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1 Introduction

Background and Problem. Nearest neighbor (NN) search in high-dimensional Euclidean spaces
is a fundamental problem with various application8Q, 72 75 7€ ranging from information
retrieval [49, data mining [8§, to recommender systenB8H. Given a dataseD of = data points in
3-dimensional space, a que@2 R®, and: 2 N, NN search will return the nearest neighbors

of @rom D . However, NN search in high-dimensional datasets is challenging due ta@tise of
dimensionalityphenomenon 18 25 42 56 62 10]. To achieve a better trade-o between query

e ciency and accuracy, many researchers turn to Approximate Nearest Neighbor (ANN) search,
sacri cing some query accuracy to achieve huge gains in e ciencdy4 90, 97]. ANN search will
retrieve a setC of : high-quality candidates to maximiz&420; = ’C\ﬁ where G consists of

the exact nearest neighbors aofiin D . Depending on where the index and dataset are stored,
we can divide ANN methods into three categories: in-memory methot B8 67, 104, disk
methods b3 60, and memory-disk hybrid methods24, 44. In this paper, we focus on in-memory
methods due to their great success for fast high-recall search.

Limitations and Motivation. Nowadays, new data is generated at an ever-increasing rate,
and the size of datasets is also growingh] 75 76 103. We need to manage large-scale data
more e ciently to support further data analysis 81, 37, 97, 9§. Many ANN search methods have
been proposed, such as Locality-Sensitive Hashing (LSH)-b&séd P1, 104 111 113, Vector
Quantization (VQ)-base®[ 11, 38 48 74, 103, tree-based 14, 22 50 57, 70,79 80,83 93 94, 99
10Q 106 107 113, and graph-basedq, 33 34, 67, 71, 11(Q. However, each method has its own
advantages and disadvantages. LSH-based methods are well-known for their robust theoretical
guarantees on the quality of results, but they have to pay a high cost in terms of query answering
time and have a large memory footprintLp4. VQ-based methods use the clustering structure
as the index, so the index memory footprint is small, but a lot of indexing time is required to
compute ne-grained clustersq]. Tree-based methods can partition data points into di erent
regions by splitting nodes, but as the space dimensionality increases, the e ectiveness of trees
decreases]]7, 101, and query performance is thus limited. Graph-based methods typically have
better query e ciency, but take considerably more time to construct indexes and require a larger
memory footprint [31, 54. The reason is that graph-based methods need to identify the near
neighbors for each data point in the dataset (and connect to them) during the indexing phase, while
in the query phase, they only need to search on a gradually converging path. Thus, no existing
ANN method performs well in both indexing and query answering performance, while providing
rigorous theoretical guarantees for the quality of the answers.

Our Method. In this paper, we propose a novel ANN search framework catBedbspace Collision
(SC)and design an index structure and query strategy for this framework, forming an e cient and
accurate method named SuCb(dd. Compared to other ANN methods, SuCo performs well in both
indexing performance (in terms of time and memory footprint) and query performance and has
rigorous theoretical guarantees. Moreover, we rst design SC-score, a metric that we show follows
the Pareto principléalso known as the 80/20 rule) on many commonly used real-world datasets
(Figure 2), demonstrating that data points closer to the query point tend to have larger SC-scores.
As such, SC-score can act as a proxy for the Euclidean distance between data points. Second,
inspired by SC-score, we present a novel ANN search framework called Subspace Collision (SC)
(cf. Section 3) that is di erent from the existing LSH-based, VQ-based, tree-based, and graph-based
frameworks. We design a naive method (without index structure) called SC-Linear, which achieves
extremely high recall (over 0.99) on real-world datasets (cf. Table 2), illustrating the e ectiveness of
the subspace collision framework for ANN search. Third, we propose SuCo (cf. Section 4), which
achieves e cient and accurate ANN search by designing an index structure and query strategies for

Proc. ACM Manag. Data, Vol. 3, No. 1 (SIGMOD), Article 79. Publication date: February 2025.



Subspace Collision: An E icient and Accurate Framework for High-dimensional Approximate
Nearest Neighbor Search 79:3

the subspace collision framework. SuCo constructs lightweight indexes by clustering data points in
each subspace and using the inverted multi-index (IMI) to reduce the clustering complexity. We
further design a new query algorithm for IMI, calledynamic Activation(cf. Algorithm 3), which
improves the query e ciency by up to 40% over the original query algorithm. Fourth, we perform
a rigorous mathematical analysis, showing that the proposed subspace collision framework can
provide theoretical guarantees on the quality of its results (cf. Theorems 1 and 2). Fifth, we conduct
extensive experiments on real-world datasets. Numerical results show that SuCo outperforms state-
of-the-art ANN methods that can provide theoretical guarantees in indexing and query answering
performance, performing 1-2 orders of magnitude faster query answering with only up to one-tenth
of the index memory footprint. Moreover, SuCo achieves top performance (best for hard datasets)
even when compared to methods that do not provide theoretical guarantees.

Our main contributions are summarized as follows.

We design SC-score, a metric that we show follows fareto principlen commonly used
real-world datasets, demonstrating that SC-score can act as a proxy for the Euclidean distance
between data points.

We presentSubspace Collision (S&€hovel ANN search framework based on SC-score. Our
experiments show that the subspace collision framework can achieve high recall for ANN
search. We perform rigorous mathematical analysis showing that the subspace collision
framework can provide theoretical guarantees on the quality of its results.

We propose SuCo (code available onlid®f), which achieves e cient and accurate ANN
search based on our subspace collision framework. We design a clustering-based lightweight
index to ensure excellent indexing performance, and design query strategies to ensure
excellent query performance.

We conduct extensive experiments, demonstrating that both the indexing and query an-
swering performance of SuCo outperforms state-of-the-art ANN methods that can provide
theoretical guarantees, performing 1-2 orders of magnitude faster query answering with only
up to one-tenth of the index memory footprint. Moreover, SuCo achieves top performance
(best for hard datasets) even when compared to methods that do not provide theoretical
guarantees.

2 Related Work

LSH-based methods.Locality-sensitive hashing (LSH)-based methods are known for their theoreti-
cal guarantees on the quality of returned query resulBs4, 36 43 52 59 63 65 87,91,104111 117.

A family of LSH functions is used to map data points from the original high-dimensional space to
low-dimensional projected spaces. The properties of LSH can ensure that data points that are closer
in the original space are also closer in the projected spa&% [For this reason, all that is needed

to obtain high-quality results is to examine the points around the query point in the projected
spaces?27]. LSH-based methods improve query e ciency by designing the index structure and
guery strategy in the projected spaces. Based on the query strategy, there are three categories of
LSH-based methods: boundary constraiBt§1, 89 91], collision counting 36 43 52 63 65, and
distance metric§7, 11]. DET-LSH [L04 is the state-of-the-art LSH-based method, which combines
the ideas of boundary constraint and distance metric.

VQ-based methods. Vector quantization is a lossy data compression technique that encodes
vectors from a high-dimensional space into a nite set of values from low-dimensional discrete
subspaces4( 41]. Vector Quantization (VQ)-based methods aim to minimize the quantization
distortion, which is the sum di erence between each data point and its approximatief).[Based on
the way of combining quantizers among multiple subspaces, there are four categories of VQ-based
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methods: product quantization (PQ}§, additive quantization (AQ) §], composite quantization
(CQ) [109, and tree quantization (TQ)AJ. PQ is the most popular VQ-based methods, which
divide the original high-dimensional space into a Cartesian product of many low-dimensional
subspaces and then quantizes subvectors in each subspace sepaB&teMdny extensions have
been proposed to improve the performance of PQ for index construction and query answeding [
11, 38 46,48 69 74, 109. Although both PQ and subspace collision framework divide the high-
dimensional space into subspaces, their design concepts are di erent. PQ sums the distances
between quantized data points and the query in all subspaces to judge similarity, while the subspace
collision framework counts the number of collisions between data points and the query in all
subspaces to judge similarity. Optimized Product Quantization (ORg) (ising the inverted
multi-index [9] is the state-of-the-art VQ-based method [31, 68].

Tree-based methods. Tree-based methods hierarchically partition the high-dimensional space
and group similar data points into the same partition as leaf nod@d.[The partitioning process is
usually recursive, so the root node of the tree covers the entire high-dimensional space, and its
children nodes cover disjoint subspaces. Based on the way of partitioning, there are three categories
of tree-based methods: pivotind § 21, 108, hyperplane [L4, 20, 22, 26 29 32 51, 58 70 81
83 86 93 95 96 99 107 114 and compact partitioning 15 35 73. Hyperplane partitioning is
the most popular tree-based method, which recursively partitions the space by the hyperplane
with random direction or axis-aligned separating hyperplane. Anndy]is the state-of-the-art
tree-based method with balanced indexing and query answering performance [54].

Graph-based methods. Graph-based methods construct a proximity graph where each node
represents a data point, and edges represent the neighbor relationships between data Fp8as [

92. The main idea of graph-based methods is a neighbor's neighbor is likely also to be a neighbor .
Compared with other types of methods, graph-based methods typically have better query e ciency
but require considerably more time to construct indexeé,[54. The reason is that graph-based
methods need to identify the near neighbors for each data point in the dataset (and connect to
them) during the indexing phase, while in the query phase, they only need to search on a gradually
converging path. Based on the way of building the proximity graph, there are three categories
of graph-based methods: cluster and mer@d]] iterate from an initial graph P3 28 33 34, 54

84], consecutive insertion§, 64, 66 67, 117. Although there have been some innovative works
subsequently, HNSWH] is still one of the state-of-the-art graph-based methd@], which has an
industrial-grade library and is therefore widely used.

3 Subspace Collision Framework
3.1 Framework Design

Intuitively, two data points that are close in the high-dimensional original space are also more likely
to be close in its random subspace. Given a dat&saif = data points in3-dimensional space and

a query@z R®, and>;*"""«>are the: -NNs of@n D . Suppose we randomly seleBtlimensions
from all 3 dimensions as a subspad®¥ 3), and the points>;«”” "« >and @n this subspace are
denoted as+”””+2 and@. Then, it is expected that statistically, the proximity of+""”+$ and

@is greater than other points irD . The above intuition is based on the premise that the distances
between data points are relatively evenly distributed in each dimension. If the distance between
two points is concentrated in some dimensions, the above intuition may not hold. As shown in
Figure 1(a) and Figure 1(b), if we choose @hdimension as the subspace for measuring distance,
$5is the nearest neighbor because its distance from the query p@istonly distributed in the~
dimension. Similarly, if we choose thedimension as the subspace for measuring distafeeand

$ 6 are the nearest neighbors since their distancegiare mostly distributed in the&sdimension.
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(a) Data points distribution, (b) Nearest neighbors when choosiy (c) Nearest neighbors
where the Euclidean distance  or ~ dimension as the subspace for mea- when introducing the idea
from $ 1 to $ 10 to the query suring similarity. of collision based onG
point @gradually increases. and ~ subspaces, where

the collision ratioU = 0"5.

Fig. 1. lllustration of finding nearest neighbors using the idea of subspace and collision.

Points like$ 1 and$ », which are close t@but their distances evenly distributed in botBand~
dimensions, are easily missed.
We need to design a framework to solve the above problems, which meets two requirements:

Reql: combine multiple subspaces to alleviate signi cant errors that a single subspace may
cause;
Reqg2: reduce the impact of distance ranking within a single subspace on the nal result.

To this end, we rst de ne collision and subspace collision .

De nition 1 (Collision) Given a dataseD of = data points in3-dimensional space, a query point
@2 R3, and a collision ratidJ 2 101°, if a data point> 2 D satis es: k>« ®is one of the minimum
U =distances between all data points and@i.e.> is one of the!lU =°-NNs of@n D, we say
that > collides with@

De nition 2 (Subspace Collision)Given a dataseD of = data points in3-dimensional space,
a query@2 R®, and a collision ratioJ 2 t01°. We randomly selecBdimensions from alB
dimensions as a subspaB& (BY 3). The dataseD , the data point>, and the query point@in this
subspace are denoted B, >%, and@. If a point> 2 D satis es:>°is one of thetU =°-NNs of @
in D C we say that> collides with@in the subspac&®.

The de nition of subspace collision downplays the distance ranking between data points and
@in the subspace, allowingeq2 to hold. As long as a data point is close enough@in the
1U =°-NNs), it can be considered as colliding wi@in the subspace. Subspace collision can thus
alleviate the problem that the distance betwerand@is mainly distributed in speci ¢ dimensions.

Since using only one subspace to measure the similarity between data points and the query
point may cause signi cant errors, we need to design a method to obtain multiple subspaces and a
method that combines the collision results of these subspaces to judge the similarity. To make full
use of the information in alB dimensions of the data points, we design a multi-round sampling
strategy Subspace Sampling for tf8dimensions.

De nition 3 (Subspace Samplingisiven a dataseD of = data points in3-dimensional space, we
adopt a multi-round sampling strategy to obta#hg subspaces. In roun§l a number oB= b#ch
dimensions are uniformly sampled without replacement to form a subsfac®= 1+2¢"""+§ 1.
For the last subspadg:,, it simply pick up all remaining dimensions.
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Table 1. Notations

Notation Description
R3 3-dimensional Euclidean space

D Dataset of points irR3
= Dataset cardinalityjDj
>e@ A data pointinD and a query point inR3

> The8th nearest data point ta@in D
>g The8th data pointinD
k>10 >k The Euclidean distance between and>
S0 @ >and@n a subspace
#B Number of subspaces
B Dimension of each subspace
(eeDsg The8th subspace and all data points (3
>%, The 9th data point and@in the 8th subspace
U Collision ratio
\% Re-rank ratio
C Number of K-means clusters and iterations

De nition 3 makes full use of all dimensions of the data. Evelﬁg is not an integer, all remaining
dimensions afte#g 1rounds of sampling will be picked up by the last subsp#gg. For ease
of reading and understanding, we assume t%tis an integer in the following sections, i.e., all
subspaceq( s """4) haveB= 2.

Based on the obtainefg subspaces, we design a metric Subspace Collision Score (SC-score) to
measure the similarity between a data point and the query point.

De nition 4 (SC-score)Given a dataseD of = data points in3-dimensional space, a que@2 R®,
#gBdimensional subspaces, a collision rati® 10-1°. Probe collisions oflin # g subspaces with
the collision ratioU. For a data point 2 D, its SC-score is the number of subspaces where it
collides with@ Therefore, SC-score is an integerifr #g%

SC-score combines the collision results#d subspaces to judge the similarity between data
points and query points, allowingReql to hold. As shown in Figure 1(c), data points that are closer
to the query point in the original space tend to have larger SC-scotés (05), and the subspace
collision framework can return high-quality results even if the distances between data points and
the query point are unevenly distributed. For exampbg, and$ ; are not the closest points t@
in both Gand~ dimensions, but they have the highest SC-score and, thus, the highest similarity.
SC-score reduces the similarity measurement error caused by the unevenly distributed distance
between>and@in di erent dimensions. The experimental results in Section 3.3.1 (Figure 2) show
that SC-score is a good metric to measure the Euclidean distance between data points and query
point becausedata points closer to query point tend to have larger SC-s&utsFigure 1 and
Figure 2 show that the proposed subspace collision framework appropriately addrBssgisand
Reg2simultaneously. Theorem 1 in Section 3.4 provides a theoretical guarantee on the e ectiveness
of SC-score.

3.2 Naive method for ANN

Based on the subspace collision framework proposed in Section 3.1, we design a naive method
(without index structure) called SC-Linear to support ANN search, as shown in Algorithm 1. First,
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Algorithm 1. SC-Linear

Input: DatasetD , dataset size, data dimensionalityd, query point@number of results ,
subspace numbetg, collision ratioU, re-rank ratioV
Output: : nearest points ta@in D
1 Initialize an array( _B2>A4Blength=and set all elements to 0;
2 Divide the3-dimensional space intég subspacegis® (2¢ """ *45;
3 Divide all data points>j»” " " «>and@into #g subspaces;
4 for 8= 1to#gdo
5 for 9=1to=do
6 | Calculate the Euclidean distance betweeyand @

7 | Sort>Ee """ «&py their distances ta@in (g
8 for | =1toU =do
9 L Select thd -th-nearest point todwhose id inD isG

10 ( _B2>AAB4+;

11 Sort( _B2>A4Bdescending order;

12 for | =1toV =do

13 Select the point with thd -th-largest SC-score it _B2>A480se id inD isC
14 Calculate the Euclidean distance betwegrand @

15 return thetop-: points closest t@@n the V = candidates;

an array is initialized to record the SC-score of each data point (line 1). Then, use De nition 3 to
sample and obtair g subspaces, and divide all data points and the query point into these subspaces,
where>89 and@represent thedth data point and@in the 8th subspace (lines 2-3). In practice, for

convenience, we can divide ttf82dimensional space intég subspaces of the same lendil #iB,

where the8th subspace is allocated from thB (8 1°, 1)-th to (B 8-th dimensions in the original
space8= 1+"""«# This division method can be regarded as a special case of De nition 3. In order
to count the SC-score of each data point, it is necessary to calculate the Euclidean distance between
each data point an@in each subspace (lines 4-6). For each subspgcs®rt the distances and
selectU = points closest t@@as collisions, and increase the SC-score of these points by one, where
Uis the collision ratio (lines 7-10). To further improve query accuracy, we design a re-ranking
mechanism (lines 11-15). Speci cally, sort the SC-scores of all points and &&leqioints with the
largest SC-scores as candidates, wheéis the re-rank ratio (lines 11-13). Calculate the Euclidean
distance between all candidates a@ih the original space, and return thep-: points closest ta@

(lines 14-15). To facilitate understanding of SC-Linear, readers can refer to Figure 3 (the work ow
of SuCo method). The di erence between SC-Linear and SuCo is that SC-Linear does not construct
the inverted multi-indexes to speed up query answering.

The experimental results in Section 3.3.2 show that SC-Linear has high query accuracy, which
demonstrates the e ectiveness of our designed subspace collision framework. Theorem 2 in Sec-
tion 3.4 provides a theoretical guarantee on the quality guarantee of results returned by Algorithm 1.
However, SC-Linear has no index structure to achieve fast query answering. It relies on calculating
the Euclidean distance between all data points and the query point in all subspaces, which has the
same time complexity as linear scanning in the original space (that is why we named Algorithm 1
SC-Linear). Therefore, we need to further design an index structure and query strategies for the
subspace collision framework to improve query e ciency, which will be introduced in Section 4.
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(a) SiftlOM:3=128, #=8, (b) Yandex Deepl0M=96, (c) Microsoft SPACEV10M:(d) Microsoft  Turing-
B=16,U=0.1 #5=8,B=12,U=0.1 3=100#p=10,B=10,U=0.1 ANNS10M: 3=100, #p=10,
B=10,U=0.1

Fig. 2. Pareto principle of SC-score on four datasets. Each figure contairslOM 1107° sca er points, the
sca er 18+ 9represents the average SC-score of ih NN for 1000 queries i€ where8= 1s2+"" "4, and
92 »0r #gYa

3.3 Preliminary Experiments

In this section, we conduct preliminary experiments to determine whether the subspace collision

framework is e ective. On the one hand, we explore whether SC-score is a good measure of
the distance between all data points and the query point. On the other hand, we measure the
performance of the SC-Linear algorithm to see whether it can return high-quality query results.

More detailed experiments and parameter learning will be given in Section 5.3.

3.3.1 E ectiveness of SC-scoiée select 1000 queries and count the SC-score of all data points
in the dataset under each query. We perform this statistical analysis on multiple commonly used
ANN datasets. Due to space limitations, we only show the results on four datasets in Figure 2 (other
results are similar).

We can see from Figure 2 that SC-score follows the Pareto principle aridsisnsitivao the
data distribution. Data points that are close to the query point have a high SC-score. Then, as
the distance increases, the SC-score decreases rapidly until a turning point is reached. After the
turning point, the SC-score decreases slowly with the distance. The sharp change in trend makes
each gure look like an L shape.

The Pareto principle of SC-score makes it very suitable for ANN search. In all four datasets,
the x-axis of the turning point is aboutd"2=, which means that the 20% of data points closest to
the query have a large and distinguishable SC-score, while the remaining 80% of the data points
have a small and indistinguishable SC-score. Therefore, we only need to select data points with
a large enough SC-score before the turning point to obtain high-quality ANN search results.
SC-Linear is designed based on this idea. Speci cally, the re-ranking mechanism (lines 11-15in
Algorithm 1) selects/ = data points with the largest SC-scores as candidates and then returns the
top-: data points closest to the query among these candidates. Experimental results in Section 3.3.2
demonstrate that SC-Linear can return high-quality ANN results.

3.3.2 Performance of SC-Lindlar.measure whether SC-Linear can return high-quality results,

we perform ANN search when=50 on four datasets#z andBset for each dataset are the same as
that in Figure 2). Table 2 shows the average recall of 100 queries. We can see that SC-Linear can
support accurate ANN search with extremely high recall, demonstrating that the subspace collision
framework we designed is very suitable for ANN search. Furthermore, when the paramgters
andU are set reasonably, SC-Linear can still have a high recall even if a very small re-rank&io

used. This also con rms the rule thatdata points closer to query point tend to have larger SC-scores
More detailed parameter learning dd, V, and# g will be given in Section 5.3.
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Table 2. Recall of SC-Linear when returning 50 NNs under di erent datasets and parameters.

U=0.05 U=0.05 U=0.05 U=0.05

V=0.001 V=0.005 V=0.01 V=0.05

Sift10M 0.9536 0.9916 0.9968 1

DeeplOM  0.9418 0.9848 0.9968 1
SPACEV10M 0.9742 0.994 0.9962 0.9992
Turingl0OM  0.9638 0.9876 0.9944 0.999

3.4 Theoretical Guarantee
In this section, through rigorous mathematical analysis, we provide theoretical guarantees on the

e ectiveness of SC-score and the quality guarantee of our proposed subspace collision framework
for ANN search.

Theorem 1 (E ectiveness of SC-score)Given a query poin@2 R3, two independent random data
points>*> 2 dataseD , and the SC-scoreafis greater than that of,, thenk>1e @ Y k>, @ holds
with probability at leasis2 1+4 for appropriate choices of the number of subsgagasd collision
ratio U 2 10»1° that depend on the data statistics and the dimer&ion

Proof of Theorem 1. In the following, we provide a proof of Theorem 1 by making explicit the
impact of the number of subspacés; and the collision ratidJ 2 10 1° as a function of the data
statistics. Assume without loss of generality thﬁg is an integer. Le1>§ 2 R¥s and@ denote the
subvector ofg and@n the 9th subspace, witt82 f1e2g, 92 f1e”” "¢ #g, and#g is the number
of subspaces. Lég = 3 @ 2 R® denote the vector of absolute di erence betweeglandg)
andl g 2 R¥5 its subvectors. Assume that the squared Euclidean norms of subvé§tor Ig

are independent random variables with mean;j 0and variancd 2, we compare the following
di erences i i
Kok2=" %8/ 0 Kok2=" %8/ 1)
by evaluating the number of subspace collisions (i.e., SC-score). Note that the sub\pefcmnsus
>§ with same index9mustbelong to one the following three scenarios:
(i) subspace collision happens for both subvectors, this happer’sf0e””"«# 1gtimes; or
(i) subspace collision happens forf but not>§, this happens 2 fls"”"«#  gtimes;or

(iif) subspace collision happens for neither subvector, this happéms times.
For scenario (i), it follows from th€@aley Zygmund anti-concentration inequalityat,
p—
Prig 11 P2 <2 U (2)

with a collision ratioU 2 10-1°. We thus have, on the index s& (of cardinality ) on which
collision occurs, that i D

0  os /4 11 iz, <o ©)
For scenario (iii), on non-collision subspaces (that corresponds to the indeR.sehaving cardi-
nality #g ), note that the random variablbf / 29is of zero mean and varianc® 2, it then
follows from Chebyshev's inequalithat, for anyCj 0,
Prijj ) 15 © 2f%Ce (4)
and thus i
0 ws I7 /5 '#s °C” (5)
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For scenario (i), we have, for soni®j 0and a given9

0 /] pm- Prijj ) <j @ 1feco2
Finally, adding things up leads to

! ®s [S. is 17 pm, 1#p °Ce (6)
holds with probability at leastl 21%5 of 2, for anyCj 0. Note thatdheworst casés the

case of = 1, taking thenC= 2;1< 11 WP 2, <20gnd@=2x< 11 2° 11 P2 <20
with some2;*2 j Osuch that

1, g L% .2 aMg 10 1 PR, <% @)
then we havek>* @ Y k> @. It can be checked that this happens with probability at ledst
L#;l# <of 1% P11, <2f 20 p2 2, <of |11 P, <p2-f 2011 2,0 * For given
<of 2 wetake2y = 8#g 100i1<ef 11 (P11, <2f2002, =14 11 (P11, < 2ef 200e1< of

11 P11, <2f209gnd anyU | maxtlsll, <2ef20e1 4211 < 2ef 200 we have2e j 00
that the success probability is at leabt2 1+42. This concludes the proof of Theorem 1.  f

Theorem 2 (Quality Guarantee of ANN Searchiziven a query poin®2 R® and a dataseb
consist of independent random vectors, then, Algorithm 1 can answ&iNN query for@with
probability at leasfls 2, with appropriate choices of the number of subsgagdise collision ratio
U2 10.1°, and the re-rank rati®v/ 2 10=1°, as a function of the data statistics, the datasetsiaad
the dimensios.

Proof of Theorem 2. Without loss of generality, we assun8#gis an integer. Following the

notations in the proof of Theorem 1, we den@eé 2 R%B and @ the subvector ofz and@n the
9th subspace, respectively, wiBR2 f1s”””egand 92 f1e """« #g. Letlg = j>s @ 2 R® denote the
2

vector of absolute di erence betweesand@andl g 2 R7 its subvectors. Assume thatg I 3
are independent random variables across in@and 9 with mean< j 0 and variance 2, we
obtain by independence that

E»kgk?Ym #g<e  Var» R gk?Vi= #gf 2 (8)
for which each index9mustbelong to one the following two cases:

(i) subspace collision happens for subspaxgethis happens for 2 fO="" "« #gtimes for the
data vectorsg; or
(i) subspace collision does not happen feg this happens fo#g  times for the data vector
>g,
Similar to the proof of Theorem 1, in each case, we can bound the vallll%gas follows.
(i) By Paley Zygmund inequalitythat

P
Pr/ig 11 P2, <20 U 9)

with a collision ratioU 2 10»1°.
(ii) By Chebyshev's inequalityat, for anyCj 0,

Prij 4 <j C© fZ¢ (10)
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We thus have that 0
g ol © k|8k2 11 W2 <20 1#g Olc

holds with probability at leastlL * #g  °f 2. In the following, without loss of generality, we
only discuss here the case where the re—ﬁank raies chosen so that = #g, for which we should
have: andVboth small, andklgk? #g 11 WP 2 <20 Other scenarios with Y #gcan

be similarly studied by increasiny accordingly. In this setting, v&e show in the following, that
the obtained range of the squared Euclidean distakigh?® 2 100 #g 11 WP 2 < 29Ujs indeed
among the top- smallest in a set of samples, with a controlled probability. The moments and
joint distribution of the top-= ordered (e.g., smallest) values in a setadfi.d. samples has been
extensively studied in the literature afrder statistic§l, 2]. For the simplicity of exposition, we
discuss here the case where the squared distances are normally distrilblgetl N1 #pg<e # gf 2°
(which, as we shall see below, admits closed-form approximation for moments and leads to an
explicit control of the success probability as a function of all tuning parameters). To treat general
(e.g., non-Gaussian) distributions, it su ces to replace the (approximations of) rst and second
moments in(11)and(12)using PDF and CDF of the speci c distribution. In the normal case, the
expectation of the -th order statistic (i.e., the expected value of themallest value) in a set of
sample with= large is approximately given by

_ P 1 - W ,
re= — #B< R #Bf 2 :—2/\41 ¢« WE(Q375 (11)
and variance approximately given by
=, 10 : 2
LA - B B (12)

5

with gt °and 1 °the PDF and CDF of standard Gaussian distribution. These approximations are
known to be rather accurate as long as 9, see 13 14. Thus, it follows again fromCheby-
shev's inequalityhat the probability of correct answering is at leagt +..- € for Csuch thatCj

— 1= - o . l
#B<p11 W11, f2<2 . _ Taking#gandU 2 10-1° andC= pZ#Bf;' ‘:"1 q L = ,
we conclude that the probability of correct answering is at leds®. This concludes the proof of
Theorem 2. f

The proof of Theorem 1 relies on the idea that in cases where subspace collision happens for
both or neither of the two subvectors, their Euclidean distance should be approximately the same;
while in cases where subspace collision happens for one but not the other, their distance should
di er by a signi cant amount, making the overall distance di erent. A similar argument holds for
a single data in the proof of Theorem 2. Intuitively, larger values of collision ratiand re-rank
ratio Vlead to higher computational complexity, while too smallandV reduce the accuracy of the
proposed approach. As a consequence, the paramétarsd V should be chosen (within a range)
to achieve an optimal computation-accuracy trade-o . This is consistent with the choic&ef/
in the proofs of Theorems 1 and 2 above, and with our experimental conclusions in Section 5.3.3.

4 The SuCo Method

As analyzed in Section 3.2 and Section 3.3, SC-Linear's query e ciency is limited because when
counting collisions in each subspace, it is necessary to calculate the Euclidean distance between
the query and all data points (lines 4-10 in Algorithm 1). Therefore, the problem that needs to be
solved is transformed intohow to nd theU = data points closest to the query in each subspace as
quickly and accurately as possible.
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(a) Index construction.

(b) Query answering.

Fig. 3. Overview of the SuCo workflow.

In this section, we propose SuCo to accelerate collision counting in each subspace by building
lightweight indexes and designing query strategies. Figure 3 provides a high-level overview of the
SuCo work ow, including index construction and query answering.

4.1 Index Construction

To count collisions as quickly and accurately as possible, i.e., ndihe data points closest to the
guery in each subspace, we need to construct an index in each subspace, which should be able to
quickly locate data points around the query.

There are two requirements for the index structure: (1) The index structure should be lightweight
enough. The index needs to be constructed independently it glsubspaces, arilg is 6-12 in
practice. If the index structure is complex, it requires a long indexing time and a large memory
footprint to construct#g indexes. Therefore, the graph-based and tree-based indexes that are
currently popular in ANN search are no longer applicable. (2) The query method for collision
counting needs to be simple and fast enough. Collision counting needs to be performedg all
subspaces, so the query speed of the index for each subspace needs to be fast enough. Fortunately,
we don't need to obtain few (usually 2 »1+10G}%but accurate query results like graph-based and
tree-based indexes. We only need to nd marly (=, usuallyU 2 »0"01¢0"1%: but not necessarily
accurate data points as collisions.

Clustering-based indexes can meet the above two requirements. The index structure is lightweight
enough because only the cluster centroids and data point assignments for each cluster need to
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