

ż

ḡpxqλdx

“

ż

f b ḡρ2P ` λ

ż

fḡ ´ λ2
ż

f

ż

ḡ. (3.1)

27
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• The factorial in the name refers to the formula obtained for a simple point process P when
f “ 1Bm for a bounded set B:

µm
P pBmq “ E

ÿ

x1PBXP

ÿ

x2PBXPzx1

. . .
ÿ

xmPBXPztx1,...,xm´1u

1 “ EPpBqpmq (3.2)

where for a number x ě 0, xpmq :“ xpx´ 1q . . . px´mq. Notice that the Newton formula

1tk “ 0u “ p1 ´ 1qk “

8
ÿ

m“0

p´1qm
kpmq

m!

gives the inclusion-exclusion formula whenever the sum converges absolutely

PpPpBq “ 0q “

8
ÿ

m“0

p´1qm

m!
µm
P pBmq. (3.3)

This can be useful as, by standard results on random closed sets, the law of a simple point
process P can equivalently be characterised by the values PpPpBq “ 0q, B Ă Rd, called capacity
functional [60].

3.1.1 Law characterisation and convergence

It is classical that the law of a real random variable X is characterised by its moments EXm,m ě 1
if E exppt|X|q ă 8 for some t ą 0. Similarly, if some point process P satisfies E expptPpAqq ă 8 for
all A bounded for some t ą 0 (depending on A), in which case we say that P has some exponential
moments, then the law of the PpAq, A bounded, and hence the law of P, is characterised by the moments
EPpAqm,m ě 1, A bounded. In turn, the EPpAqm,m ě 1 can be recovered from the µm

P ,m ě 1 with
(3.2). We hence proved the following:
Proposition 3.1. The law of a point process P having some exponential moments is characterised by
the µm

P ,m ě 1.

If for instance the factorial moment measures are known to satisfy µm
P pBmq ď cmB for some cB ă 8,

it implies finite exponential moments on B:

E expptPpBqq ď c
ÿ

m

|tcB |m

m!
ă 8, (3.4)

hence under such an assumption for all B, the µm
P uniquely define a distribution (if they define a

distribution at all). This will in particular allow to define properly the class of DPPs in Section 3.3.2
through their factorial moment measures.

Similarly, the convergence between random variablesXn Ñ X forX with some exponential moment
is implied by the convergence of the m-th moment EXm

n Ñ EXm for each m ě 1. Recall that the
convergence between point processes Pn

Law
ÝÝÝÑ
nÑ8

P is implied by PnpAq
Law

ÝÝÝÑ
nÑ8

PpAq for each bounded A.
Hence if for all A bounded, for all m ě 1,EPnpAqm Ñ EPpAqm, we have indeed the weak convergence
Pn Ñ P. Finally, since EPpAqm is a linear combination of the µk

PpAq, 1 ď k ď m, we have:
Proposition 3.2. If for some random measures Pn,P with P having some exponential moments, we
have µm

Pn
pAmq Ñ µm

P pAmq, for each compact A, then Pn
Law

ÝÝÝÑ
nÑ8

P.

3.1.2 Repulsivity and negative dependence

Hyperuniform processes are sometimes believed to exhibit local repulsion, probably due to the fact
that the most famous examples, DPPs and zeros of random functions, indeed experience a natural local
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repulsion. Mecke’s formulas exactly mean that for P a homogeneous Poisson process with intensity
λ “ 1, ρmP “ pL dqm, hence what is considered repulsion for a point process P is when the difference
ρmP ´ pL dqm, measuring somehow the deviation to neutrality, takes negative values, which indicates
negative dependancy. We say in particular that P is completely repulsive if for all m ě 1, ρmP ď L d as
measures. One often talks about local repulsion when the inequality holds locally for m “ 2. It holds
much more rarely at large scales, and for all m; the class of DPPs is probably the sole tractable class of
useful models having such a property, the GAF zeros do not [36]. Repulsivity can be seen as negative
dependence, in the sense that a positive mass at some location discourages mass in other locations.

The reduced variance at large scale still induces some negative dependance, there should necessarily
be compensation of large batch of particles. For instance in a large rectangular window W that can be
decomposed in two disjoint congruent rectangles W1,W2, if there is a large concentration of particles
in some half, the concentration in the other half should be below average to ensure the low discrepancy
guaranteed by hyperuniformity. This phenomenon is quantified by negative asymptotic correlations

lim
RÑ8

CorrpPpRW1q,PpRW2qq ă 0.

This phenomenon has been first formally studied in [2] in the discrete setting, and recently in the
continuum setting in [47, 39, 77].

3.2 Zeros of the planar Gaussian analytic function
We give here some more context about Gaussian fields and Gaussian Analytic Functions (GAFs), based
on the excellent reference [36]. This section is a summary of some results of their Section 2 under the
angle of Euclidean Gaussian fields and point processes.

In general, a Gaussian field F : Rd Ñ Rq is a collection of random vectors Fpxq “ pFpxq, . . . ,Fqpxqq P

Rq, x P Rd such that for px1, . . . , xmq P pRdqm, pFpx1q, . . . ,Fpxmqq is a pRqqm-valued Gaussian vector.
In particular each coordinate field tFipxq, x P Rdu, 1 ď i ď q defines a Gaussian signed measure as
in Example 2.1. We saw that each finite measure S on Rd uniquely defines the law of a stationary
Gaussian field F : Rd Ñ R with covariance function C “ F ´1S. For F a vector-valued field, each of
the qpq ` 1q{2 pairwise covariance functions Ci,jpx, yq “ Cov pFipxq,Fjpyqq , i ď j, must be specified to
determine the law of F uniquely in the class of Gaussian fields.

The class of GAFs is a subclass of the class of Gaussian fields from C to C (with the identification
C ” R2) such that a.s. each sample path is a.s. an analytic function. Hence one should in principle
specify the 3 covariance functions C1,1,C2,2,C1,2 to characterise the law of the field. The class of GAFs
crucially holds an additional requirement: each finite linear combination

ř

j ajFpzjq must be a complex
Gaussian variable, which means it should have i.i.d. (Gaussian) real and imaginary parts (this in fact
means that the FIDI are so-called complex Gaussian vectors). Hence GAFs are not just Gaussian fields
which are a.s. analytic. A very convenient and fundamental gain from this requirement is that the law
of a centred GAF F is uniquely determined by its complex covariance

Cpz, wq “ EFpzqFpwq,

replacing the Ci,j of the real Euclidean representation. By [36, Lemma 2.2.3], a general recipe to
construct GAFs is to use models of the form

Fpzq “

8
ÿ

k“1

Zkψkpzq

for i.i.d. NCp0, 1q-distributed Zk and analytic functions ψk such that a.e.
ÿ

k

|ψkpzq|2 ă 8.
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Such a representation can generally be obtained using the theory of compact operators. We are
interested here in the planar GAF, defined by

FPlpzq “

8
ÿ

k“1

Zk
zk

k!
,

and the analycity of FPl yields that its zero set PGAF contains a.s. isolated points, it is indeed a point
process. An easy computation gives the complex covariance

Cpz, wq “ EFPlpzqFPlpwq “ ezw̄. (3.5)

Proof that the PGAF is stationary and isotropic. The statistical invariances of PGAF come from the fol-
lowing conjugation property under shifts and rotations:
Lemma 3.1. For θ P R, z, w, v P C

Cpeiθz, eiθwq “Cpz, wq,

Cpz ` v, w ` vq “eiφpz,vqCpz, wqe´iφpw,vq

where φpz, vq “ ´izv̄{2 ` iz̄v{2 P R because φ̄ “ φ.
The proof of this lemma is a straightforward computation. The invariance under rotation of PGAF

comes from the fact that the rotated field z ÞÑ FPlpeiθzq has the same complex covariance Cpz, wq as
FPl, hence they have the same law, and their zero sets have the same law as well.

As for invariance under complex translations, τvFPl has the same covariance as the GAF Fv
1 : z ÞÑ

eφpz,vqFPlpzq, hence these two GAFs have the same law. Since F and Fv
1 have the same zero set, it

indeed yields that PGAF and τvPGAF have the same law, and PGAF is indeed stationary.

Remark 3.1 (Non-Euclidean GAFs). The theory of GAFs is very general and takes its full power on
domains endowed with a non-euclidean metric, such as the sphere or the hyperbolic disk. It yields
the spherical and hyperbolic families FSph

L ,FHyp
L of GAFs, each invariant under natural isometries,

parametrized by a density parameter L ą 0, which is an analogue of the scaling z ÞÑ FPlpLzq on the
complex plane. A further link with DPPs was uncovered by Peres and Viràg [66]: curiously, the zero
set of FHyp

1 is a DPP on the unit disk, and it is the unique DPP among the zeros of all aforementionned
GAFs.
Remark 3.2. PGAF and PGin troubly share quite many features, especially locally. Krishnapur and
Viràg [46] give an interesting explanation: PGin can be written as the zero set of a GAF with a random
complex covariance function (this is stronger than being the zero set of a random analytic function,
which is true for any point process by Weierstrass’s theorem).

3.2.1 Hyperuniformity of PGAF

Let us give a proof of hyperuniformity that shows how the harmonic nature of analytic functions is at
the core of the hyperuniformity behaviour of PGAF, borrowed from [75], and originating in the pioneed
work of Forrester and Horner [26].
Lemma 3.2. There is a constant C such that for f of class C2 with compact support,

Var
`

PGAFpfq
˘

ď C}∆f}2L2pCq.

This entails that as R Ñ 8,

Var
`

PGAFpfRq
˘

“ OpR´2q.

The hyperuniformity therefore follows directly from Theorem 2.1-(ii). This also shows by Proposition
2.1 that PGAF has an hyperuniformity index α ě 4 (one can prove that the exponent is exactly 4
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with the converse statement). This is exceptionnal in the sense that, apart from shifted lattices, other
known hyperuniform processes have index at most α “ 2, even perturbed lattices, due in particular to
Lemma 2.3.

Proof. Morally, the proof follows from the a.s. analycity of GAF and the stationarity of PGAF. It relies
on two claims: a (non-random) analytic function F on D Ă C with zero set P satisfies

P pfq “
1

2π

ż

D

∆fpzq ln |F pzq|dz (3.6)

and the zero set P of a GAF F satisfies for f P Cb
c

Var pPpfqq “
1

4π2

ż

∆fpzq∆fpwqCov
´

ln |rFpzq|, ln |rFpwq|

¯

dzdw. (3.7)

For the first claim, the starting point is the harmonicity of the log on the complex plane: ∆ lnp| ¨ |q “
1
2π δ0 in the distributional sense, i.e. for f P C2

cpCq,

fp0q “
1

2π

ż

∆fpzq lnp|z|qdz. (3.8)

Hereafter, fix f and denote by Λ its support. A non null holomorphic function F has finitely many
zeros zi in Λ, and the logarithm has an analytic determination on Λ, hence F can be written

F pzq “ egpzq
ź

i

|z ´ zi|dz, z P Λ,

for some analytic function g. Therefore with P “
ř

i δzi P N pCq, the smooth linear statistic can be
expressed

P pfq “

n
ÿ

i“1

fpziq “
1

2π

n
ÿ

i“1

ż

∆fpzq lnp|zi ´ z|qdz “
1

2π

ż

∆fpzq ln |F pzqe´gpzq|dz “
1

2π

ż

∆fpzq ln |F pzq|dz

which yields (3.6), exploiting the fact that the real part of an analytic function g is harmonic:
ż

∆fpzqRgpzqdz “ 0.

Let us apply this to a GAF F. Denoting by κpzq2 “ E|Fpzq|2 “, F̃pzq “ Fpzq{κpzq is a complex
Gaussian variable with constant variance, hence ℓ :“ E ln |F̃pzq| is constant as well, and

2πEPpfq “

ż

Λ

∆fpzqE ln |Fpzq|dz “

ż

Λ

∆fpzqE ln |F̃pzq|dz `

ż

∆fpzq lnpκpzqqdz “ 0 `

ż

Λ

∆fpzq lnpκpzqqdz

4π2E|Ppfq|2 “

ż

Λ2

∆fpzq∆fpwqErln |Fpzq| ln |Fpwq|sdzdw

“

ż

Λ2

∆fpzq∆fpwqErln |F̃pzq| ln |F̃pwq|sdzdw `

ż

∆fpzq∆fpwq lnpκpzqq lnpκpwqqdzdw ` 0 ` 0

“

ż

∆fpzq∆fpwqCov
´

ln |F̃pzq|, ln |F̃pwq|

¯

dzdw ` 0 ` 0 `

ż

∆fpzq∆fpwq lnpκpzqq lnpκpwqqdzdw

which yields (3.7). Let us apply this to FPl. The final idea is that |F̃Plpzq|, ln |F̃Plpwq| have a small
correlation when z, w are far away. We have the general inequality ([36, Lemma 3.5.2]) for NCp0, 1q

variables Z,Z 1, Cov pln |Z|, ln |Z 1|q ď 1
2 |EZZ 1|2, hence

Cov
´

ln |F̃Plpzq|, ln |F̃Plpwq|

¯

ď
1

2
|EF̃PlpzqF̃Plpwq|2.
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By (3.5), the right hand side is 1
2e

´|z´w|
2

“: σpz ´ wq. Hence by Cauchy-Schwarz inequality

4π2Var
`

PGAFpfq
˘

“

ż

∆fpzq∆fpwqσpz ´ wqdzdw ď }∆f}L2pCq}∆f ‹ σ}L2pCq ď }∆f}2L2pCq}σ}2L1pCq

which concludes the proof.

3.2.2 Other hyperuniform Gaussian nodal measures

We conclude the study of planar GAF zeros by showing that they form the unique such stationary set
up to a rescaling, by a rigidity principle discovered by Sodin:
Theorem 3.1 ([74]). Let F,G two GAFs on some domain D Ă C, such that their respective zero sets
PF,PG have the same intensity: ρ1PF “ ρ1PG . Then there exists a deterministic function φ : D Ñ C not
vanishing on D with F ” φG a.s..

Hence for λ ą 0, there is a unique set of GAF zeros P with ρ1P “ λL d, obtained by properly
rescaling PGAF. To the author’s knowledge, no other Gaussian field with stationary hyperuniform zeros
has been found, such a phenomenon is known to be impossible for one-dimensionnal stationary fields
[49]. The complex version of Berry’s Gaussian random wave model, experiencing many cancellation
phenomena, has hyperfluctuating zeros [87]. The general cancellation phenomena for Gaussian random
measures and their chaotic projections has been analysed in [28].

In [32], inspired by the Euclidean GAF and motivated by signal theory, the authors exhibit charged
particles located on the zero set of a Gaussian Weyl-Heisenberg field F, i.e. a random measure of the
form

M “
ÿ

z:Fpzq“0

δzκz,

where κz is the sign of the Jacobian determinant detDFpzq. Such measures (with or without charges)
are stationary, and the authors give their intensity and prove that under some assumptions, the global
charge experiences screening, which implies a hyperuniform behaviour of class I (Section 2.4), see their
Theorem 1.14.

3.3 Random matrices and determinantal point processes

We provide here partial proofs of Theorems 1.1 and 1.2. It is the occasion to make more explicit the
fundamental link between random matrix models and particle systems such as log gases and OCPs,
through astute changes of variables. Determinantal processes in the continuous space arise mainly as
eigenvalues of random matrix models. We are interested here in stationary examples (GUE, Ginibre)
where the key point is to prove that they are projector DPPs.

3.3.1 Change of variables

It is claimed in the introduction that the β-ensembles for β “ 1, 2 in dimension d “ 1 and the Ginibre
ensemble can be written out as the set of eigenvalues of resp. the GOE, GUE, and Ginibre random
matrix models. As an elementary and prototypical example, we provide here an argument for the GOE
ensemble, similar reasonings are possible for other matrix models, but more involved. We refer to the
monographs [5, 59, 36] for other models.

Partial proof that the eigenvalues of M1,pnq have density (1.2) for β “ 1. Since M1,pnq is a symmetric
matrix, there exist a random matrix Qn in the orthogonal space On and a random matrix Dn “
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diagpΛ1, . . . ,Λnq in the space Dn of diagonal matrices such that M1,pnq “ QnDnQ
T
n . Dn is assimilated

to Rn with the Euclidean metric and endowed with L n. We in fact give a full proof except for the
fact that M1,pnq is a.s. in S˚

n the set of symmetric matrices with distinct eigenvalues, hence Dn is a.s.
in D˚

n the class of diagonal matrices with distinct eigenvalues, but it is a plausible fact given that the
entries of M1,pnq are independent Gaussian, see for instance [59, 5].

Our interest is the exact density of Dn. Let us first prove that the law of Qn can be chosen to be
σ, the unique probability measure on On that is invariant under the action of the multiplication by
any Q P On, or Haar measure. Let Q with law σ and independent of pM1,pnq,Qn,Dnq. The expression
(1.3) yields that the law of M1,pnq is invariant under the conjugation action M ÞÑ QMQT for Q P On,
hence QQn is another possible random orthogonal matrix in the decomposition of M1,pnq. Since QQn

also has law σ, it proves the claim, and we indeed choose Qn with law σ independent of Dn. Hence
the law of pQn,Dnq is σ ˆ µ1 for some measure µ1 on D˚

n that we seek to explicit.
The idea of the proof is to compute the Jacobian of the mapping pQ,Dq ÞÑ M “ QDQT for

pQ,Dq P On ˆ D˚
n . It is tricky to directly perform a change of variables on the non-Euclidean manifold

On, we therefore locally linearise it first with the space of antisymmetric matrices An, assimilated to
Rnpn´1q{2 and endowed with L npn´1q{2, thanks to the exponential mapping. Recall that for Q in a
neighbourhood U 1 of In, Q “ exppAq for some A P An (close to 0). Call ν the law on U 1 induced on
An by σ, i.e. for a test function ψ supported by exppU 1q

EψpQq “

ż

ψpQqσpdQq “

ż

ψpexppAqqνpdAq. (3.9)

We introduce the mapping Γ : An ˆ D˚
n Ñ S ˚

n

ΓpA,Dq :“ exppAqD exppAqT .

We saw that Γ is surjective onto ..., it is clearly C8. Let us compute the absolute Jacobian determinant
JΓp¨q in p0, D0q.
Lemma 3.3. For D0 “ diagpλ1, . . . , λnq P D˚

n , the Jacobian matrix of Γ has absolute determinant

JΓp0, D0q “ cn
ź

iăj

|λi ´ λj | for some cn ą 0.

In particular, it does not vanish. By the inverse function theorem, Γ is a C8-diffomorphism on a
neighbourhood V of p0, D0q contained in U ˆ UD0

. We can therefore perform a change of variables,
for φ supported by ΓpV q,

ż

S ˚
n

φpMqdM “

ż

V

φpΓpA,DqqJΓpA,DqdL npn´1q{2pAqdL npDq. (3.10)

On the other hand, by (1.3) and (3.9),

EφpM1,pnqq9

ż

S ˚
n

φpMqe´TrpMMT
q{4dM

“

ż

e´TrpDDT
q{4

ż

φpQDQT qσpdQqdµ1pDq

“

ż

φpΓpA,Dqqe´TrpDDT
q{4dνpAqdµ1pDq.

We can therefore identify with (3.10)

e´TrpDDT
q{4JΓpA,DqdL npn´1q{2pAqdL npDq9dνpAqe´TrpDDT

q{4dµ1pDq.
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It yields that JΓ is separable on V and µ1 has a density f around D0. With Lemma 3.3, we have
fpD0q9

ś

iăj |λi´λj |, and this is valid for any D0 P D˚
n . For a test function φ̃ on UD0

, and φpA,Dq :“
φ̃pDq,

Eφ̃pDnq “EφpM1,pnqq

9

ż

φ̃pDqe´TrpDDT
qdνpAqdµ1pDq

9

ż

φ̃pλ1, . . . , λnqe´
ř

i λ
2
i {4

ź

iăj

|λi ´ λj |dλ1 . . . dλn,

which concludes the proof.
Let us finally prove Lemma 3.3. We see Γ as a function from Rnpn´1q{2 ˆ Rn to Rnpn`1q{2, and

denote its components Γi,j , i ď j. Let δ “ diagpλ1, . . . , λnq P Dn, H “ pHi,jq1ďi,jďn P U.

ΓpH,D0 ` δq “pI `H ` opHqqpD0 ` δqpI ´H ` opHqq

“Γp0, D0q ` δ `HD0 ´D0H ` oppH, δqq.

Note that HD0 ´ D0H “ pHi,jpλj ´ λiqq1ďi,jďn vanishes on the diagonal, and at the opposite δ is
supported by the diagonal. For i ă j, we can read the partial derivatives on the lower diagonal

BΓi,j

BHk,l
p0, D0q “λi ´ λj iff pi, jq “ pk, lq, for k ă l

BΓi,j

Bλk
p0, D0q “0, 1 ď k ď n,

and for 1 ď i ď n

BΓi,i

Bλk
p0, D0q “δk,i

BΓi,i

BHk,l
p0, D0q “0, k ă l.

Seeing the Jacobian matrix ∇Γ as blocks of dimension npn´1q{2 or n, the nˆn block gives determinant
1, the npn´ 1q{2 block is diagonal and gives

ś

iăjpλi ´λjq, and the other blocks vanish; this gives the
desired expression.

3.3.2 Determinantal processes

In order to prove results for the GUE and Ginibre process, we must derive some basic definitions
and concepts related to the theory of determinantal processes. We give a simplified treatment in the
context of hyperuniformity on a continuous space.
Definition 3.1. Let K : Rd ˆ Rd Ñ C measurable. A point process P on Rd is a DPP with kernel K
if it admits factorial moments densities of the form, for m ě 1,

ρmP px1, . . . , xmq “ detppKpxi, xjqq1ďi,jďmq, x1, . . . , xm P Rd. (3.11)

The first example is the homogeneous Poisson process with intensity λ ą 0, for which Kpx, yq “

λ1tx “ yu. More generally, ρ1Ppxq “ Kpx, xq P R` on Rd. For existence and unicity questions, it is
enough to perform a local analysis, in the sense that P is a DPP with kernel K if and only if for each
bounded B, P1B is a DPP with kernel K1BˆB , and unicity and existence of P need only be solved on
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such B. Implicitly, P should have local moments of every order, and we shall henceforth assume that
K is locally square integrable as it will be fruitful to consider the associated operator in L2pBq

LKfpxq :“

ż

fpyqKpx, yqdy.

Remark that by (3.11), each minor of K has a positive determinant, hence each submatrix pKpxi, xjqq

is necessarily semi-definite positive. Therefore, Hadamard’s inequality yields for compact measurable
B Ă Rd

|ρmP pBnq| ď

ż

Bn

ź

i

Kpxi, xiqdx1 . . . dxm “

ˆ
ż

B

Kpx, xqdx

˙m

ď L dpBqm{2

ˆ
ż

B

Kpx, xq2
˙m{2

ă 8.

By (3.4) and Proposition 3.1, such a DPP has exponential moments and is uniquely defined by equations
(3.11). This is not an obligation, but in general, to have tractable existence and unicity results, one
requires K to be Hermitian, i.e. for x, y P Rd, Kpy, xq “ K̄px, yq.

A particularly important class is that of canonical kernels, defined to be of the form

Kpx, yq “
ÿ

kě1

akφkpxqφ̄kpyq (3.12)

where the φk, k ě 1 form an orthonormal family. The semi-definite positiveness of K implies that
ak P R`, and it is also necessary that ak ď 1, see [36, Th. 4.5.5].

Those are typically the form of kernels for finite point processes Pn coming from finite matrix
models. When all (non-zero) ak’s equal 1, the kernel is easily seen to enjoy the reproducing property:

Definition 3.2. Say that K is reproducing if for x, y P Rd,

Kpx, yq “

ż

Rd

Kpx, zqKpz, yqdz.

This property is more conceptually seen as a projection property in the L2 space. If (3.12) is
satisfied, for f P L2pRdq with compact support, LKf is the projection of f onto the space spanned by
the φk. For a general reproducing kernel

LKpLKfqpxq “

ż

Kpx, zqp

ż

fpyqKpz, yqdyqdz “

ż

fpyq

ż

Kpx, zqKpz, yqdz “

ż

fpyqKpx, yqdy “ LKfpxq.

As a counterexample, the Poisson kernel Kpx, yq “ 1tx “ yu neither satisfies (3.12) nor is reproducing.
This reproducing property is useful here for at least two reasons. Remember first that the ρkP, k ď m

can be seen as projections of ρmP , but the fact that the defining DPP property (3.11) holds for ρmP does
not implies automatically that it holds for ρkP, k ď m, except for reproducing kernels:

Proposition 3.3 ( [24]). Let K a reproducing kernel and P a point process such that (3.11) holds for
some m ě 1. Then (3.11) holds for all 1 ď k ď m.

Hence the reproducing property saves us a lot of effort in the proof that a point process is deter-
minantal, as we will see with the GUE and Ginibre ensembles.

Proof. It suffices to show it for k “ 1 by induction. We decompose the set of permutations Σn in Σ1
n

for which σpnq “ n and Σ˚
n the complement. For σ P Σ1

n, let σ̃ the restriction of σ to J1, n ´ 1K. For
σ P Σ˚

n, call cnpσq the cycle containing n, and σ̃ P Σn´1 bypassing n (i.e. σ̃pσ´1pnqq “ σpnq, others
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values do not change). Then
ż

detppKpzi, zjqqi,jďnqdµpznq

“
ÿ

σPΣ1
n

εpσq
ź

iăn

Kpi, σpiqq

ż

Kpzn, znqµpdznq `
ÿ

σPΣ˚
n

εpσq
ź

iRcnpσq

Kpzi, zσpiqq

ż

ź

iPcnpσq

Kpzi, zσpiqqµpdznq

“c
ÿ

σPΣ1
n

εpσ̃q
ź

iďn´1

Kpzi, zσ̃piqq

`
ÿ

σPΣ˚
n

εpσq
ź

iRcnpσq

Kpzi, zσpiqq
ź

iPcnpσqztn,σ´1pnqu

Kpzi, zσpiqq ˆ

ż

Kpzσ´1pnq, znqKpzn, zσpnqqµpdznq

“c
ÿ

σ̃PΣn´1

εpσ̃q
ź

iďn´1

Kpzi, zσ̃piqq `
ÿ

σPΣ˚
n

εpσq
loomoon

´εpσ̃q

ź

iRcnpσq

Kpzi, zσ̃piqq
ź

iPcnpσqztn,σ´1pnqu

Kpzi, zσpiqq ˆKpzσ´1pnq, zσpnqq

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

“
ś

iPcnpσqztnu Kpzi,zσ̃piqq

“c detppKpzi, zjqqi,jďn´1q ´
ÿ

σ1PΣn´1

#tσ : σ̃ “ σ1uKσ1

z .

To conclude, notice that for each σ̃, there are N ´ 1 ways to choose where to insert index n in
permutation σ̃, which yields the result with the constant Cn,n´1 “ pc ´ pN ´ 1qq. Then one can
iterate.

Let us now focus on stationary DPPs. Assume up to applying a rescaling that the intensity is 1,
i.e. ρ1Ppxq “ Kpx, xq “ 1. Since by (3.11), we have the density ρ2Ppx, yq “ p1 ´ |Kpx, yq|2q, stationarity
yields that it only depends on x ´ y, we therefore define κpxq “ |Kp0, xq|. A direct computation
combining (3.1) and (2.2) gives the spectral measure S “ sL d with the structure factor

s “ 1 ´ Fκ2. (3.13)

As a consequence, xκ2puq ď 1. Also, sp0q “ 1´xκ2p0q and reproducing kernels yield hyperuniform DPPs:
Proposition 3.4. Let P a stationary DPP with locally square integrable reproducing kernel K. Then
sp0q “ 0 and P is hyperuniform. Furthermore, spuq ě σ}u}2 for some σ ą 0, hence the hyperuniformity
exponent is at most 2.

Proof. s is uniformly continuous as κ2 is integrable by assumption. The reproducing and Hermitian
properties yield

xκ2p0q “

ż

κ2 “

ż

Kp0, xqKpx, 0qdx “ Kp0, 0q “ 1

which yields hyperuniformity by Theorem 2.1. The lower bound is a consequence of Lemma 2.3.

3.3.3 Ginibre as a DPP

Recall from Chapter 1 that Ginn is the random element of MnpCq with density proportionnal to
expp´TrpHH˚qq, H P MnpCq.

Lemma 3.4. The point process Ginn is a DPP with kernel

Knpz, wq “
1

π

n´1
ÿ

k“0

pzw̄qk

k!
e´

|z|2`|w|2

2
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Remark 3.3. We will see that Kn is of the canonical form (3.12) with n terms and all ak equal to 1

because the φkpzq :“ 1?
k!
zk´1e´|z|

2
{2 are orthonormal. This characterises processes with a.s. n points

because for m ą n, the matrix pKnpzi, zjqq1ďi,jďm has rank n, hence ρmGinn
” 0, confirming that Ginn

has never more than n points, and

E#Ginn “

ż

Kpz, zqdz “ n

confirms #Ginn “ n a.s.. If for some other point process P one of the ak was in p0, 1q, we would have
a random number of points because E#P ă n but ρnP ı 0. In fact, for a canonical kernel, one can
represent the number of points as a sum of independent Bernoulli variables with parameters ak (see
[36, Theorem 4.5.3]).
Remark 3.4. We only consider DPPs with some kernel K on Rd endowed with Lebesgue measure but
it is easily seen that one can equivalently consider a DPP with kernel K̃px, yq “ Kpx, yqφpxqφ̄pyq for
some φ : Rd Ñ C on Rd endowed with |φpxq|2dx, in the sense that for x1, . . . , xm P Rd

detppKpxi, xjqq1ďi,jďmq|φpx1q|2 . . . |φpxnq|2 “ detppK̃pxi, xjqq1ďi,jďmq. (3.14)

Proof. The starting point is the Van Der Monde determinant. For z “ pz1, . . . , znq P Cn,

ź

iăj

pzi ´ zjq “ detppzk´1
i q1ďi,kďnq.

Let us multiply each column by a scalar αk to be defined later and take the square modulus: let
Mpzq “ pαkz

k´1
i q1ďi,kďn, then

ź

iăj

|zi ´ zj |29| detpMpzqq|2 “ detpMpzqMpzq˚q “ detpK̃npzi, zjqq

with

K̃npz, wq :“
n

ÿ

k“1

|αk|2zk´1w̄k´1.

We admit here the density representation (1.4), it can be proved in a similar (but more intricate)
manner than for the GOE, see Section 3.3.1. Using Remark 3.4, it proves that ρnPGin has the DPP form

(3.11) with the kernel Knpz, wq “ K̃npz, wqe´
|z|2`|w|2

2 . We already saw that ρmP ” 0 for m ą n, and for
m ď n we wish to apply the reproducing property, which concludes the proof thanks to Proposition
3.3.

More precisely we prove that Kn has the canonical form (3.12) with φkpzq “ αkz
k´1e´|z|

2
{2. Let

us check that the φk form an orthonormal family for the choice αk :“ pπpk ´ 1q!q´1{2 :

ż

C
φkpzqφjpzqdz “ αkᾱj

ż

zk´1z̄j´1e´|z|
2

dz “ αkᾱj

ż 8

0

ż 2π

0

ρk`j´2eiθpk´jqe´ρ2

ρdρdθ

in polar coordinates. We see in particular that it vanishes for k “ j due to the angular integral, and
for k “ j, it gives with the change of variables u “ ρ2

2π|αk|2
ż 8

0

ρ2k´1dρe´ρ2

“ π|αk|2Γpkq “ 1.

This concludes the proof of Lemma 3.4.
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Turning back to the proof of Theorem 1.2, we have the convergence Knpz, wq Ñ Kpz, wq :“ π´1ezw̄

uniformly on each compact. Hence by Proposition 3.2, PGin
n converges to PGin, the DPP with kernel K,

weaky in the weak topology. The invariance of PGin under rotations is inherited from the invariance of
PGin
n under rotations, because the random matrix Ginn is invariant under the action of the orthogonal

group.
Finally, for the stationarity of P, we recall Lemma 3.1 (which also proves isotropy):

Kpz ` v, w ` vq “ eiφpz,vqKpz, wqe´iφpw,vq

for some real function φ. As already observed for the planar GAF, the kernel K is not invariant under
the action of shifts, but it does not prevent PGin to be stationary because for each m P N,

ρmPGinpz1 ` w, . . . , zm ` wq “ detpKpzi ` w, zj ` wqi,jďmq “
ÿ

σ

εpσq
ź

i

Kpzi ` w, zσpiq ` wq

where the sum is over permutations of t1, . . . ,mu, and with i1 “ σpiq

ź

i

Kpzi ` w, zi1 ` wq “
ź

i

eiφpzi,wqKpzi, zi1 qe´iφpzi1 ,wq “ exp

˜

i
ÿ

i

φpzi, wq ´ i
ÿ

i

φpzi1 , wq

¸

ź

i

Kpzi, zi1 q

and the first exponential equals 1. Therefore the kernels ρPm are invariant under the action of shifts,
which proves by Proposition 3.1 that the point processes τwPGin and PGin have the same law, i.e. PGin

is stationary.

3.3.4 GUE as a DPP
We see from (1.2) that the GUE has the same density form as Ginibre, but on R instead of C.
Everything works the same in the previous proof, except that the φk are not orthogonal on R. Going
back to the Van Der Monde determinant, we have another unexploited freedom: we can substract from
each column a linear combination of columns with a smaller index:

det

˜

ˆ

1
?
k!
λk´1
i

˙

1ďi,kďn

¸

“ det

˜

´ 1
?
k!
λk´1
i `

k
ÿ

j“1

aj,kλ
j´1
i

loooooooooooooomoooooooooooooon

“:Pkpλiq

¯

1ďi,kďn

¸

.

We apply a Gramm-Schmidt orthonormalisation procedure to ensure that the Pk are orthogonal on
R. In fact, they are a renormalised version of the Hermite polynomials. It then proves with the same
computations that PGUE

n is a DPP with kernel

Knpλ, λ1q “

n
ÿ

k“1

PkpλqPkpλ1q.

We leave as a black box the following result: Uniformly on each compact of R,

Knpλ, λ1q Ñ Kpλ, λ1q :“ c
sinpλ´ λ1q

λ´ λ1
.

One can consult for instance [5]. Hence using Proposition 3.2 and the exact same reasoning than for
the Ginibre process, PGUE

n converges to an infinite stationary hyperuniform process called the Sine
process (this is in fact easier than for Ginibre because here the kernel itself is invariant under shifts,
not only the factorial moment measures).

3.3.5 Pfaffian processes
We mention for completeness the existence of Pfaffian processes, of which the GOE process is an
instance, but we shall not develop them here, see for instance [17, Section 3.3] and references therein.
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3.4 Systems of particles
The β-ensembles, GOE, GUE, and Ginibre models, descend from a more general class of models
in statistical physics defined through a Hamiltonian. Consider a pairwise potential, i.e. a function
φ : pRdq2 Ñ R, and the energy function

E˝px1, . . . , xnq :“
ÿ

i‰j

φpxi ´ xjq.

A Gibbs measure with energy H˝ is roughly speaking a system of particles that tend to arrange
themselves randomly while keeping a low-energy configuration. Since the more the particle shift apart
at infinity the lowest is, in general, the energy, one must add a confinment term to ensure the particles
have an antagonising force to localise them. This could be a hard confinment in a ball (or another
shape), with radius „ n1{d so that each particle has approximately a constant volume for itself. There
are also smoother ways to confine the particles, we will typically consider an energy term of the form

Epx1, . . . , xnq “ E˝px1, . . . , xnq `
ÿ

i

Vnpxiq

and Vn is called a confinment potential, it is supposed to have compact sublevel sets. A hard confinment
penalisation consists formally in choosing Vnpxiq “ 8 ˆ 1t}xi} ą n1{du (with 8 ˆ 0 “ 0), but this
is less usual in the mathematics litterature. A frequent and convenience choice is V pxiq9 }xi}

2, and
it emerges naturally in the theory of random matrices as we saw with previous models. We indicate
[55, 71] as a gentle introduction to the mathematical aspects of such topics.

The deterministic configurations minimising this energy are called ground states, or optimal con-
figurations, and are highly ordered. To add some randomness among low energy configurations and
reflect disordered states of matter such as gases and liquids, one balances the energy by an entropy
term, favoring more disordered random states, parametrized by some temperature T ą 0, or the in-
verse temperature β “ 1{T . The minimisers of this combined quantity called free energy are random
point configurations called Gibbs measure at inverse temperature β ą 0. The Gibbs measure PH

n with
n particles and energy H is defined by the density

ρnHpx1, . . . , xnq9 expp´βHpx1, . . . , xnqq. (3.15)

The particles of PH
n tend to approach global minimisers of the energy in the low temperature regime

β Ñ 8, and at the opposite converge towards independent “totally disorded” processes with density
9

ś

i e
´

ř

i V pziq when β Ñ 0 in the “high temperature regime”.
A popular example is s-Riesz gases, s P R, where φpx´yq “ }x´y}´s. When s ą d, φ is integrable

at 8 and the model is said to be short range. It seems that hyperuniformity cannot happen as the
energy is extensive, i.e. proportionnal to the volume, see Ginibre inequality [55, (28)] for finite systems.
In this case, there is an unambigously defined infinite limiting point process PH , i.e.

PH
n ÝÝÝÑ

nÑ8
PH

where PH can also be described locally through DLR equations, and Dereudre and Flimmel [20]
confirms that stationary locally interacting Gibbs measure are never hyperuniform.

A particular case is obtained with Coulomb gases, also known under the terminology jellium, or
One Component Plasmas (OCPs). Call φd the Coulomb potential in dimension d, i.e.

φdpxq “

#

´ lnp}x}q if d “ 2
1

d´2}x}2´d if d “ 1 or d ě 3,

easily seen to satisfy in the distributional sense for some κd ą 0

∆φdpxq “ κdδ0, (3.16)
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in dimension 2 this fact has already been useful for GAF zeros at (3.8). Call Pd,β
n P N pRdq the simple

point process with exactly n points and inverse temperature β ě 0 which density is

ρnd,βpx1, . . . , xnq9 expp´β
ÿ

i‰j

φdpxi ´ xjqq expp´β
ÿ

i

}xi}
2q.

It indeed corresponds to Boltzmann equation (3.15) with potential φd. We recover some previously en-
countered examples: In Dimension 1, we obtain the β-ensembles, that converge resp. to the stationary
hyperuniform Sineβ processes as n Ñ 8 (Theorem 1.1). In Dimension 2, for β “ 2, we exactly have
the Ginibre distribution.

Hence the “interesting” problem is wether long range Riesz gases are hyperuniform, which is, in
general, expected [55], and proved in dimension 1 [85]. In dimension d ě 2, the only rigourous
result concerns Coulomb gases with n particles in dimension 2. The long range interactions make it
complicated to even define unambiguously an infinite model, the following result is rather asymptotic
hyperuniformity for large finite bulk subsystems, i.e. at distance „ n1{d from the disk boundary.
Theorem 3.2 (Leblé). For n ě 1, let xn P R2, Rn ą 0 such that for some ε ą 0, Bpxn, Rnq Ă

Bp0,
?
nπp1 ´ εqq. Then

Var
`

PH
n pBxn,Rn

q
˘

“ opR2
nq.

The question might actually be easier to solve for infinite stationary models using smooth linear
statistics with Theorem 2.1-(ii). The (ill-posed) question remains:
Question 3.1. Are Coulomb systems in dimension d ě 3 hyperuniform?

3.5 Quasi-periodic models
Hyperuniformity is important because it emerges in many different phenomena, especially in condensed
matter physics and statistical physics. Mathematically, disordered particle systems have attracted most
of the activity, but many other models, e.g. hard spheres, quasicrystals, or others, would deserve more
attention. To introduce the topic of aperiodic order, let us start with the following toy example, which
bears some similarity with subsequent more physical examples.
Example 3.1 (irrationally shifted lattices). Let some positive numbers a “ tam ą 0,m ě 1u, mutually
irrational, and i.i.d. variables Um „ Ur0,1sd ,m ě 1. Let the model obtained by summing independent
rescaled versions of the lattice

Pa “
ÿ

mě1

ÿ

mPZd

δampUm`mq.

Let us assume that
ř

m a´d
m ă 8 to have finite intensity and local square integrability. Since the

spectral measure is linear in the random measure, we obtain the spectral measure of Pa by using
Example 2.3 at the proper scale:

Sa “
ÿ

m

a´2d
m

ÿ

mP2πZdzt0u

δa´1
m m.

Remark that by carefully choosing the am, one can have an arbitrary decay of SapBεq as ε Ñ 0, and
hence an arbitrary exponent of hyperuniformity, see Section 2.4.

Quasicrystals are broadly speaking non-periodic atomic measures whose spectrum is purely atomic,
their study emerged after experimental discoveries in physics in the 80s and is related to many fields,
including crystallography, aperiodic tilings, almost periodicity, see the mathematical monograph [6]
and references therein. Such objects are traditionally assumed to be homogeneous in space, and it is
thus natural to consider random constructions that are invariant under translations ([10, 64]).



R. Lachièze-Rey Hyperuniformity and rigidity 41

Let us introduce the invariant random quasicrystal model of Bjorklund and Hartnick [10], called
cut-and-project process, obtained from a higher dimensional tilted lattice that is projected onto a band
with a finite width. Let d, d1 P N˚,Γ “ Γ0 ` U a shifted lattice of Rd ˆ Rd1

, with U „ Ur0,1sd`d1 and
Γ0 a lattice containing 0. Consider for W Ă Rd1

compact the obtained projection

PΓ0,d,W “ tx : px, yq P Γ, y P W u.

Often, W is implicitly assumed to be the unit ball of Rd1

and omitted in the notation.
Those models possess the following properties, defining a mathematical quasicrystal:

• Uniformly discrete, i.e. infx‰yPPΓ0,d }x´ y} ą 0 a.s.,

• relatively dense, i.e. for some r ą 0, YxPPΓ0,dBpx, rq “ Rd a.s.,

• The spectral measure S is purely atomic with a dense support.

Bkorklund and Hartnick [10] show that PΓ0,d is sometimes hyperuniform, depending on the diophantine
properties of Γ. We refer to [10] for a precise definition, but an interesting class of lattices is that of
arithmetic lattices, which elements are badly approximable by rational tuples. A typical example is
Γ0 “ tpa ` b

?
2, a ´ b

?
2q; a, b P Z2u Ă R2, in the same way that algebraic numbers (i.e. solutions of

polynomial equations with integer coefficients, such as
?
2, 1`

?
5

2 , etc...) are the worst approximable
numbers of R. The idea is that the diophantine properties of the dual of a lattice will determine its
hyperuniformity behaviour, and bad approximation properties give a more hyperuniform behaviour.
Interestingly, we observe in [48] the same phenomenon for nodal domains of Gaussian fields which
spectral measure has irrational atoms. Below we assume that W “ B1 for simplicity, and call S the
structure factor of PΓ0,d.
Theorem 3.3 ([10]). • If the dual lattice of Γ0 is arithmetic,

lim
εÑ0

SpBεq

εd
“ opε

d
d1 q.

• For L pd`d1
q
2

-a.e. pd`d1q ˆ pd`d1q real matrix A, the lattice Γ0 “ AZd`d1

yields a hyperuniform
process such that for each given δ ą 0

SpBεq

εd
“ opε

d
d1 ´δq.

• For d “ d1 “ 1, there exists a lattice Γ0 such that for every α ą 0,

lim sup
εÑ0

Var pSpBεqq

εα
“ 8.

It implies by Theorem 2.1-(iii) that PΓ0,1 is not hyperuniform.
This spectrum of different second order behaviours in fact reflects the spectrum of diophantine

properties of real numbers:

• the worst approximable numbers, such as the algebraic numbers, are characterised as those x P R
such that for some c ą 0

@q P N˚, inf
pPZ

|x´
p

q2
| ą

c

q2

they form a negligible set of Rd.
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• For δ ą 0, L 1-a.e. x P R is p2 ` δq-approximable, in the sense that for some c ą 0, for infinitely
many q P N˚,

inf
pPZ

|x´
p

q
| ă cq´2´δ

• There is a negligible set of numbers x with good approximation properties, such as the Liouville
numbers, i.e. such that for every δ ą 0, there are infinitely many q P N˚ with

|x´
p

q
| ă cq´2´δ.



Chapter 4

Perturbed lattices, matching and
optimal transport

We saw that an easy way to produce hyperuniform samples is to start from a lattice and perturb its
points by i.i.d. variables Uk,k P Zd, but the underlying periodic structure remains detectable in the
resulting point process (see Example 2.4). A softening of this procedure is to allow for dependency
between the perturbations Uk, and in this chapter we first explore how much dependent can these
variables be and still maintain hyperuniformity. To maintain stationarity, we assume that the field
tUk;k P Zdu is invariant under Zd-translations; in particular the Uk are identically distributed

In the previous chapter, we saw hyperuniform models who have in appearance nothing to do with
a lattice structure, they seem to form a class fundamentally disconnected from the class of perturbed
lattices. We will see that, somehow surprisingly (at least in dimension 2), these disordered processes
can in most cases be written as dependently perturbed lattices, forming in some sort a converse to the
assertion that perturbed lattices are hyperuniform. To formulate and prove this result, we invoke the
theory of optimal transport. It ultimately proves that perturbed lattices and disordered hyperuniform
processes are not a dichotomy, they form two sides of a continuous class, except in dimension 1 where
a stronger requirement than hyperuniformity is required.

This is another illustration of the formula global order and local disorder, in that a hyperuniform
point process, even when it seems locally disordered, such as for a DPP or the zeros of a random
function, exhibits at large scale the same order than a lattice.

4.1 Perturbed lattices are hyperuniform point processes
We already saw that when a lattice undergoes i.i.d. perturbations, it is hyperuniform (Example 2.4
and Theorem 2.1-(ii)). When the perturbations are dependent, Dereudre et al. [21] proved that it still
holds as long as they have a finite second order moment in dimension 1 or 2. In the following, U “

tUk;k P Zdu is a stationary field over Zd, independent of the shifted lattice τUZd where U „ Ur0,1sd .
Denote the resulting point process by

Zd,U “
ÿ

kPZd

δU`Uk
.

Theorem 4.1 ([21]). Assume E}Uk}2 ă 8. Then

• In dimension d “ 1, supR Var
`

Zd,UpBRq
˘

ă 8, i.e. Zd,U is Class 1 hyperuniform.

• In dimension d “ 2, Zd,U is hyperuniform, but the variance decay can be arbitrarily slow.

• In dimension d ě 3, for every ε ą 0, there exists a stationary field U with }Uk} ă ε a.s. and
R´dVar

`

Zd,UpBRq
˘

Ñ 8.

43
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[21] also give counter-examples showing that these results are sharp in general. The general idea
is still that the more the perturbation is statistically disordered (extreme disorder being the indepen-
dence), the more it has the chance to maintain the underlying lattice structure, but also the less likely
is the obtained point process to be mixing. In some sense the mixing properties of U and P go in
reverse directions. This is confirmed by the results of [25, 41], which ensures that hyperuniformity is
maintained in any dimension as long as the perturbating field U is sufficiently mixing. Flimmel [25,
Theorem 2] uses the α-mixing coefficients, for U a stationary field over Zd,

αpnq :“ supt|PpΩq ´ PpΩ1q| : Ω P σpUk;k P Aq,Ω1 P σpUk1 ;k1 P Bq; A,B Ă Rd : dpA,Bq ě nu, n P N.

Klatt et al. [41, Th. 5.5] introduce in the flavor of β-mixing, with PX the law of X,

βpmq “ sup
AĂRdˆRd Borel

|PpU0,UmqpAq ´ Pb2
U0

pAq|,m P Zd.

Theorem 4.2. If
ř

m αp}m}q ă 8 or
ř

m βpmq ă 8, then Zd,U is hyperuniform.
[25] contains a stronger version under some moment assumptions, and [41] actually considers any

stationary random measure (not only point processes), and any kind of perturbation, as long as
stationarity is in order.

4.1.1 Lattices perturbed by clusters and arbitrary exponent

A similar class of dependent perturbations is obtained when each point is replaced by a whole finite
point process, as considered in [50]. This is not formally a perturbed lattice as studied above, but the
resulting points can still be seen as the result of a perturbation applied to a lattice. We again refer
the reader to [41] for a general theory of perturbed random measures. Let us give here a result where
the point processes attached to different points are independent.

Let µ a probability distribution on N pRdq, and P “
ř

i δxi
a simple stationary point process. Let

Pi, i ě 1, i.i.d. point processes with law µ, and

Pµ :“
ÿ

i

ÿ

j

τxj
Pi.

Proposition 4.1. Let P a wide sense stationary point process with spectral measure S and assume
E#P2

1 ă 8. Let the random Fourier-Stieljes transform φpuq “
ş

eiu¨tdP1ptq. Then Pµ has the spectral
measure

Sµ “
`

E|φpuq|2 ´ |Eφpuq|2
˘

L dpduq ` E|φpuq|2S.

We recover (2.5) when #P1 “ 1 a.s. We see that in general, if P is hyperuniform, S vanishes in 0,
hence also Sµ vanishes in 0, and by Theorem 2.1,Pµ is still hyperuniform. Remark that Lemma 2.3
does not apply to this form of structure factor, and we can indeed exploit this to have a point process
with arbitrarily high hyperuniformity exponent.

Among stationary models mathematically treated, the only exception to the behaviour spuq ě σ}u}2

are GAF zeros (Lemma 3.2) and shifted lattices. For the latter, at the opposite, the spectral measure
vanishes in a neighbourhood of the origin; it is a member of the class of stealthy processes, which are
the topic of Section 5.2. To obtain an intermediary model, that is not formally periodic, but still
presents a high level of rigidity, one can use a union of irrational shifted lattices, see above. We give
here another class of models, with slightly more disorder, where the points of a lattice are perutbed
by randomly rotated clusters.

Let ρ ą 0, p P N˚. Let Pi “
řp

j“1 δ2iπjρ`θi where the θi are i.i.d. uniform on r0, 2πs, and let µ the
common law of the Pi, and let P “ Zd, recall the construction of Pµ from above.
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Theorem 4.3 ( [50], Theorem 3). The point process Pµ is hyperuniform and if p is a prime number,
its spectral measure satisfies as u Ñ 0

Sppuq „
}ρu}2p

pp´ 1q!2
du,

hence Pµ has hyperuniform exponent 2p.

See also [27], giving guidelines to design other examples in any dimension.

4.1.2 The partial matching process: a dependently perturbed lattice

Klatt, Last and Yogeshwaran [43] consider a special construction that can be seen as a dependently
perturbed lattice. Let P a homogeneous Poisson process with intensity a ą 1, let Zd “ τUZd the
usual shifted lattice with UUr0,1sd independent from P (Section 1.2). Then build an injective mapping

T : Zd Ñ P that is invariant under translations, i.e. τxT
pdq
“ T, x P Rd, by performing a stable matching:

• First match x P Zd, y P P if they are mutual nearest neighbours, i.e. y is the closest point from
x in P and vice-versa, and put y “ T pxq. Call Zd

match such matched points from Zd and Pmatch
the matched points from P.

• Remark that ZdzZd
match,Z

d
match,PzPmatch,Pmatch are still stationary point processes. Repeat the

procedure by matching mutual nearest neighbours of ZdzZd
match and PzPmatch, putting each time

y “ T pxq if y and x are matched.

• Then repeat the procedure by matching iteratively mutual nearest neighbours that have not been
matched previously.

This procedure never terminates globally, but each point of Zd is eventually matched after finitely
many iterations, hence T is well defined. We then have the following result. For x “ k`U P Zd, define
Uk “ T pxq ´ x and U “ tUk; k P Zdu, so that indeed T pZdq “ ZU is a dependently perturbed lattice.
Theorem 4.4 (KLY). T pZdq is a stationary hyperuniform perturbed lattice and the Uk have an
exponential tail: for some finite c ą 0,

Pp}U0} ą rq ď ce´crd .

The proof can be deduced from Theorem 4.2 by the same authors. In [43], they furthermore prove
that T pZdq is number rigid, a concept that is introduced at Chapter 5.
Remark 4.1. A similar procedure can be conducted with a “ 1, and in this case the points of P are
also eventually exhausted, so that T is a bijection between Zd and P, but the matching properties are
much less agreable; in particular, }U0} has an infnite d-th moment , whereas other Poisson matchings
perform much better [34, 35].

4.2 Hyperuniform point processes are perturbed lattices
One of the motivations for studying hyperuniform point processes is the low variance for linear statis-
tics (Proposition 2.1), and more generally that they are “evenly” distributed across space, at least
they seem so visually. We try to formalise here this impression with the concept of allocation, and
more generally of optimal transport. As we will see, this provides some kind of converse statement to
Theorem 4.1, in that many hyperuniform processes can be seen as a perturbed lattices.

From the point of view of transport, a sample of points is well distributed if one can divide up
the space in cells of equal volume such that each cell can be associated to a nearby point of the
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process nearby, the “center of the cell”. One can think for instance of points as school locations in
a city Cn, and Lebesgue measure represents the distribution of the population, the goal being that
each school is associated with an equal volume of population and that each citizen should not have to
travel too far to go to the school it has been assigned to (which is not necessarily the closest school).
The ideal repartition occurs when points (or schools) are distributed periodically as in a lattice, we
rather investigate here disordered samples. We show in the figure below three samples of points and a
corresponding partition of a sphere in cells of equal volume using the so-called gravitationnal allocation
[63].

Figure 4.1: Sending kids to school. Left. Ginibre eigenvalues. Middle. Poisson points. Right. GAF
zeros. Ilustration by D. Hawat

4.2.1 Optimal transport, matching and allocation
We propose in this chapter a quantification of this concept in terms of matching and allocation. Let
p ě 1.

• Let Cn “ r0, nqd, and let Pn a sample of nd points in Cn. Call allocation a measurable mapping
T : Cn Ñ Pn such that a.s. the volume of the set of points sent to each x P Pn is exactly 1, i.e.
L dpT´1ptxuqq “ 1, x P Pn. Call p-allocation cost of T

CppT q “

ż

Cn

}x´ T pxq}pdx,

and call optimal p-allocation cost Wp
p,allocpCn,Pnq the infimum of CppT q over such allocations T ,

the notation Wp
p is explained below.

• Let Zn “ Cn X Zd the lattice points of Cn, note that #Zn “ nd. Call p-matching cost of a
bijection σ : Zn Ñ Pn the quantity

Cppσq “
ÿ

kPZn

}σpkq ´ k}p.

Call optimal p-matching cost Wp
p,matchpZn,Pnq of Zn to Pn the minimum of Cppσq over all such

bijections σ.

The concept of matching is in fact very close to that of perturbed lattices, as it means that there
are variable Uk :“ σpkq ´k such that Pn “ tk`Uk;k P Znu. In general, of course, such Uk would not
be independent.

The matching and allocation costs are obviously different in general, but in the large sample
asymptotics, we will see that they have the same magnitude for a given stationary point process
P restricted to Cn. From this perspective, the process P will be stationary, i.e. invariant under
Rd-translations, and accordingly the field U :“ tUk;k P Zdu will be required to be invariant under Zd-
translations. To avoid some technicalities for now, we study more generally a family of point processes
Pn, n ě 1, and study whether there is explosion of the mean p-transport cost per particle.
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4.2.2 Linear cost for large finite samples
The concepts of matching and allocation costs above are both instances of the concept of p-Wasserstein
distance in optimal transport. Given two non-negative measures µ, ν with same mass on Rd, call
coupling of µ, ν a measure M on Rd ˆ Rd with

Mp¨ ˆ Rdq “ µ, MpRd ˆ ¨q “ ν.

Then define the p-th order Wasserstein distance by

Wp
ppµ, νq “ inf

M coupling

ż

}x´ y}pMpdx, dyq. (4.1)

Remark that this quantity is symmetric in µ and ν.
Call L d

n the Lebesgue measure restricted to Cn. Note that #Zn “ #Pn “ L d
n pCnq “ nd, which

is the reason why we employ a straight cubic window in this chapter. An allocation T : Cn Ñ Pn

induces the coupling

MpAˆBq :“
ÿ

yPPnXB

L d
n pAX T´1ptyuqq,

the mass of points from A sent to B. A matching σ : Zn Ñ Pn induces similarly a coupling

MpAˆBq “
ÿ

xPZnXA,yPPnXB

1ty “ T pxqu.

Hence the optimal matching and allocation costs correspond to infima taken over specific classes of
couplings, hence

Wp
ppL d

n ,Pnq ď Wp
p,allocpL d

n ,Pnq, Wp
ppZn,Pnq ď Wp

p,matchpZn,Pnq.

We in fact have the reverse inequality

Wp
ppZn,Pnq “ Wp

p,matchpZn,Pnq, W p
p pL d

n ,Pnq “ W p
p,allocpL d

n ,Pnq,

see for instance [70, Thm. 1.7]. We expect all those costs to be similar, which we formalise in the next
result.
Proposition 4.2. Let Pn, n ě 1 point processes with resp. nd points in Cn, and p ě 1. There is a
universal constant c ą 0 such that

Wp
ppL d

n ,Pnq ě cnd.

Hence the linear cost (proportionnal to nd), is the least one can expect. Then the two following are
equivalent:

(i) There is a constant cmatch such that EWp
ppPn,Znq ď cmatchn

d,

(ii) There is a constant calloc such that EWp
ppPn,L d

n q ď callocn
d.

Proof. The lower bound is a consequence of the isoperimetric inequality, which gives for any domain
Ω with volume 1, and any y P Rd

ż

Ω

}x´ y}pdx ě cd,p :“

ż

Bpy,κ
´1{d
d q

}x´ y}pdx.

Then just make the summation over the cells Ωi :“ T´1pxiq.
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The equivalence comes from the general triangular inequality between finite measures: to prove
that (i) implies (ii), use

WppPn,L
d
n q ď WppPn,Znq `WppZn,L

d
n q.

This inequality is proved in all textbooks about optimal transport, see for instance [70, 86]. One can
obtain the estimate

W p
p pZn,L

d
n q ď cnd

using the following elementary allocation: cut Cn into nd small cubes with sidelength 1 and define
T0 : Cn Ñ Zn by

T0pk ` r0, 1qdq “ tku;k P Zn.

It gives W p
p pZn,L d

n q ď CppT0q ď cnd. Then use the inequality pa ` bqp ď cppap ` bpq, a, b ě 0 to have
(i) implies (ii). The same inequality after switching the roles of Zn,L d

n gives (ii) implies (i).

An example of paramount imporance in geometric probability is when Pn consists in i.i.d. points
uniformly distributed over Cn.

Theorem 4.5 (AKT Theorem [4]). Let Pn made up of nd i.i.d. points uniform in Cn, and p ě 1.
Then (i) and (ii) hold if and only if d ě 3

This result admits many generalisations, it is in particular valid for processes with asymptotically
integrable covariance, see for instance [52, 13, 35]. Hence in dimension d ě 3, hyperuniform or not, a
standard point process has a satisfying behaviour in terms of transport / allocation / matching.

In dimension d “ 2, on the other hand, one cannot find a nice allocation from Cn to Pn, in the
sense that, by the AKT theorem

lim
n

EW2
2,allocpPn,L d

n q

nd
Ñ 8.

This can be observed on Figure 4.1, the middle sample is formed by independent points, and the cells
are elongated, generating a large transport cost. Left and right samples, resp. Ginibre eigenvalues and
zeros of a GAF, have more spherical cells, yielding a lower cost. We will see now that the reason is
that such samples are asymptotically hyperuniform, as we saw previously.

Pioneer works in this direction are [38, 68], giving results for the finite Ginibre ensembles. Let us
give first the result of Butez, Dallaporta & Garcia-Zelada, bearing directly on the fluctuations of the
discrepancy, in the spirit of the original geometric definition of hyperuniformity in terms of number
variance (1.1), valid for any p ě 1.
Theorem 4.6 ([13]). Let p ě 1,Pn with nd points such that for some c, ε ą 0, for any square B Ă Cn

with L dpBq ą 1,

sup
n

E

ˇ

ˇ

ˇ

ˇ

ˇ

PnpBq ´ L dpBq
a

L dpBq

ˇ

ˇ

ˇ

ˇ

ˇ

p

ď
c

lnpL dpBqqp`ε
. (4.2)

Then

Wp
ppL d

n ,Pnq ď c1nd

for some constant c1 not depending on n.
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Hyperuniformity for finite samples corresponds to the left hand member going to 0 for p “ 2 as
B grows to infinity, hence it almost automatically yields linear bounds for the 2-Wasserstein distance.
If one has moments of higher order on the discrepancy, it gives a linear bound for the Wasserstein
distance of corresponding order. It unfortunately does not apply to systems where the bulk behaviour
is different from the behaviour on the boundary, as in Theorem 3.2.

We saw in Theorem 2.1-(iii) that hyperuniformity is equivalently characterised by the vanishing of
the spectrum in 0. The equivalent concept for a finite sample is the scattering intensity. For a point
process Pn in Cn, denote by FPnpuq “

ş

e´iu¨tPnpdtq, u P Rd, the Stieljes-Fourier transform. Then
the expectation of the scattering intensity is

ŜPn
puq :“

1

EPnpCnq
E |FPnpuq|

2
.

For P a L2
loc stationary point process, and Pn “ P X Cn, ŜPnpuq provides a simple and natural

approximation of the structure factors Spuq of P, see for instance [17, Th. 5.1] for a weak convergence
result. Actual estimators are built from multiscale tapered versions, see Chapter ??. We give here for
completeness the following convergence result:
Proposition 4.3. Let P a wide sense stationary point process which covariance measure C is integrable.
Then S is continuous with respect to L d by standard Fourier considerations, and for u P Rd the density
spuq satisfies

ŜPn
puq Ñ Spuq

if and only if u P 2πZdzt0u or more than half of u’s coordinates do not vanish.

Proof. Assume without loss of generality that P has unit intensity, hence EPnpCnq “ nd. Define
fu,npxq “ 1Cn

pxqe´iu¨x so that ndŜPn
puq “ E|Ppfu,nq|2. Let us use (2.1) and Lemma 2.1:

E|Ppfu,nq|2 “Var pPpfu,nqq ` |EPpfu,nq|
2

“

ż

fu,n ‹ f̄u,npxqCpdxq `

ˇ

ˇ

ˇ

y1Cnpuq

ˇ

ˇ

ˇ

2

“

ż

eiu¨x 1Cn
‹ 1Cn

loooomoooon

„nd

pxqCpdxq `

ˇ

ˇ

ˇ
ndy1C1

punq

ˇ

ˇ

ˇ

2

“ndSpuqp1 ` op1qq ` n2d

ˇ

ˇ

ˇ

ˇ

ˇ

ź

i:ui‰0

eiuin ´ 1

uin

ˇ

ˇ

ˇ

ˇ

ˇ

2

,

and the last term vanishes if u P 2πZdzt0u, and otherwise is in n2pd´mq where m is the number of i
such that ui ‰ 0, this concludes the proof.

We see that the bias is minimal at non-zero multiples of 2π{n, hence the best approximations are
the ŜPp2πk{nq,k P Znzt0u. See [33] for a more precise result and variants of the scattering intensity
more useful in practical situations.

In the physics litterature, it is common to estimate the structure factor at such lattice points. In
conclusion, if P is hyperuniform, Spuq should be small for u close to 0, especially at the ŜPn

p2πk{nq.
A recent result of Bobkov and Ledoux [12] allows to derive transport bounds in terms of the Fourier-

Stieljes transform. The drawback is that this bound is valid for the toric Wasserstein distance ĄW p
p ,

i.e. when the distance }x ´ y}p is replaced by the toric distance dCn
px, yqp “ infkPZd }x ´ y ` kn}p

in (4.1). When n goes to 8, the influence of boundaries in the toric distance will vanish under some
additional assumptions (see the next section).
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Theorem 4.7. Let Pn consists of nd distinct points. Assume that for some c ă 8, for k P Znzt0u,

EŜPn
p2πk{nq ď cˆ

#

1 if d ě 3
1

| lnp2πk{nq|1`ε if d “ 2.
(4.3)

Then

rW2
2pL d

n ,Pnq ď cnd. (4.4)

The relation between hyperuniformity and the Bobkov-Ledoux bound has been explored in [52],
combine (27) and (18) from [52] with t0 “ n to show the bound above. If now Pn “ P X Cn for P
stationary, #Pn is random and the previous bound cannot apply directly, we give in the next section
the results of [52, 21] where this problem is handled.

As noted at Section 2.3, the number variance on squares and decay of the structure factor cannot
be formally deduced from one another. Using a computation similar to the implication (iii)ñ (i) in
the proof of Theorem 2.1, a decay of the structure factor in | lnp}u}q|´1´ε as u Ñ 0 yields a number
variance on balls of order

Var pPpBnqq — n4SpB1{nq — n4
ż 1{n

0

r

| lnprq|1`ε
dr — n2 lnpnq´1´ε,

hence comparing with (4.2), for p “ 2 the bound on the structure factor seems slighlty less restric-
tive.

4.2.3 Infinite samples
We investigate here how to translate the previous results to an infinite stationary hyperuniform model P
with unit intensity, to obtain the representation as a perturbed lattice, i.e. P “ PU for some stationary
U “ tUk;k P Zdu, as announced in the chapter introduction. Previous results yield that for a Poisson
(or Poisson-like) process in dimension d ě 3, or a hyperuniform process in dimension 2, on a large
window Cn where P has approximately nd points, there should be a nice matching between P X Cn

and Zn, or a nice allocation from Cn to P X Cn. Remember that the matching can equivalently be
written as a bijection σ between Zd and P, with σpkq :“ k ` Uk. The length }U0} can be interpreted
as the law of the distance between a typical point of P and the point of Zd it has been assigned to;
a good matching is such that E}U0}p ă 8 for sufficiently high p, we shall typically investigate this
question for p “ 2.

In analogy with the finite case, we call invariant allocation to P a random measurable mapping
T : Rd Ñ P which law is invariant under shifts, i.e. τyT

pdq
“ T, y P Rd, and such that a.s., the cells

T´1ptxuq;x P P form disjoint measurable sets of volume 1. As before, the law of }T p0q} and its moments
are a good indicator of how good is the allocation. It is possible to show under mild assumptions that
there is a stationary allocation T with E}T p0q}p ă 8 for some p ą 0 if and only if P is a p-perturbed
lattice, i.e. P “ ZU where U is an invariant perturbation U with E}U0}p ă 8. We shall state the
next results in terms of matchings, but it could equivalently be stated in terms of allocations, recalling
Proposition 4.2.

As a preliminary remark, with or without hyperuniformity, there always exist such a perturbation U
or allocation T under the minimal assumption that P is ergodic, see for instance [35] where a matching is
built with the Gale-Shapley stable marriage algorithm. This procedure might actually yield suboptimal
matchings. It is proved in [35] that this stable marriage yields E}U0} “ 8 in dimension d ě 3 whereas
other matching procedures admit exponential moments.

We require below that the covariance measure is integrable, i.e. has finite total mass over Rd (this
is assumed equivalently for the reduced pair correlation measure in [52]). This is typically the case for
disordered point processes. Let us start by the standard case in dimension d ě 3.

Theorem 4.8. Let P a L2
loc stationary point process in Rd, d ě 3.
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(i) Assume Var pPpBRqq ď cRd for some c ă 8. Then P is a p-perturbed lattice for p ă d{2, in the
sense that P “ ZU for some perturbation U with E}U0}p ă 8.

(ii) Assume C is integrable. Then P is a 2-perturbed lattice

Point (i) is not formally present in the literature, but can be shown with the same method than in
[35], see [52, Remark 1]. Point (ii) is [52, Theorem 1]. The fact that C is integrable yields with (2.1)
a linear/sublinear variance Var pPpBRqq “ OpRdq, hence (i) is stronger in dimension d ě 5, but (ii) is
preferable in lower dimensions when one can prove the integrability of C.

Let us now give results in the two dimensional case, where we need a little bit more than mere
hyperuniformity to obtain a linear matching cost.
Theorem 4.9 ([37, 52]). Let P a stationary hyperuniform point process of R2. Assume that either (i)
we have the integrability

ż

R2zB1

lnp}x}qdx|Cpdxq| ă 8

or that (ii) for some c, ε ą 0

Var pPpBRqq ď c
Rd

lnpRq1`ε
.

Then P is a L2-perturbed lattice.
The relation between (i) and Theorem 4.7 about finite samples is the following: one can prove

Theorem 4.9 by first showing that the finite samples Pn :“ P X Cn indeed satisfy a linear transport
cost as in (4.4). One of the difficulties is that N :“ #Pn is not nd a.s., hence one applies Theorem 4.7
to a renormalised lattice Z̃n of Zn with random mass N , and shows it has a good matching with Pn.
Then one uses the compacity of the space of matchings between atomic measures with same intensity
to show that asymptotically, we have a L2 matching between Zd and P.

The result (ii) is proved in [37]. The authors actually show that the conclusion holds under a more
general condition, the finite Coulomb energy for P, implied by both (i) and (ii) (see their Proposition
1.7). When C has a density (at least at 8), it seems that all these conditions are equivalent. [37] give
also an example of a 2D hyperuniform point processes that does not have finite Coulomb energy, see
also Example 3.1.

In conclusion, the dichotomy between perturbed lattices and disordered hyperuniform processes
seems rather to be a continuum. In dimension 1, hyperuniformity is not enough to guarantee linear
W 2

2 cost, but we do not investigate this question as 1D optimal transport tools are pretty specific.

A stationary allocation T naturally induces a fair partition, i.e. a partition of the space into cells
of equal volumes. There are further links between hyperuniformity and fair partitions that we shall
explore in a future version.
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Chapter 5

Rigidity

Another intriguing phenomenon has been noticed for some seemingly disordered hyperuniform pro-
cesses, that of rigidity. Ghosh and Peres [31] have shown that, for either P “ PGAF or P “ PGin, we
have number rigidity: the number of points in a ball can be a.s. guessed from the outside configuration,
i.e. for R ą 0,

PpBRq P σpP XBc
Rq. (5.1)

Note that this property is irrealistic for a standard process, or a process that is considered to be asymp-
totically independent. The proptotypical example is the Poisson process, where the independence of
P1BR

and P1Bc
R

makes (5.1) impossible. This number rigidity is once again reminiscent of lattices,
in the sense that for “small enough” perturbations Uk,k P Zd with law µ, one expects that Zd,µ is
number rigid. The shifted lattice (obtained for µ “ δ0) is an extreme example, as not only the number
of points, but in fact all of P1BR

can be inferred from P1cBR
.

5.1 Heuristics and linear rigidity

Let us see how we can guess PpBRq for a point process with low variance for linear statistics. Let f
smooth with compact support and fp0q “ 1. Then as R Ñ 8, with Bienaymé-Tchebyshev inequality

PpB1q « Pp1B1fRq “ PpfRq ´ PpfR1
c
B1

q « EPpfRq ˘
a

Var pPpfRqq ´ PpfR1
c
B1

q.

For P sufficiently hyperuniform (see Proposition 2.4), Var pPpfRqq goes to 0 and the right hand side
gets arbitrarily close to an element of σpP1Bc

1
q. This method has been initiated in [31] and generalised

in [30].
For PGAF, the hyperuniformity exponent is larger (see Lemma 3.2), Ghosh and Peres [31] show that

one can furthermore guess the first moment of P1BR
with a similar reasoning and f̃pxq “ xfpxq:

ż

xdPGAF « RErPpf̃Rqs ˘R

c

Var
´

Ppf̃Rq

¯

´RPpf̃R1Bc
1
q.

This phenomenon is called 1-rigidity, since one can infer the moment of order 1 based on the outside
configuration. From this perspective, number rigidity can also be called 0-rigidity.

In both examples, the rigidity can be described as linear, in the sense that the quantity of interest
(the moment of order 0 or 1 on the unit ball) can be approximated by external linear statistics PpfR1Bc

1
q.

Generalising to higher moments leads to the following definitions.
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Definition 5.1. Say that a wide sense stationary random measure M is k-rigid for k P N iff for every
k “ pkiq P Nd with

ř

i ki “ k,
ż

d
ź

i“1

xki
i dM P σpM1cB1

q.

Say that it is linearly k-rigid if for some kernels hn P C 8
c pBc

1q, we have the convergence in L2 and a.s.

Mphnq Ñ

ż

d
ź

i“1

xki
i dM.

5.1.1 Necessary and sufficient conditions for linear k-rigidity

It turns out that linear rigidity on a compact subset A of Rd involves the tempered distributions which
spectrum is supported by A, and those are by the Paley-Wiener theorem a subclass of the analytic
functions. Exploiting this theory, the following results are derived in [50].

Let us first give a condition easy to state in some structurally more simple cases. We consider
hereafter a wide sense stationary random measure M. Decompose its spectral measure S according to
the Radon-Nykodym theorem: there is a non-negative measurable symmetric function s : Rd Ñ R`,
with S “ sL d ` Ss and Ss is singular with respect to L d, we call s the spectral density of M.
Theorem 5.1. Let k P N. Assume that one of the following holds:

• (i) k “ 0

• (ii) s is invariant under rotations

• (iii) s is separable, i.e. spuq “ s1pu1q . . . sdpudq, u P Rd, for some measurable symmetric si ě 0.

Then M is linearly k-rigid iff
ż

}u}2k

spuq
du “ 8. (5.2)

Remark 5.1. • This condition only bears on the continuous part of the spectral measure. It is
reminiscent of Szegö and Kolmogorov’s theorems on time series [79, 45], and there is indeed a
relation, as we shall see at Section 5.2.

• This theorem shows that linear rigidity obeys some rules of monotonicity: for s1 ď s, k-rigidity
for s1 implies k-rigidity for s1, and for k1 ď k, k-rigidity for s implies k1-rigidity for s.

Example 5.1. We have built at Section 4.1.1 a class of models Pp, for p a prime number, which can
have an arbitrarily high hyperuniformity exponent. In particular, Theorems 4.3 and 5.1 yield that Pp

is pp´ 1q-rigid.
When none of (i),(ii),(iii) holds, one can still state a more algebraic necessary condition, see [50].

We shall state some general necessary condition.
Proposition 5.1 ( [50], Proposition 2). Assume the spectral density s satisfies for some c, p, ε ą 0:

• s has finitely many zeros u1, . . . , um P Rd and they have finite order, i.e.
ż

Bpui,εq

}u´ ui}
p

spuq
du ă 8

• s does not vanish too fast at 8: for u R
Ť

iBpui, εq, spuq ě cp1 ` }u}q´p
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Then for k P N, M is not linearly k-rigid if (5.2) does not hold.
This yields the following characterisation of rigidity for DPPs, using (3.13) and Lemma 2.3:

Theorem 5.2 ([50], Theorem 5). Let P a stationary DPP with locally square integrable Hermitian
kernel K. Then P is number rigid in dimension d “ 1, 2 if P is hyperuniform and for all ε ą 0,

ż

Bε

1

spuq
du “ 8,

and is not linearly k-rigid in any other situation.

As seen at Sections 3.3.3 and 3.3.4, the Sine1 process is a DPP with kernel Kpx ´ yq “
sinpx´yq

x´y

on R, and the Ginibre processes with kernel Kpz, wq “ π´1ezw̄´|z|
2

{2´|w|
2

{2 on C. Hence one can show
with (3.13) that they are both number rigid. An example of a non-rigid hyperuniform DPP is given
by the tensor product of the sine kernel

Kpx, yq “ sincpx1 ´ y1qsincpx2 ´ y2q, px1, x2q, py1, y2q P R2,

because the spectral measure is continuous with density

spu1, u2q “ |u1| ` |u2| ` opu1q ` opu2q as u Ñ 0,

hence
ş

Bε
}u}´1du ă 8.

The main reason why DPPs cannot be more then number rigid, and only in dimension 1 or 2, and
why it is in general difficult to find such processes in general, is Lemma 2.3, that yields spuq ě σ}u}2

as u Ñ 0; a similar phenomenon occurs for independently perturbed lattices.

5.1.2 Linear and non-linear rigidity of perturbed lattices
We can deduce from Example 2.4, Lemma 2.3 and Theorem 5.1 the following. For µ a non-negative
measure on Rd, call µc its component continuous with respect to Lebesgue measure and say µ has a
continuous part if µc is not the null measure.
Proposition 5.2. Let µ a symmetric probability measure on Rd with a continuous part. Assume
furthermore that µ is symmetric or has a finite second moment. Let Zd,µ the corresponding perturbed
lattice. Then Zd,µ is not linearly k-rigid if k ě 1 or if d ě 3.

For k “ 0, d P t1, 2u, let ψpuq “
ş

Rd e
´iu¨tµpdtq. Then Zd,µ is linearly number rigid iff for all ε ą 0

ż

Bε

1

1 ´ |ψpuq|2
du “ 8.

Proof. We use the spectral measure expression at (2.5) with Theorem 5.1 and Proposition 5.1. Let
f the density of µc, i.e. µ “ fL d ` µs for some singular measure µs, and p :“ µspRdq ă 1. The
Rieman-Lebesgue lemma yields that

ż

e´iu¨xfpxqdx Ñ 0

as }u} Ñ 8, hence for }u} sufficiently large, |ψpuq|2 ď p ` ε ă 1 for ε ą 0 sufficiently small. Fur-
thermore, |ψpuq| ‰ 1 for u P Rd because µ cannot be concentrated on tx : xx, uy P 2πZu since the
continuous part of µ has a support with positive Lebesgue measure. Therefore, the spectral density s
satisfies the two first conditions in Proposition 5.1.

Lemma 2.3 yields that for }u} sufficiently small, |ψpuq|2 ď 1 ´ σ}u}2 for some σ ą 0. Hence
ż

}u}2k

1 ´ |ψpuq|2
du ă 8

if k ě 1 or d ě 3. Then for k “ 0, Theorem 5.1-(i) yields number rigidity iff the integral is infinite.
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The symmetry assumption on µ can be replaced by a moment assumption.

In disordered models, most rigidity proofs actually yield linear rigidity [31, 16, 29], but other
arguments use a different route. In [22], the authors prove number rigidity for Coulomb gases using
DLR equations, and [16] proved that this rigidity is actually linear. Proving that a model does not
experience rigidity actually gives information on its covariance decay [50].

For perturbed lattices, conversely, many models seem to experience non-linear rigidity. Consider
for instance in any dimension a probability measure µ supported by B1{4. Then clearly the resulting
process Zd,µ is number rigid, as one can unambiguously recover the underlying structure and find the
Zd-neighbours of each particle, and in dimension d ě 3, by the results above, this number rigidity is
not linear.

There is also the notable example of [65] that proves with an ad-hoc argument that in dimension
d “ 3, a lattice perturbed by Gaussian variables with sufficiently small variance is number rigid, and
this rigidity is also necessarily non-linear by Proposition 5.2.
Theorem 5.3 ( [31]). Let µ “ N p0, σ2Idq on Rd. Then Zd,µ is number rigid if and only if d P t1, 2u

or if d “ 3 and σ ă σc for some σc P p0,8q.
Question 5.1. What are the number rigid lattices in dimension d ě 3?

5.2 Stealthy processes and maximal rigidity
We saw that the speed of decay in 0 of the structure factor determines the degree of rigidity of the
random structure. An extreme case is when the spectrum vanishes identically on a neighbourhood of
the origin.
Definition 5.2. A wide sense stationary random measureis stealthy if its spectral density vanishes on
a non-empty open set.

We dropped the assumption that the gap contains 0 as it might be non-relevant mathematically,
but is often present in the physics litterature. Stealthy point processes have attracted considerable
interest in physics, in particular for their peculiar optical properties in condensed matter physics, see
the non-exhaustive bibliographic sample [83, 90, 89, 80, 82, 61, 72] . It bears relations with the concept
of blue noise in image analysis [88], quantization in numerical probability [44], or numerical integration,
since they yield superpolynomial decay for the variance of smooth linear statistics by Proposition 2.1.

To the author’s knowledge, the only known mathematical examples of stealthy point processes on
Rd are finite unions of shifted lattices as in Example 3.1 (with only finitely many am). The interest
of physicists is to put in evidence stealthy models of point processes which are also disordered, e.g.
isotropic and mixing, through some simulation procedures.

Stealthy random measures exhibit a very strong form of rigidity, called maximal rigidity, where the
restriction of M on a subset B Ă Rd can be completely inferred from values of M outside B [30], it is
also a consequence of Theorem 5.1.
Definition 5.3. Say that a wide sense stationary random measure M is maximally rigid on B Ă Rd if
M1B P σpM1cBq.

Stealthy measures are actually even more rigid than that, in that the set B can be non-compact.
Call strictly convex cone a closed cone C Ă Rd which does not contain both x and ´x for some x ‰ 0,
or equivalently such that for some x0 P C,

inf
xPC,}x}“1

x0 ¨ x ą 0.

Proposition 5.3. A stealthy wide sense stationary random measureis maximally rigid on any strictly
convex cone C, i.e. M1C P σpM1Ccq.

This result is proved in the forthcoming paper [51], where it is also shown that maximal rigidity on
a bounded set persists when the stealthiness hypothesis is relaxed to that of a deep zero. It is argued
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there that maximal rigidity comes from an instance of the uncertainty principle in harmonic analysis
called annihilating pairs, putting in relation a set B with a set B̂ Ă Rd such that if a test function f
is supported by B and f̂ is supported by B̂, then f ” 0.

Stealthy processes have other striking features that distinguish them from the common point pro-
cesses, even the perturbated lattices. The bounded holes property [90], giving somehow an a.s. lower
bound on the density, was proved in [30, Theorem 1.1]. They also give an upper bound on the density
with their Theorem 1.3. Let us give a simple statement and proof.
Proposition 5.4. Let M a stealthy non-negative wide sense stationary random measure. Then there
exist finite A,R, η ą 0 such that a.s., for every x P Rd, MpBpx, 1qq ď A and MpBpx,Rqq ě η.

In the case where M is a point process, MpBpx,Rqq P N, hence the second statement gives the
bounded holes property: there is no ball with radius R without point.

Proof. Assume without loss of generality unit intensity. The stealthiness yields ε ą 0 such that, with
(2.2), for φ a non-negative Schwarz function supported by Bε, Var pMpφ̂qq “ 0. Hence a.s.

Mpφ̂q “ EMpφ̂q “

ż

φ̂.

To make sure φ̂ ě 0, take φ “ φ0 b φ0 for some smooth φ0 supported by Bε{2. Assume also φ0 ě 0
and φp0q ą 0. Also, φ̂p0q “

ş

φ ą 0 and there is κ, a ą 0 such that

φ̂ ě κ1Ba
.

If a ă 1, one can still shrink φ by factor a, hence φ̂ expands by a factor 1{a, meaning we can assume
without losing the previous sign properties that a “ 1. By positivity of M and φ̂ “ |φ̂0|2,

κMpB1q ď Mpφ̂q “

ż

φ̂ ă 8 (5.3)

which yields the first part of the statement. Since φ is non-negative, sup φ̂ “ φ̂p0q. We have for R ą 0

0 ă

ż

φ̂ “ Mpφ̂q ď φ̂p0qMpBRq ` Mpφ̂1Bc
R

q. (5.4)

Since φ̂ has fast decay and the Bpk, 1q,k P d´1{2Zd, cover the space, we have for some c ą 0

φ̂1Bc
R

pxq ď
ÿ

kPd´1{2ZdzBR

c}k}´d´11Bpk,1qpxq, x P Rd.

It finally yields with stationarity, (5.3) and (5.4)
ż

φ̂ ď φ̂p0qMpBRq `
ÿ

kPd´1{2ZdzBR

c}k}´d´1MpBpk, 1qq ď φ̂p0qMpBRq ` cA
ÿ

kPd´1{2ZdzBR

}k}´d´1.

The series converges, hence the rest goes to 0, and MpBRq ě η :“
ş

φ̂{2φ̂p0q for R large enough.

The proof can be refined to optimise the values of η,R,A, see [30, 17].

5.2.1 Further questions on stealthy point processes
Spectral considerations therefore give the main properties of stealthy random measures. If on the other
hand one focuses on the class of point processes, which is the prominent class studied in the literature,
deeper questions arise.

Experimenters in physics and image analysis have generated very large point samples that seem
to be disordered and exhibit a stealthy behaviour, i.e. a flat spectrum at the origin [44, 61, 72]. The
existence of such models has not been established mathematically, except some toy models such as
unions of shifted lattices, see Example 3.1. These examples are actually non hardcore, i.e. there are
arbitrarily close pairs of particles, contrary to simulated samples.
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Question 5.2. Are there disordered stealthy hyperuniform processes in dimension d ě 2?.
Regarding the level of disorder, mixing might already be good, even if of course Brillinger mixing

would be ideal (see Section 2.5). Here again, this question is trivial if one considers random measures
in general. A Gaussian field which spectral measure is a non-negative Schwarz function supported by,
say, B2zB1, is stealthy and as mixing as possible (it is actually 1-dependent). In passing, an interesting
phenomenon can occur for such continuous m-dependent models despite their mixing properties: they
can exhibit maximal rigidity on a ball, see [51], with a phase transition according to the ball radius.
The question is much more intricate for point processes, and largely open on the mathematical side.

Another question concerns the transport properties of stealthy processes. Using Section 4.2, it
might be possile to show that for each p ě 1, stealthy point processes are Lp perturbed lattices, i.e.
of the form ZU where U “ tUk;k P Zdu is stationary and E}U0}p ă 8.
Question 5.3. Can a stealthy point process always be represented as a L8-perturbed lattice, i.e. with
the Uk a.s. bounded by some finite A ą 0?

This would corroborate the upper and lower density bounds of Proposition 5.4, and it is not
contradicted by Example 3.1 with a finite number of ai, which is actually the more complex examples
we have of a stealthy point process to date.

A final question is about the class of sets where stealthy processes are maximally rigid. We saw
that they are maximally rigid on closed strictly convex cones, but they might be interpolable on larger
classes, such as complements of convex cones, called major cones, like for quasicrystals (see below).
For instance, stealthy processes from Example 3.1 are maximally rigid on the complement of an infinite
large strip, i.e. on pRzr´A,Asq ˆ Rd´1, for A sufficiently large.
Question 5.4. Are stealthy point processes maximally rigid on major cones? Or on larger sets?

5.3 Quasicrystals
We saw at Section 3.5 that quasicrystals provide a great deal of hyperuniform point processes, more
on the ordered side. The cut-and-project models are in general not stealthy, as their spectral measure
has a dense support. Nevertheless, as we saw before, it is often the spectral density s that bears
informations on the rigidity behaviour. In this respect, quasicrystals are extremely rigid since their
spectral density is 0. We give the following result, which is applicable to random measures with zero
spectral density. Note that such examples need not be hyperuniform.
Theorem 5.4 ([51]). Let M a wide sense stationary random measure. If s is purely atomic, M is
maximally rigid on the complement of any cone with non-empty interior.

Hence in our current knowledge, for quasicrystals, the maximal rigidity situation is even more
extreme than for stealthy processes: it is enough to know the process on an arbitrarily small convex
cone with non-empty interior to uniquely determine its values on the whole space.



Chapter 6

Quantitative aspects and the
structure-factor package

In the forthcoming long version of this survey, we shall explore quantitative aspects of hyperunifor-
mity, such as the problem of estimating the structure factor and detecting mere hyperuniformity, or
simulating large samples. See the online slides for a preview https://helios2.mi.parisdescartes.
fr/~rlachiez/recherche/talks/slides-hu.pdf.

We shall also give a longer introduction to the package structure-factor, that aims at generating
large samples and estimate the covariance and spectral measures, with a focus on hyperuniformity
detection. See the illustrating paper [33] and the documentation at https://pypi.org/project/
structure-factor/.

We will describe the existing methods used to generate hyperuniform samples, either exact or non-
exact. There does not seem to exist a procedure to obtain large disordered samples in time n lnpnq,
which raises a final question.
Question 6.1. Find a stationary disordered hyperuniform point process P such that P X Cn can be
generated in time n lnpnq, or more generally a procedure to generate samples Pn with complexity
n lnpnq such that the Pn, n ě 1 are asymptotically hyperuniform (as in Theorem 3.2).
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